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Foreword 


During  the  past  two  decades  significant  progress  has  been  made  in  the  numerical  simulation  of  turbulent  flows.  Vast 
improvements  in  speed  and  memory  size  of  modem  supercomputers  and  recent  progress  in  simulation  algorithms  and  parallel 
computation  have  put  us  on  the  threshold  of  being  able  to  simulate  flows  in  configurations  of  engineering  interest.  The 
purpose  of  this  symposium  is  to  disseminate  the  accumulated  experience  in  this  fast  moving  field  which  can  be  expected  to 
play  a  vital  role  in  future  aeronautical  developments. 

The  proposal  to  hold  an  AGARD  Symposium  on  Direct  and  Large  Eddy  Simulation  of  Turbulence  had  its  origins  in  a 
Technical  Status  Review  held  at  Friedrichshafen,  Germany  April  26  1990  on  the  “Appraisal  of  the  Suitability  of  Turbulence 
Models  in  Flow  Calculations”  (AGARD  Advisory  Report  291).  This  report  includes  contributions  from  a  number  of  experts 
in  the  field  and  provides  a  useful  and  interesting  summary  of  the  state  of  the  art  in  turbulence  modeling  at  that  time.  The  TSR 
was  carried  out  in  recognition  of  the  fact  that  the  proper  treatment  of  turbulence  is  a  crucial  factor  in  the  development  of 
successful  prediction  codes  and  that  it  is  of  utmost  importance  for  AGARD  to  stay  abreast  of  developments  in  this  field. 

Among  the  contributions  to  the  TSR  is  a  description  by  Peter  Bradshaw  (Stanford  University)  of  the  initiation  of  a  worldwide 
effort  in  the  Collaborative  Testing  of  Turbulence  Models  organized  by  Bradshaw,  Brian  Launder  (UMIST)  and  John  Lumley 
(Cornell).  At  the  peak  of  this  effort  approximately  120  participants  were  involved  from  16  countries  around  the  world 
computing  results  for  approximately  25  test  cases.  A  unique  ingredient  of  the  CTTM  project  was  that  the  test  cases  included 
low  Reynolds  number  “experimental”  data  generated  numerically.  This  represented  the  first  attempt  on  a  broad  scale  to  use 
the  results  of  direct  numerical  simulations  of  turbulence  for  the  evaluation  of  turbulence  models. 

The  continuing  importance  of  the  proper  treatment  of  turbulence  for  accurate  prediction  together  with  the  emerging 
importance  of  simulation  as  a  tool  for  evaluating  turbulence  models  formed  the  initial  motivation  for  the  present  Symposium. 
Recent  events  have  reinforced  interest  in  the  subject.  The  CTTM  project  has  come  to  a  close  (a  final  report  will  appear  in 
J.  Fluids  Eng.)  and  one  of  the  main  conclusions  was  that  no  one  model,  or  type  of  model,  could  predict  all  the  test  cases  to 
good  engineering  accuracy.  The  implication  of  this  result  is  that  for  certain  cases  Large  Eddy  Simulation  or  Direct  Numerical 
Simulation  may  be  the  only  recourse  for  obtaining  an  accurate  prediction.  This  is  consistent  with  an  increasing  recognition  by 
researchers  that  turbulent  flows  can  be  very  sensitive  to  small  details  in  the  initial  and  boundary  conditions.  Turbulence 
models  may  not  be  able  to  reproduce  this  sensitivity  faithfully.  Since  1990,  there  has  been  significant  progress  in  the 
development  of  improved  subgrid  scale  models  for  large  Eddy  Simulation.  As  a  result,  LES  is  beginning  to  be  applied  to 
flows  in  moderately  complex  geometries.  The  Symposium  contains  several  papers  describing  this  progress. 

The  content  of  the  Symposium  includes  papers  on  fundamental  building  block  flows  as  well  as  flows  of  aeronautical  interest 
which  are  difficult  to  predict  by  classical  means.  Among  the  subjects  addressed  in  the  Symposium  are: 

—  Subgrid  scale  modeling  (8  papers) 

—  Basic  turbulence  structure  (8  papers) 

—  Simulation  of  transition,  bypass  transition  (10  papers) 

—  Simulation  of  jets,  wakes  and  wall  bounded  flows  (5  papers) 

—  Simulation  of  complex  flows,  recirculating  flows  (5  papers) 

The  Symposium  concluded  with  general  remarks  by  the  Technical  Evaluator,  Professor  John  Lumley  of  Cornell  University. 
This  was  followed  by  a  lively  open  discussion  during  which  a  number  of  the  issues  raised  during  the  Symposium  were 
considered. 

The  Programme  Committee  would  like  to  extend  thanks  to  Prof.  Panaras,  Prof.  Georgantopoulos,  Colonel  Metochianakis  and 
the  Greek  National  Coordinator,  Capt.  Kormas  as  well  as  all  the  local  organizers  and  authors  for  their  hard  work  in  preparing 
for  this  meeting  on  the  lovely  and  historic  island  of  Crete. 


B.  Cantwell,  J.  Jimenez  and  S.  Lekoudis 
Programme  Committee  Co-Chairmen 
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Avant-propos 


Des  progrcs  importants  ont  ete  realises  dans  le  domaine  de  la  simulation  numerique  des  ecoulements  turbulents.  Grace  a 
revolution  fulgurante  de  la  vitesse  de  calcul  et  de  la  capacite  memoire  des  supercalculateurs  modemes,  ainsi  que  des 
avancees  recentes  dans  le  domaine  des  algorithmes  de  simulation  et  du  calcul  en  parallele.  II  est  vraisemblable  que  dans  un 
avenir  proche,  nous  pourrons  simuler  des  ecoulements  autour  de  configurations  presentant  un  interet  technogen ique.  L’objet 
de  ce  symposium  est  de  diffuser  fexperience  acquise  dans  ce  secteur  en  pleine  evolution  qui  aura,  sans  doute,  un  role  capital 
a  jouer  dans  revolution  de  I’aeronautique, 

L’idee  de  tenir  un  symposium  AGARD  sur  la  simulation  directe  et  la  simulation  des  gros  tourbillons  (LES)  doit  son  origine  a 
la  revue  de  I’etat  de  I’art  (TSR)  tenue  a  Friedrichshafen,  en  Allemagne,  le  26  avril  1990  sur  «Une  appreciation  de  la 
pertinence  de  la  modelisation  de  la  turbulence  aux  calculs  d’ecoulement»  (Rapport  consultatif  AGARD  N”  291).  Ce  rapport 
contient  des  contributions  d’un  certain  nombre  d’experts  dans  le  domaine  et  il  constituait  a  cette  epoque  un  sommaire  utile  et 
interessant  de  I’etat  de  I’art  de  la  modelisation  de  la  turbulence.  Le  TSR  a  ete  realise  en  raison  du  fait  que  le  traitement 
adequat  de  la  turbulence  est  I’un  des  facteurs  essentiels  dans  I’elaboration  de  codes  de  prediction  performants  et  qu’il  est  de 
premiere  importance  pour  1’ AGARD  de  se  tenir  au  courant  des  demiers  developpements  dans  ce  domaine. 

Parmi  les  contributions  au  TSR  figure  la  description,  donnee  par  Peter  Bradshaw  de  I’universite  de  Stanford,  du  lancement 
d’un  projet  a  I’echelle  mondiale  d’essais  cooperatifs  de  modeles  de  la  turbulence  organise  par  Bradshaw,  Brian  Launder 
d’UMIST  et  John  Lumley  de  I’universite  de  Cornell.  Pendant  la  pdriode  d’activites  la  plus  intensive,  quelques 
120  participants  de  16  pays  differents  etaient  occupes  a  calculer  les  resultats  d’environ  25  cas  d’essais.  Le  projet  CTTM  est 
unique  en  ce  sens  que  les  cas  d’essais  comprenaient  des  donnees  «experimentales»  a  petit  nombre  de  Reynolds,  produites 
numeriquement.  II  s’agissait  de  la  premiere  tentative  a  grande  echelle  de  se  servir  des  resultats  de  la  simulation  numerique 
directe  de  la  turbulence  pour  revaluation  de  la  modelisation  de  la  turbulence. 

L’importaiice  continue  du  traitement  adequat  de  la  turbulence  pour  permettre  sa  prediction  precise,  ainsi  que  I’importance 
croissante  de  la  simulation  en  tant  qu’outil  pour  revaluation  des  modeles  de  la  turbulence  constituaient  la  motivation  initiale 
du  present  symposium.  Certains  developpements  recents  ont  confirme  I’interet  temoigne  pour  ce  sujet.  Le  projet  CTTM  est 
acheve  (le  rapport  final  sera  publie  dans  J.  Fluids  Eng.).  L’une  de  ses  principales  conclusions  a  ete  qu’il  n’existe  aucune 
mod^e  unique,  ni  type  de  mod^e  unique,  capable  de  predire  I’ensemble  de  cas  d’essais  dans  des  limites  de  precision 
technogeniques  acceptables.  II  s’ensuit  que  dans  certains  cas  d’espece,  il  se  pourrait  que  la  simulation  de  gros  tourbillons  ou 
la  simulation  directe  numerique  soil  le  seul  recours  pour  obtenir  une  prediction  precise.  Ceci  s’accorde  avec  la  reconnaissance 
de  plus  en  plus  frequente  de  la  part  des  chercheurs  du  fait  que  les  ecoulements  turbulents  peuvent  etre  sensibles  a  de  tres 
petites  variations  des  conditions  initiales  et  de  couche  limite.  Il  se  peut  que  les  modeles  de  la  turbulence  ne  puissent  pas 
reproduire  cette  sensibilite  de  fagon  exacte. 

Depuis  1990,  des  progres  considerables  ont  ete  realises  dans  le  developpement  de  moddes  a  I’echelle  des  sous-maillages 
ameliores  pour  la  simulation  de  gros  tourbillons  (LES).  Par  consequent,  LES  commence  a  trouver  des  applications  pour  les 
ecoulements  autour  de  geometries  moyennement  complexes.  Le  symposium  presente  plusieurs  communications  qui  decrivent 
ces  progres. 

Le  symposium  comprend  des  communications  sur  les  ecoulements  de  base,  ainsi  que  sur  les  ecoulements  d’ interet 
aeronautique,  qui  sent  diffifiles  a  predire  a  I’aide  des  moyens  classiques.  Parmi  les  sujets  examines  lors  du  symposium  on 
distingue: 

—  la  modelisation  a  F  echelle  des  sous-maillages  (8  communications) 

—  la  structure  de  base  de  la  turbulence  (8  communications) 

—  la  simulation  de  la  transition,  la  transition  bipasse  (10  communications) 

—  la  simulation  de  jets,  de  sillages  et  d’ecoulements  parietaux  (5  communications) 

—  la  simulation  d’ecoulements  complexes,  d’ecoulements  de  retour  (5  communications) 

Le  symposium  s’est  conclu  par  des  remarques  d’ordre  general  exprimees  par  I’evaluateur  technique,  le  Professeur  John 
Lumley  de  I’liniversite  de  Cornell.  Ces  remarques  ont  ete  suivies  d’une  discussion  generale  animee,  lors  de  laquelle  un 
certain  nombre  de  questions  soulevees  lors  du  symposium  ont  ete  considerees. 

Le  comite  du  programme  tient  a  remercier  le  Professeur  Panaras,  le  Professeur  Georgantopoulos,  le  Colonel  Metochianakis  et 
le  coordonnateur  local,  le  Capitain  Kormas  et  son  equipe,  ainsi  que  les  auteurs  pour  les  efforts  qu’ils  ont  bien  voulu  consacrer 
a  la  preparation  de  cette  reunion  qui  s’est  tenue  sur  la  belle  et  antique  ile  de  la  Crete. 
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Technical  Evaluation  Report^ 

John  L.  Lumley 

Sibley  School  of  Mechanical  and  Aerospace  Engineering 
Cornell  University 
Ithaca,  NY  14853 
USA 


ABSTRACT 

The  subject  Symposium,  "Application  of  Direct  and 
Large  Eddy  Simulation  to  Transition  and 
Turbulence",  sponsored  by  the  Fluid  Dynamics 
Panel  of  AGARD,  took  place  in  Chania,  Crete 
(Greece)  18-21  April  1994.  The  objectives  of  the 
Symposium,  which  consisted  of  ten  sessions, 
including  36  papers,  were  to  report  and  assess 
advances  within  the  AGARD  community  in  Direct 
Numerical  Simulation  (DNS)  and  Large  Eddy 
Simulation  (LES)  of  transitional  and  turbulent 
flows. 

INTRODUCTION 

The  role  of  technical  evaluator  is  an  unusual  one. 
After  all,  when  the  Metropolitan  Opera  mounts  a 
new  production  of  Faust,  it  does  not  usually  invite 
the  critic  from  the  New  York  Times  to  come  to  the 
stage  after  the  final  curtain,  and  share  with  the 
audience  his  perception  of  the  positive  and  negative 
aspects  of  the  performance.  I  am  happy,  however, 
to  have  an  opportunity  to  play  this  part  relative  to 
this  symposium. 

There  are  many  positive  aspects  to  this  symposium, 
and  the  organizing  committee  is  to  be  commended 
in  particular  for  putting  together  an  interesting 
meeting,  with  many  countries  and  points  of  view 
represented,  and  a  number  of  excellent  papers. 

I  would  like  to  open  the  substantive  part  of  my 
discussion  with  some  general  comments  about  the 
field  of  computational  fluid  dynamics.  What  should 
we  expect  from  a  simulation  of  a  turbulent  or 
transitional  flow;  what  should  be  its  position 
among  the  other  various  types  of  papers, 
experimental  and  theoretical?  It  is  natural  to 
compare  Direct  Numerical  Simulation  (DNS)  and 
Large  Eddy  Simulation  (LES)  with  experiments. 
They  are,  in  effect,  numerical  experiments. 
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Experiments,  on  the  one  hand,  and  DNS  and  LES  on 
the  other,  have  specific  positive  and  negative 
attributes  that  make  one  or  the  other  suitable  tools 
in  particular  circumstances;  there  are  clearly  some 
circumstances  in  which  DNS  and  LES  should  replace 
laboratory  experiments.  DNS  and  LES  are  also  of 
differing  maturity  -  DNS  is  more  or  less  mature, 
while  LES  is  still  under  development.  The  concept 
of  the  minimal  flow  unit  in  DNS,  introduced  by 
Moin  and  Jimenez  only  three  years  ago,  is 
essentially  mature.  Spectral  element  methods  are 
still  under  development.  For  that  reason,  the  kind 
of  paper  we  should  expect  from  each  sub-field  should 
be  different.  However,  certain  general  principles 
apply  to  all,  whether  experiments,  DNS  or  LES. 

With  few  exceptions,  the  best  experiments  and 
simulations  are  constructed  around  a  theoretical 
inquiry,  to  explore  a  concept,  or  a  mechanism,  or 
an  unfamiliar  effect.  There  is  also  another  kind  of 
experiment,  the  archival  data  collection 
experiment,  which  is  designed  to  explore  a  flow  in 
great  depth  to  provide  a  data  set  which  can  be  used 
subsequently  by  others,  but  does  not  have  a 
particular  fluid  mechanical  point  to  make. 
Important  as  these  are,  the  number  needed  is  relative 
small.  Many  DNS  and  LES  papers  look  a  little  too 
much  like  the  archival  data  collection  experiments, 
with  relatively  little  fluid  mechanical  point  to 
make. 

There  are  certainly  many  experiments  and 
simulations  that  are  neither  one  nor  the  other;  they 
are  not  of  archival  quality,  nor  do  they  have  a  clear 
underlying  conceptual  /  theoretical  structure.  We 
might  wish  that  experimentalists  and  computers 
who  found  themselves  in  this  kind  of  trouble  had 
joined  forces  with  a  theoretician  to  help  in  the 
planning  of  the  experiment  or  calculation  and  the 
interpretation  of  the  results. 

Experimental  fluid  mechanics  sometimes  suffers 
from  another  syndrome  -  the  unending  development 
of  instrumentation.  It  is,  of  course,  desirable  to 
develop  new  instrumentation,  but  the  development 
should  come  to  an  end,  and  the  instrumentation 
should  be  used  in  an  experiment  with  fluid 
mechanical  motivation.  An  example  is  the 
development  of  laser  diagnostics  in  combustion, 
which  for  many  years  produced  more  and  more 
elaborate  diagnostic  systems  without  contributing 
much  to  the  understanding  of  the  physics  of  the 
flow.  It  is  undeniable  that  some  aspects  of  DNS  and 
LES  are  still  under  development,  and  it  is  certainly 
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legitimate  to  give  greater  emphasis  to  the 
developmental  aspect  in  a  paper,  but  not  to  the 
exclusion  of  the  fluid  mechanical  point. 

Of  course,  it  is  normal  in  an  experimental  paper  to 
discuss  the  experimental  setup,  the  instrumentation, 
the  data  reduction,  etc.  In  DNS  or  LES  it  is 
legitimate  to  discuss  algorithms,  outflow  condi¬ 
tions,  and  so  forth,  particularly  if  a  new  twist  has 
been  added.  However,  the  emphasis  should  still  be 
on  the  fluid  mechanics. 

To  summarize:  the  best  DNS  and  LES  should  be 
devised  to  illuminate  a  fluid  mechanical  concept  or 
explain  a  difficulty  or  explore  a  phenomenon.  It  is 
not  enough  to  reproduce  an  experiment,  or  simply 
to  present  a  flow  without  analysis,  as  if  to  say  "here 
it  is  -  take  it  or  leave  it".  To  avoid  misunder¬ 
standing,  I  should  emphasize  that  there  are 
numerous  groups  that  for  many  years  have 
consistently  produced  simulation  papers  that  more 
than  meet  the  criteria  I  have  outlined.  There  are  a 
number  of  such  papers  at  this  meeting,  and  I  will 
mention  them  explicitly. 

It  should  not  be  necessary  to  point  out  that  a  paper 
at  a  meeting  like  this  should  be  something  new,  or  a 
new  application  of  an  existing  idea.  Material  that  is 
in  the  literature  should  be  given  proper  attribution, 
and  briefly  summarized.  If  the  author  doesn't  have 
enough  new  material  to  make  a  paper,  he  probably 
should  not  come  to  the  meeting.  Several  of  the 
papers  at  this  meeting  were  largely  re-doing  of 
things  that  have  been  in  the  literature  for  one  or 
more  decades.  Exploring  one  of  these  classic  ideas 
may  be  a  voyage  of  discovery  for  you,  but  that  does 
not  make  it  suitable  for  a  paper. 

By  rather  arbitrary  criteria  I  have  identified  roughly 
half  of  the  papers  at  this  meeting  as  having  a  fluid 
mechanical  focus,  while  the  other  half  are  focused 
on  development  of  a  method,  including  validation 
of  a  computation  against  experiment.  One  might 
expect  the  LES  papers  to  emphasize  development, 
since  LES  is  a  less  well-developed  subject,  while  the 
DNS  papers,  from  a  more  mature  area,  might  be 
expected  to  emphasize  fluid  mechanics.  In  fact,  by 
my  count,  a  third  of  the  DNS  papers  I  have  classified 
as  developmental,  while  20%  of  the  LES  papers 
seem  to  me  to  emphasize  fluid  mechanics. 

Of  the  36  papers,  I  would  rate  fifteen  of  them  very 
good  -  containing  new  material,  illuminated  by 
theoretical  insight,  and  well  presented;  I  would  rate 
nine  as  weak  and  derivative,  containing  much  old 
material,  displaying  little  or  no  theoretical  insight; 
the  remaining  twelve  lie  in  between,  of  good 
quality,  but  not  exceptional.  The  proportions  of 
very  good  /  good  /  weak  are  42%  /  33%  /  25%.  In 
this  respoct,  this  meeting  is  not  markedly  different 
from  many  other  meetings.  The  precise  ratings 
could  be  quibbled  with,  and  papers  on  the  borders 
between  categories  might  be  reclassified;  however,  I 


do  not  believe  it  would  change  the  percentages  very 
much. 

COMMENTS  ON  SPECIFIC  TALKS 

I  would  like  to  mention  just  a  few  papers  that  I 
thought  were  particularly  interesting. 

Moin's  talk  (1.  Moin,  P.,  Application  of  Dynamic 
Localization  Model  for  Large  Eddy  Simulation  of 
Complex  Flows)  I  found  particularly  clear  and 
useful.  Toward  the  end  of  the  talk,  Moin  mentioned 
that  the  group  at  CTR  were  considering  adding 
dependence  of  the  sub-grid-scale  stresses  on 
rotation  and  on  non-linear  terms  in  the  strain  rate  of 
the  resolved  scales.  This,  of  course,  was  the 
historical  path  followed  by  continuum  mechanics, 
and  may  be  the  right  choice.  My  group  has  been 
toying  with  another  idea  from  continuum 
mechanics:  adding  a  history  dependence,  so  that  the 
present  sub-grid-scale  stress  is  dependent  on  a 
weighted  average  of  the  strain  rate  experienced  by 
the  material  neighborhood  over  its  past.  This  would 
require  carrying  a  differential  equation  for  the  sub- 
grid-scale  stresses. 

The  excellent  talk  delivered  by  Kleiser  (13.  Kleiser, 
L.,  Adams,  N.A.,  Sandham,  N.  D.  and  Guo,  Y., 
Numerical  Simulation  of  Supersonic  Boundary  Layer 
Transition)  particularly  impressed  me  by  his  code 
validation  procedures.  Essentially,  he  dropped  the 
non-linear  terms  from  his  code,  and  compared  his 
results  with  linear  stability  theory,  obtaining  very 
satisfactory  agreement,  as  a  preliminary  to  doing 
the  simulation.  Code  validation  like  this  was  not 
discussed  frequently  at  this  meeting,  and  of  course, 
it  is  essential  to  instill  confidence  in  the  code. 

In  the  paper  delivered  by  Comte  (Comte,  P., 
Lesieur,  M.,  Metais,  O.,  Ducros,  F.,  David,  E., 
Silvestrini,  J.,  and  Prestemon,  S.,  Large  Eddy 
simulation  of  Transitioning  Shear  Flows)  ),  while  I 
have  heard  some  question  raised  as  to  whether  the 
structure  function  technique  is  truly  different  from 
the  more  traditional  Smagorinsky  technique,  I 
thought  the  selective  application  of  the  structure 
function  technique  was  a  new  idea,  which  seemed  to 
produce  convincing  results. 

The  paper  delivered  by  Goutorbe  (17.  Goutorbe,  T. 
&  Laurence,  D.,  Modelling  Anisotropy  and 
Backscatter  Effects  in  the  Subgridscale  Stress 
Tensor)  I  thought  had  an  interesting  technique  and 
showed  very  nice  results.  However,  I  could  not  help 
wondering  why  the  authors  did  not  relate  the 
normalized  deviatoric  part  of  the  sub  grid  scale 
stresses  and  the  normalized  deviatoric  part  of  the 
resolved  stresses  by  the  square  root  of  the  Reynolds 
number?  This  is  similar  to  the 

argument  that  I  present  to  my  turbulence  class,  (and 
that  is  contained  in  chapter  three  of  Tennekes,  H.  & 
Lumley,  J.  L.,  A  First  Course  in  Turbulence)', 
namely,  that  the  anisotropy  of  the  small  scales 
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should  be  less  than  the  anisotropy  of  the  large 
scales,  by  the  ratio  of  the  time  scales. 

The  paper  presented  by  Orszag  (18.  Zhang,  Y., 
Gandhi,  A.,  Tomboulides,  A.  G.  &  Orszag,  S.  A., 
Direct  and  Large  Eddy  Simulations  of  Pip)e  Flow)  was 
very  interesting.  My  former  boss,  George 
Wislicenus,  would  have  been  very  pleased  to  know 
that  the  superpipe  experiment  will  take  place.  For 
several  years  during  the  early  sixties  he  tried 
unsuccessfully  to  get  support  for  a  superpipe 
exp>eriment  in  the  penstock  of  Grand  Coulee  Dam, 
with  the  same  goal.  Regarding  Orszag's  suggestion 
of  Very  Large  Eddy  Simulation  (VLES)  -  that  is, 
doing  unsteady,  non-symmetric  calculations  with 
turbulence  models,  second  order  or  otherwise  -  it 
seems  to  me  that  this  is  essentially  unconnected 
with  the  Renormalization  Group  Expansion;  it  can 
be  done  with  any  turbulence  model,  no  matter  how  it 
might  have  been  derived.  The  use  of  this  technique 
is  quite  old  in  the  meteorological  community,  and 
dates  at  least  from  Deardorffs  work  in  1973 
(Deardorff,  J.  W.  1973.  The  use  of  subgrid 
transport  equations  in  a  three-dimensional  model  of 
atmospheric  turbulence.  J.  Fluids  Engineering 
95(3);429-438).  I  have  been  pushing  this  idea  for 
several  years,  and  in  fact,  I  thought  I  had  invented 
the  term  VLES  about  1992;  however,  I  am  afraid  we 
must  both  defer  to  Bill  Reynolds  (Reynolds,  W.  C. 
1990.  The  potential  and  limitations  of  direct  and 
large  eddy  simulations.  In  Whither  Turbulence? 
Turbulence  at  the  Crossroads.  Ed.  J.  L.  Lumley.  pp. 
313-343.  Berlin  etc.:  Springer.  )  I  am  sure  the  idea 
is  correct:  only  the  very  largest  scales  are  resolved, 
and  the  sub-grid-scale  model  is  correspondingly 
elaborate,  but  the  constants,  of  course,  must  be 
different  from  those  used  in  a  model  intended  to 
produce  a  steady  flow,  since  they  do  not  include  the 
transport  of  the  large  scale  unsteadiness,  as  Orszag 
pointed  out. 

The  very  delicate  and  complex  physical  reasoning  at 
the  beginning  of  Orszag's  talk,  which  was 
reminiscent  of  Onsager  and  Corrsin,  was  too 
complex  to  be  evaluated  without  considerable  work, 
but  looked  interesting. 

The  two  papers  on  bypass  transition,  (  20. 
Lundbladh,  A.,  Schmidt,  P.,  Berlin,  S.,  & 
Henningson,  D.  Simulations  of  bypass  transition 
for  spatially  Evolving  Disturbances;  21.  Corral,  R., 
&  Jimenez,  J.  Direct  Numerical  Estimation  of  the 
Bypass  Transition  Reynolds  Number  for  a  Flat 
Plate)  both  had  good  physics.  I  particularly  liked 
the  discussion  in  20.  of  the  causal  relations  between 
the  oblique  waves,  the  streamwise  vortices,  the 
wall-normal  vorticity  and  the  ultimate  breakdown. 
In  21.  I  thought  the  use  of  suction  to  keep  the  layer 
from  growing  (I  understand  an  idea  of  P.  Spalart), 
and  of  reverse  transition,  were  both  clever. 

I  hope  that  Kuznetsov  (22.  Kuznetsov,  V.  R. 
Flamelet  Model  for  Turbulent  Unpremixed 
Combustion)  will  forgive  me  for  saying  that  his 


beautiful,  simple,  clever  analysis  shows  what  one 
can  do  if  access  to  computation  is  limited.  I  have 
thought  for  a  long  time  that  we  in  the  west  have 
been  severely  hampered  by  having  too  much 
computer  time  available,  and  therefore  not  being 
required  to  think  as  much  about  the  physics. 

I  found  numbers  25  and  26  (25.  Moser,  R.  D.,  & 
Rogers,  M.  Direct  Simulation  of  a  Self-Similar 
Plane  Wake;  26.  Sondergaard,  R.,  Mansour,  N.  & 
Cantwell,  B.  The  Effect  of  Initial  Conditions  on 
Temporally  Evolving  Planar  Incompressible 
Wakes)  very  interesting,  with  a  great  deal  of  good 
physics.  This  is  an  interesting  problem,  and  far 
from  resolved,  I  think.  Since  the  relevant  time  scale 
is  logarithmic,  neither  the  calculations  nor  the 
experiments  covers  enough  downstream  distance  or 
time  to  tell  if  the  flow  is  really  self-preserving,  or  if 
the  artificially  stimulated  flow  would  revert 
eventually  to  a  universal  form,  or  if  an  instability 
would  eventually  develop.  Experimental  values,  for 
example,  exist  in  the  range  500  <  x/d  <  1000;  to 
answer  any  questions  about  the  ultimate  state  of  the 
wake,  it  would  be  necessary  to  examine  it  at  x/d  = 
5000  and  perhaps  50,000.  I  would  like  to  explore 
the  idea  of  a  DNS  in  stretched  coordinates,  in  which 
the  mean  velocity  grows  as  t^^^,  and  the  length 
scales  shrink  as  that  would  perhaps  allow  us  to 
follow  the  flow  much  longer.  Such  a  wake  would  not 
appear  to  grow  laterally,  and  would  have  an 
unchanging  time  scale,  although  there  would,  of 
course  be  computational  difficulties  associated  with 
the  ever  increasing  mean  velocity,  and  the 
shrinking  grid. 

I  will  consider  together  the  several  excellent 
presentations  on  boundary  layer  instability  and 
transition,  particularly  those  of  Spalart,  Bestek  and 
Fasel  (32.  Spalart,  P.,  Crouch,  J.  D.,  &  Ng,  L.  L. 
Numerical  Study  of  Realistic  Perturbations  in  Three- 
Dimensional  Boundary  Layers.;  34.  Bestek,  H., 
Kloker,  M.  &  Muller,  W.  Spatial  Direct  Numerical 
Simulation  of  Boundary  Layer  Transition  Under 
Strong  Adverse  Pressure  Gradient;  35.  Fasel,  H. 
Numerical  Simulation  of  the  effect  of  Suction  Holes 
on  Transition  in  a  Turbulent  Boundary  Layer).  This 
is  a  very  complicated  area,  and  certainly  not  my 
specialty.  However,  it  is  difficult  to  escape  the 
impression  of  natural  history  -  that  is,  what  I 
sometimes  call  butterfly  collecting.  It  seems  to  me 
that  this  material  cries  out  for  a  better 
physical/theoretical  framework,  beyond  the  linear, 
or  weakly  non-linear,  stability  theory.  Recently  we 
have  been  having  a  great  deal  of  success  with  the 
application  of  dynamical  systems  theory  to  the 
construction  of  low-dimensional  models  of  the 
turbulent  boundary  layer.  This  should  work  even 
better  on  the  transitional  boundary  layer,  where 
there  are  fewer  active  modes  -  it  should  help  make 
clear  some  of  the  mechanisms.  What  is  being  done 
now  are  numerical  experiments,  which  is  excellent, 
but  to  determine  significance,  you  need  dynamical 
models.  I  am  delighted  to  be  able  to  p>oint  to  two 
papers  by  Rempfer  and  Fasel  which  have  just 
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appeared,  and  will  shortly  appear,  respectively, 
which  in  fact  follow  this  road.  (Rempfer,  D.,  & 
Fasel,  H.  1994.  Evolution  of  three-dimensional 
coherent  structures  in  a  flat-plate  boundary  layer.  J. 
F.  M.  260;  351-375.  and  Rempfer,  D.  &  Fasel,  H. 
1994.  Dynamics  of  three-dimensional  coherent 
structures  in  a  flat  plate  boundary  layer.  J.  F.  M. 
To  appear  this  summer.) 

I  thought  paper  number  38  (38.  Piomelli,  U.,  &  Liu, 
J.  Large  Eddy  Simulation  of  Rotating  Channel 
Flows  using  a  Localized  Dynamic  Model  )  presented 
a  simple,  clever,  effective  idea  for  obtaining  the 
value  of  the  constant  in  the  dynamic  sub-grid-scale 
model.  I  found  the  simulation  of  the  extremely 
intermittent  state  on  the  stable  side  of  the  charmel 
very  interesting. 

Despite  the  question  of  P.  Moin  from  the  floor, 
suggesting  that  Cazemier  (39.  Cazemier,  W., 
Verstappen,  R.  &  Veldman,  A.  E.  P.  DNS  of 
Turbulent  Flow  in  a  Driven  Cavity  and  Their 
Analysis  Using  Proper  Orthogonal  Decomposition) 
had  not  established  an  application  for  his 
decomposition,  I  think  Cazemier  is  to  be 
commended  for  trying  a  technique  a  little  out  of  the 
ordinary,  and  of  great  potential.  There  are  ways  of 
predicting  eigenfunctions  cheaply,  without  a  Direct 
Numerical  Simulation  (e.g.-  Poje,  A.  &  Lumley,  J. 
L.  1994  A  model  for  large  scale  structures  in 
turbulent  shear  flows,  submitted  to  JFM),  and  these 
models  can  provide  cheap  surrogates  for  practical 
purposes  -  e.g.  -  to  predict  panel  vibration  or  sonar 
self-noise  or  multi-path  interference  of  signals 
transmitted  through  a  heated,  turbulent  atmosphere 
in  battlefield  conditions.  They  can  also  provide  test 
beds  to  explore  mechanisms,  for  example  that  of 
drag  reduction  in  the  turbulent  boundary  layer  by 
polymers,  or  by  magnetic  fields. 

Finally,  I  must  mention  the  beautiful  soft-ware 
engineering  and  p>ost-processing  of  the  last  pajier 
(40.  Ryan,  J.,  Troff,  B.,  Berrino,  U.  &  Leoncini,  P. 
Direct  Simulation  and  Graphics  Post-Processing  of 
Three-Dimensional  Turbulent  Flows).  I  understand 
that  fluid  mechanics  was  not  the  point  of  this  paper; 
nevertheless,  I  feel  it  is  important  that  such 
visualization  be  accompanied  by  comparisons  with 
theory  where  possible,  to  lend  credence  to  the 
results.  It  is  particularly  true  of  such  a  delicate 
mechanism  as  vortex  breakdown,  that  the  results 
can  look  plausible  and  be  wrong.  A  great  deal  is 
understood  regarding  vortex  breakdown,  and 
predictions  are  possible  (see  Leibovich,  S.  1984. 
Vortex  stability  and  breakdown:  survey  and 
extension.  AlAA  J.  22:  1192-1206.);  I  would  have 
been  happier  to  see  some  comparisons  with  theory. 
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1.  SUMMARY 


to  Smagorinsky’s  eddy  viscosity  closure 


The  dynamic  modeling  procedure  for  large  eddy  simula¬ 
tion  of  turbulent  flows  is  reviewed  and  recent  develop¬ 
ments  in  the  theoretical  aspects  and  applications  are  de¬ 
scribed.  Methods  for  inclusion  of  backscatter  of  energy 
from  small  to  large  scale  motions  are  presented.  New  for¬ 
mulations  of  the  dynamic  procedure  are  proposed  which 
are  optimized  based  on  the  subgrid  scale  flux  vector  or  the 
energy  dissipation  rate  instead  of  the  subgrid  scale  stress 
tensor.  Recent  results  from  application  of  the  model  to 
forced  isotropic  turbulence  with  an  inertial  subrange,  flow 
over  a  backward  facing  step  at  Reynolds  number  of  28000, 
and  flow  over  a  concave  curved  surface  are  presented. 

2.  INTRODUCTION 

Introduction  of  the  dynamic  subgrid  scale  modeling  pro¬ 
cedure  in  1990  has  brought  about  a  renaissance  in  large 
eddy  simulation  (LES).  There  are  significant  ongoing  ef¬ 
forts  devoted  to  its  further  theoretical  developments  and 
applications  to  challenging  flow  configurations.  A  re¬ 
cent  review  and  the  relevant  background  information  is 
provided  in[l].  This  paper  is  largely  an  account  of  the 
developments  since  then. 

The  key  feature  of  the  dynamic  procedure  is  the  means 
to  compute  rather  than  prescribe  the  subgrid  scale  model 
coefficients  during  the  computations.  The  model  coeffi¬ 
cients  are  functions  of  space  and  time  which  of  course 
is  an  attractive  feature  allowing  for  “automatic"  adjust¬ 
ment  of  the  coefficients  in  different  flow  regimes  and  near 
boundaries.  The  model  coefficients  are  determined  using 
the  mathematical  identity  [2] 


^ij  ~~  '^ij  ^ij 


(1) 


that  relates  the  subgrid  scale  stresses  corresponding  to  two 
different  filter  widths.  Here,  and  Tjj  are  the  subgrid 
scale  stresses  corresponding  to  the  so  called  grid  and  test 
filters  respectively,  and  L^j  =  uiuj  —  uiuj.  In  this  paper 

( . )  indicates  a  grid  filtered  quantity  and  ( . )  is  a  test  filtered 
quantity.  The  test  filter  width  is  usually  taken  to  be  twice 
the  grid  filter  width.  in  Eq.  (1)  can  be  computed 
in  a  straight  forward  manner  since  it  involves  only  the 
resolvable  velocities  and  filtered  resolvable  velocities.  In 
the  simplest  parameterization,  is  modeled  according 


nj  -  Vi  =  CA^|5|,  (2) 

where  Sij  is  the  large  scale  strain  rate  tensor. 


c..-i 

2  ydxj  dxi  j  ■ 


(3) 


and  |5|  =  |25y5jj|^/^.  It  is  also  assumed  that  the 
subgrid  scale  stresses  are  self-similar,  that  is  Tjj  =  ujuj  — 
ujUj  can  be  modeled  analogously 


Tij  -  Is.^Tkk  =  -2CA^\S\S,j  (4) 

where,  |5|  =  \2SijSij\^/^.  G&rmano  et  al.  substituted 
the  Eqs.  (2)  and  (4)  into  Eq.  (1),  thereby  obtaining  an 
equation  for  C.  The  equation  for  C  is  actually  a  set  of 
integral  equations,  but  it  was  assumed  that  C  was  not  a 
function  of  space,  which  led  to  a  set  of  algebraic  equations 
for  C.  The  resulting  tensorial  equations  were  contracted 
with  Sjj,  and  C  was  computed  from  a  scalar  equation. 
Moin  et  a/.  [3]  extended  the  dynamic  procedure  to  com¬ 
pressible  flows  and  scalar  transport;  where  the  latter  in¬ 
volves  dynamic  evaluation  of  turbulent  Prandtl  number. 
Lilly  [4]  used  a  local  least  square  technique,  instead  of 
contraction  with  Sjj,  to  obtain  C.  His  method  amounts 
to  a  different  projection  of  the  algebraic  tensor  equation 
to  obtain  the  scalar  C.  However,  both  models  suffered 
from  numerical  instabilities  in  the  subsequent  computa¬ 
tional  experiments.  The  source  of  instability  appears  to  be 
prolonged  presence  of  negative  C  in  some  locations[5]. 
This  problem  has  been  circumvented  by  spatial  averaging 
of  the  equation  for  C  in  directions  of  flow  homogeneity. 
Later,  it  was  shown  by  Ghosal,  Lund  &  Moin[6]  that,  for 
flows  with  directions  of  homogeneity,  the  solutions  for  C 
obtained  using  this  seemingly  ad  hoc  averaging  operation 
were  the  same  as  those  obtained  from  a  more  rigorous 
variational  formulation  of  the  dynamic  model.  In  this  pa¬ 
per  we  refer  to  these  early  formulations  of  the  dynamic 
model  as  the  algebraic  formulations. 

The  main  inconsistency  in  both  algebraic  formulations  of 
the  dynamic  model  was  the  assumption  that  Cdid  not  have 
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spatial  variations.  However,  tests  of  the  dynamic  model 
showed  that,  in  fact,  C  varies  significantly  in  the  flow 
domain  (probably  a  reflection  of  the  inadequacy  of  the 
basic  eddy  viscosity  parameterization).  Ghosal  et  al.[6] 
proposed  a  variational  formulation  of  the  model  which 
removes  this  inconsistency.  Their  model  also  imposes 
the  constraint  that  C  remains  positive.  In  this  formula¬ 
tion,  called  the  constrained  variational  formulation,  C  is 
obtained  from  numerical  solution  of  an  integral  equation 

C(x)  =[J  K  (x,  y)C(y)dy  +  /(x)]  (5) 

where,  the  operation  denoted  by  the  suffix  ‘q-’  is  de¬ 
fined  as  x-i-  =  j{x  -f  |a;|)  for  any  real  number  x,  and 
K  and  /  are  known  functions  of  a^j  =  -2A^15|5jj, 

and  Pij  —  -2A^|5|5jj,  and  the  filter  function.  It 
was  reasoned  that  although  backscatter  of  energy  from 
small  scales  to  large  scales  does  occur  in  turbulent  flows, 
it  should  be  modeled  in  a  different  framework.  Inclusion 
of  backscatter  in  subgrid  scale  modeling  is  discussed  in 
§3  of  this  paper. 

Applications  of  the  algebraic  formulations  of  the  dynamic 
model  have  been  remarkably  successful.  Correct  en¬ 
ergy  decay  rates  and  spectra  were  obtained  in  simula¬ 
tions  of  isotropic  turbulence[3],  and  isotropic  turbulence 
subjected  to  rotation  [7].  The  latter  predictions  are  partic¬ 
ularly  impressive  because  of  the  well  known  reduction  in 
turbulence  energy  transfer  rate  with  system  rotation.  The 
dynamic  procedure  responded  to  rotation  by  predicting  a 
reduction  in  the  model  coefficient.  Simulations  of  fully 
developed  turbulence  and  laminar/turbulence  transition  in 
channel  flow  have  also  been  very  successful[2,  8].  In  the 
transition  simulations  the  model  coefficient  is  correctly 
activated  in  response  to  the  onset  of  transition.  Other  ap¬ 
plications  include  simulation  of  an  idealized  cloud-topped 
planetary  boundary  layer[9],  weakly  turbulent  flow  in  a 
driven  cavity [10],  three-dimensional  channel  flow[ll], 
channel  flow  with  system  rotation  [12],  and  boundary  layer 
with  embedded  streamwise  vortices[13].  In  general,  sat¬ 
isfactory  solutions  have  been  obtained  in  all  of  these  sim¬ 
ulations,  which  have  diverse  turbulence  physics,  without 
any  adjustments  of  the  model  parameters. 

In  §3  recent  theoretical  developments  in  dynamic  mod¬ 
eling  are  reviewed.  The  results  from  applications  of  the 
dynamic  model  to  flow  over  a  backward  facing  step  at  a 
moderately  high  Reynolds  number  and  flow  over  a  con¬ 
cave  wall  are  presented  in  §4.  Concluding  remarks  are 
given  in  §5. 

3.  RECENT  THEORETICAL  DEVELOPMENTS 
3.1.  Backscatter 

In  the  algebraic  and  constrained  variational  formulations 
the  Smagorinsky  coefficient  C  is  required  to  be  positive. 
This  constraint  appears  to  be  dictated  by  numerical  stabil¬ 
ity  reasons  much  more  than  physical  arguments.  Indeed, 
negative  values  of  C  would  correspond  to  a  reverse  trans¬ 
fer  of  energy  from  the  unresolved  scales  to  the  large  scale 


velocity  field.  This  phenomenon  is  usually  referred  to  as 
backscatter  and  has  long  been  recognized  as  a  feature  of 
turbulent  flows. 

Two  different  approaches  to  modeling  backscatter  in  LES 
are  presented.  In  the  first  approach  {the  k-equation  for¬ 
mulation)  C  is  determined  as  in  the  constrained  varia¬ 
tional  formulation  except  that  C  is  allowed  to  be  neg¬ 
ative.  However,  the  backscatter  rate  is  limited  by  cou¬ 
pling  the  Navier-Stokes  equations  with  the  equation  for 
the  subgrid-scale  energy  (k).  The  backscatter  rate  goes 
to  zero  in  a  natural  way  when  no  energy  is  left  in  the 
subgrid  scales,  thus  preventing  unphysical  instabilities. 
The  second  approach  {the  stochastic  backscatter  formu¬ 
lation)  represents  backscatter  by  a  stochastic  eddy  forcing 
instead  of  negative  eddy  viscosity  effects.  This  is  moti¬ 
vated  by  the  theoretical  arguments  that  backscatter  is  not 
a  deterministic  function  of  the  large  scales. 

3.1.1.  The  k-equation  formulation 

In  this  formulation,  C(x,  t)  is  computed[6]  by  solving  a 
Fredholm  integral  equation  of  the  second  kind 

(7(x)  =  /(x)  -f  J  IC{x,y)C{y)dy  (6) 

at  each  time-step,  where  /  and  A)  are  as  in  Eq.  (5)  with 
the  eddy-viscosity  scaled  in  terms  of  k  rather  than  |5|. 

Thus,  aij  —  —IKs/KS^j  and  —  — 2A\/^jj  where 
k  is  the  subgrid  scale  kinetic  energy  and  K  is  the  test 
level  subgrid  kinetic  energy.  From  the  trace  of  Eq.  (1), 
K  =  k  Ljj/2.  To  close  the  system  one  now  needs  to 
use  an  evolution  equation  for  k 

dik  q-  Ujdjk  =  UidjT^j  q-  Re-^V^k  q- 

V  •  {DAVk^k)  -  .  (7) 

The  (nonnegative)  coefficients  C*(x,f)  and  D{x,t)  are 
obtained  by  solving  integral  equations  analogous  to  (5). 
It  is  noteworthy  that  here  the  dynamic  procedure  is  used 
to  compute  rather  than  prescribe  the  model  coefficients  in 
the  equation  for  k.  In  fact  this  manner  of  determination 
of  C*  and  D  ensures  correct  limiting  behavior  near  walls 
for  the  various  terms  in  the  ^-equation. 

This  formulation  of  the  dynamic  model  was  used  to  sim¬ 
ulate  the  experiment  of  decaying  isotropic  turbulence  of 
Comte-Bellot  and  Corrsin  [  14] .  In  a  reference  frame  mov¬ 
ing  downstream  with  the  mean  flow,  the  turbulence  can  be 
regarded  as  decaying  in  time  instead  of  in  the  streamwise 
direction.  The  fluid  is  considered  to  be  inside  a  cubical 
box  with  periodic  boundary  conditions.  A  fully  dealiased 
pseudo-spectral  method  is  used  for  the  numerical  simu¬ 
lation  of  the  LES  equations.  The  integral  equations  are 
solved  at  each  time-step  using  an  iterative  scheme.  The 
initial  conditions  are  chosen  so  as  to  match  the  experimen¬ 
tal  3D  energy  spectrum  at  the  first  downstream  station,  and 
the  simulations  are  used  to  predict  the  flow  at  the  remain¬ 
ing  two  downstream  stations  where  the  experimental  data 
are  available. 
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Time 

Figure  1.  Decay  of  energy  in  homogeneous  isotropic 

turbulence - :  DLM(k)(resolved  and  sgs  energy),  +: 

DLM(-i-), - ;  DM, .  :  no  model,  •:  experiment 

(resolved)  ■ :  experiment  (sgs). 


wavenumber,  k 

Figure  2.  Time  evolution  of  spectra  in  decaying  homoge¬ 
neous  isotropic  turbulence - :  DLM(k),  -f :  DLM(-t-), 

- :  DM, . :  no  model,  •:  experiment  (1  =  0.66) 

■ :  experiment  (t  =  1.55)*  :  experiment  {t  =  2.70). 

Figures  1  and  2  show  the  result  of  a  simulation  performed 
using  48  grid  points  in  each  direction.  The  ^;-equation  for¬ 
mulation,  the  constrained  variational  formulation  and  the 
algebraic  formulation  are  denoted  by  DLM(k),  DLM(+) 
and  DM  respectively.  The  non-dimensional  time,  t  in  Fig¬ 
ures  1  and  2  are  related  to  the  downstream  distance  x  in 
the  experiment  by  f  =  xu^/UqL^,.  Where  Uq  =  lOm/s 
is  the  inflow  velocity  and  =  2.7  m/s  and  =  0.55  m 
are  units  of  velocity  and  distance.  The  predicted  rate  of 
decay  of  the  resolved  energy  is  in  good  agreement  with  the 
experiment.  In  addition,  the  subgrid  scale  energy,  k  com¬ 
puted  from  the  model  agrees  well  with  the  experiment, 
even  though  this  quantity  has  been  computed  purely  from 
the  information  in  the  resolved  scales.  The  dotted  line  is 
the  result  of  running  the  simulation  with  no  subgrid  scale 
model.  It  is  clear  that  the  subgrid  scale  model  can  be  cred¬ 
ited  with  an  important  role  in  the  successful  prediction  of 
the  experimental  result. 

Figure  2  shows  the  energy  spectrum  at  the  three  different 
times  t  —  0.66,  t  =  1.55  and  t  =  2.10  correspond¬ 
ing  to  the  three  downstream  locations  in  the  experiment. 
It  is  seen  that  the  model  predicts  the  spectra  reasonably 
well.  When  the  model  is  “turned  off”  (dotted  line),  the 
prediction  is  very  poor  with  energy  piling  up  at  the  high 


wavenumber  ‘tails’.  In  the  present  computations  with  the 
-equation  formulation,  the  CPU  overhead  was  about  15 
percent  over  computations  without  a  model.  The  simula¬ 
tions  were  performed  on  a  CRAY  C90. 

Next,  a  statistically  steady  field  of  homogeneous  isotropic 
turbulence  is  simulated  by  applying  a  force  to  the  small¬ 
est  wavenumbers.  The  Reynolds  number  is  taken  to  be 
infinite  so  there  are  no  viscous  terms.  The  number  of  grid 
points  in  each  direction  is  32.  The  3D  energy  spectrum, 
E(k),  is  averaged  over  ten  well  spaced  fields  from  a  sta¬ 
tistically  steady  flow.  The  dissipation  e  can  be  computed 
by  one  of  several  equivalent  methods  which  give  identical 
results.  Figure  3  shows  Ck  =  E{k)  plotted 

against  k.  It  is  seen  that  with  the  A:-equation  formula¬ 
tion,  the  spectrum  is  consistent  with  Kolmogorov’s  5/3 
law  with  a  Kolmogorov  constant  Ck  ^  1-75.  Experi¬ 
mental  measurements  usually  yield  a  value  in  the  range 
1.3  -  2.1[15]  though  Cfc  «  1-5  is  the  most  commonly 
accepted  value.  The  constrained  variational  and  the  alge¬ 
braic  formulations  give  a  spectrum  that  decays  somewhat 
faster  than  the  5/3  law,  Ek  ~  k”™  where  m  m  2.2 
instead  of  5/3  1.67. 

The  /;-equation  formulation  has  also  been  applied  to  tur¬ 
bulent  channel  flow  where  the  numerical  issues  associated 
with  the  implementation  of  the  /;-equation  with  a  stretched 
mesh  were  successfully  addressed[16]. 

3.1.2.  The  stochastic  backscatter  formulation 

In  the  /;-equation  formulation,  backscatter  is  modeled 
through  a  negative  eddy-viscosity.  It  has  long  been  be¬ 
lieved  that  the  small  eddies  influence  the  large  scales  in 
the  same  way  molecular  motion  affects  the  hydrodynamic 
scales  of  a  fluid.  In  the  kinetic  theory  of  gases,  the  mean 
transfer  of  momentum  is  accounted  for  by  a  viscosity.  Due 
to  the  large  separation  of  scales,  the  fluctuations  about  the 
mean  (thermal  noise)  are  negligible.  However,  in  tur¬ 
bulence,  there  is  no  clear  separation  of  scales  between 
the  small  unresolved  eddies  and  the  large  eddies.  Thus, 
the  noise  generated  by  these  small  eddies  (the  “thermal 
noise”)  is  no  longer  negligible  and  is  believed  to  be  the 


wavenumber,  k 


Figure  3.  Prediction  of  Kolmogorov’s  5/3  law  and  Kol¬ 
mogorov’s  constant  in  forced  homogeneous  isotropic  tur¬ 
bulence  at  steady  state - :  DLM(k)  +  :  DLM(+) 

- ;  DM. 
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source  of  backscatter.  Therefore,  it  seems  reasonable  that 
backscatter  should  be  modeled  by  a  stochastic  force. 

Some  subgrid  scale  models  have  been  proposed  that  add  a 
stochastic  forcing  to  a  purely  dissipative  viscous  term. 
Chasnov[15]  extensively  studied  the  influence  of  this 
“eddy  forcing”  in  LES  of  isotropic  turbulence  within  the 
framework  of  the  EDQNM  approximation.  The  inclusion 
of  the  eddy-forcing  term  significantly  improved  the  re¬ 
sults.  The  influence  of  adding  such  a  stochastic  term  to 
the  Smagorinsky  model  has  also  been  explored  in  the  con¬ 
text  of  boundary  layers[17]  and  plane  mixing  layers[18]. 

In  the  model  presented  here,  stochastic  backscatter  is  in¬ 
cluded  in  the  dynamic  model  framework  which  includes 
local  determination  of  all  the  coefficients.  We  model  the 
subgrid  scale  force  as 


djir.j  -  =  -25,  (Cl  -f 


^2 

v/At 


(8) 


where  £  is  the  net  energy  transfer  rate  from  the  resolved 
to  unresolved  scales  and  At  is  the  time-step.  This  model 
is  very  similar  to  the  one  used  by  Leith  [18],  with  the 
important  difference  that  we  determine  Ci  and  C2  dy¬ 
namically.  The  simplest  choice  for  Cj  is  a  normalized 
(dimensionless)  white  noise  in  space  and  time.  The  net 
energy  transfer  rate  £  can  be  determined  as  follows.  The 
net  transfer  is  the  difference  between  the  eddy-dissipation 
and  the  backscatter  rates.  Therefore, 


£■  =  Cl  £'1'^  a4/3  |5|2  _  \cl  £  (9) 


so  that 

j_  /2C1 

“V  2  +  C|  ) 


(10) 


Since  /j  enters  as  a  force  in  the  LES  equations  rather  than 
as  a  stress  tensor,  some  modification  is  needed  in  the  usual 
dynamic  procedure.  This  is  implemented  by  converting 
Eq.  ( 1 )  into  a  vector  rather  than  a  tensor  relation  by  taking 
the  divergence  of  each  side. 


3.2.  Alternative  minimization  procednres 

We  have  mentioned  in  the  previous  section  that  the 
stochastic  backscatter  formulation  requires  the  use  of  the 
divergence  of  Eq.  (1).  Since  the  sgs  stress  itself  never 
appears  in  the  LES  equations  except  as  a  divergence,  there 
is  no  reason  to  search  for  a  good  model  for  r,,  .  A  good 
description  of  its  divergence  is  more  appropriate.  In  cur¬ 
rent  formulations  one  attempts  to  make  an  optimal  choice 
for  a  single  parameter  C  so  as  to  “best  satisfy”  five  scalar 
equations.  In  the  divergence  formulation  only  three  scalar 
equations  need  be  satisfied.  It  is  therefore  reasonable 
to  expect  that  the  C  field  in  the  divergence  formulation 
would  have  less  variability  in  space. 

One  may  take  the  argument  one  step  further  and  work  at  a 
scalar  level.  Indeed,  it  is  likely  that  the  critical  feature  in 


sgs  modeling  is  to  correctly  determine  the  dissipation  rate 
rather  than  have  an  accurate  model  for  the  sgs  stresses. 
Clark  et  al.[\9]  have  compared  Smagorinsky’s  model  and 
the  “exact”  sgs  stresses  computed  by  DNS.  They  found 
that  the  correlation  coefficient  between  2v^ij  and  rij 
was  a^low  as  0.37.  However,  the  correlation  between 
IdjVtSij  and  djT^j  was  0.43  and  between  lu^djviSij 
and  uidjTij  was  0.7.  Thus,  even  though  the  Smagorin¬ 
sky  model  is  not  a  good  model  for  the  local  subgrid  scale 
stresses,  its  account  of  the  rate  of  kinetic  energy  dissi¬ 
pation  is  reasonably  accurate.  Inspired  by  these  results, 
one  may  base  the  dynamic  procedure  for  determining  the 
dimensionless  coefficients  in  any  subgrid  scale  model  on 
the  scalar  equation  obtained  by  multiplying  the  velocity 
with  the  divergence  of  Eq.  (1)  In  this  case,  some  informa¬ 
tion  on  the  dynamic  evolution  of  the  large  scale  field  will 
be  lost,  but  it  allows  the  model  to  be  optimized  for  a  good 
description  of  the  energy  transfer  rate. 

The  vectorial  and  scalar  versions  of  Eq.  (1)  are  presently 
being  investigated  for  the  constrained  variational  formu¬ 
lation.  They  both  lead  to  integro-differential  equations 
for  the  coefficient  C.  Preliminary  results  in  isotropic  tur¬ 
bulence  show  that  the  probability  distribution  of  C  is  not 
strongly  altered  by  using  the  vectorial  or  scalar  identi¬ 
ties,  but  tests  in  complex  flows  are  necessary  to  further 
discriminate  between  the  various  models. 

4.  APPLICATIONS  IN  COMPLEX  FLOWS 

The  dynamic  model  has  been  highly  successful  in  bench¬ 
mark  tests  involving  homogeneous  and  channel  flows  {c.f. 
Refs.  [2,  3,  8,  11]).  Having  demonstrated  the  potential 
of  the  dynamic  model  in  these  simple  flows,  the  overall 
direction  of  the  LES  effort  at  CTR  has  shifted  toward  an 
evaluation  of  the  model  in  more  complex  situations.  The 
general  objective  of  these  simulations  is  to  evaluate  the 
effectiveness  of  the  dynamic  model  as  an  engineering  tool 
for  flows  (or  flow  regions)  where  Reynolds  averaged  ap¬ 
proaches  have  faced  difficulties.  The  current  test  cases 
do  not  necessarily  take  place  in  complex  geometries,  but 
the  flow  fields  contain  complex  turbulent  phenomena  that 
are  very  difficult  to  model  successfully  via  Reynolds  av¬ 
eraged  approaches.  Flows  currently  under  investigation 
include  a  backward-facing  step,  wake  behind  a  circular 
cylinder,  airfoil  at  high  angles  of  attack,  separated  flow 
in  a  diffuser,  and  boundary  layer  over  a  concave  surface. 
Some  results  from  the  backward-facing  step  and  concave 
surface  boundary  layer  are  presented  below. 

4.1.  Backward-facing  step 

Large  Eddy  Simulations  have  been  performed  for  turbu¬ 
lent  flow  over  a  backward  facing  step  at  Reynolds  num¬ 
ber  28000  based  on  the  inlet  free-stream  velocity  and  step 
height.  The  flow  is  complex  by  virtue  of  the  massive  sep¬ 
aration  behind  the  step,  the  associated  adverse  pressure 
gradient  and  the  recovery  downstream  of  the  reattachment 
region.  The  LES  results  are  compared  with  experimental 
results  of  Adams  et  al.  [20] .  The  subgrid  scale  model  used 
in  the  calculations  is  the  constrained  variational  model. 
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The  experimental  facility  used  by  Adams  et  al.  consists 
of  a  single  sided  expansion  with  a  fixed  upper  wall.  The 
expansion  ratio  is  1.25  (upstream  channel  width  is  4  step 
heights).  The  flow  upstream  of  the  step  consists  of  two 
developing  boundary  layers,  each  of  thickness  roughly  1 .2 
step-heights.  A  potential  core  exists  between  the  bound¬ 
ary  layers.  An  aspect  ratio  (spanwise  extent/step  height) 
of  1 1.4  w^  used  in  order  to  enhance  two-dimensionality 
of  the  mean  flow  in  the  separated  region. 

The  computational  domain  starts  1 0  step-heights  upstream 
of  the  step  in  order  to  allow  the  flow  to  recover  from  the 
inflow  boundary  condition,  and  extends  20  step-heights 
downstream  of  the  step.  The  spanwise  extent  of  the  com¬ 
putational  domain  is  3  step  heights.  As  in  the  experiment, 
a  solid  wall  is  used  at  the  top  boundary.  The  inflow 
boundary  condition  consists  of  a  mean  velocity  profile 
with  superimposed  random  fluctuations  [21].  A  convec¬ 
tive  boundary  condition  is  used  at  the  domain  exit.  In 
the  homogeneous  spanwise  direction  periodic  boundary 
conditions  are  used  and  no  slip  conditions  are  employed 
along  all  solid  walls. 

The  computational  mesh  is  uniform  in  the  spanwise  direc¬ 
tion  and  stretched  in  both  the  streamwise  and  wall-normal 
directions.  Wall-normal  stretching  of  the  mesh  is  neces¬ 
sary  in  order  to  be  able  to  resolve  the  boundary  layers.  The 
mesh  in  the  wall-normal  direction  is  designed  to  resolve 
the  boundary-layers  upstream  as  well  as  downstream  of 
the  step.  The  mesh  is  also  stretched  in  the  streamwise 
direction,  increasing  the  density  of  grid-points  around  the 
comer  of  the  step.  This  is  necessary  in  order  to  resolve 
sharp  mean  gradients  in  that  region.  Earlier  simulations 
clearly  demonstrated  the  need  for  adequate  streamwise 
resolution  at  the  comer  of  the  step.  The  computational 
mesh  has  244x96x96  grid  points  in  the  streamwise,  wall- 
normal  and  spanwise  direction,  respectively.  Based  on 
the  friction  velocity  at  the  inlet  of  the  domain,  the  res¬ 
olution  (in  wall  units)  in  the  streamwise  direction  is  : 
Aa:'*"  =  17  and  Axtiax  =  273.  The  minimum  resolu- 

tion  occurs  at  the  comer  of  the  step.  For  the  wall-normal 
direction  the  corresponding  numbers  are  :  =  1.8 

and  Aymax  =  227.  The  spanwise  (uniform)  resolution 
is  Az+  =  36.  The  calculation  required  about  70  CPU 
hours  on  a  CRAY-C90.  Evaluation  of  the  subgrid  scale 
model  increases  the  CPU  time  spent  per  time  step  in  the 
code  by  about  30%. 

An  important  parameter  for  comparing  the  results  of  the 
backward  facing  step  flows  is  the  reattachment  location. 
Adams  et  al.  report  a  reattachment  length  of  6.7  step 
heights  which  is  identical  to  the  value  calculated  in  the 
present  simulation.  Figure  4  shows  the  mean  streamwise 
velocity  profiles  at  three  locations  downstream  of  the  step. 
x/h  =  4.5  is  in  the  recirculation  region,  a;//i  =  7.2  is  in 
the  reattachment  region  and  a; //i  =  12.2  is  in  the  recovery 
region.  Overall  good  agreement  between  the  computation 
and  experiment  is  observed  at  all  locations.  The  slight  lag 
of  the  LES  velocity  profile  compared  with  the  experimen¬ 
tal  values  in  the  recovery  region  is  believed  to  be  due  to 
the  blocking  effect  of  the  side-wall  boundary  layers  in 
the  experiment.  Figure  5  shows  the  streamwise  turbulent 
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Figure  4.  Mean  streamwise  velocity  profiles  downstream 

of  the  step.  - :  LES;  o  ;  experimental  results  of 

Adams  et  al.  [20] 
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Figure  5.  Streamwise  turbulence  intensities  downstream 

of  the  step.  - :  LES;  o  ;  experimental  results  of 

Adams  et  al.  [20] 

intensity.  As  with  the  mean  velocity  profiles,  the  over¬ 
all  agreement  between  the  experiment  and  computation  is 
excellent. 

4.2.  Concave  surface  boundary  layer 

Large  eddy  simulations  of  a  turbulent  boundary  layer  on  a 
concave  surface  at  momentum  thickness  Reynolds  num¬ 
ber  of  1300  have  been  performed.  Although  the  geometry 
of  a  concave  wall  is  not  very  complex,  the  boundary  layer 
that  develops  on  its  surface  is  difficult  to  model  due  to  the 
presence  of  streamwise  Taylor-GOrtler  vortices.  These 
vortices  arise  as  a  result  of  a  centrifugal  instability  as¬ 
sociated  with  the  concave  curvature.  The  vortices  are 
of  the  same  scale  as  the  boundary  layer  thickness,  alter¬ 
nate  in  sense  of  rotation,  and  are  strong  enough  to  induce 
significant  changes  in  the  boundary  layer  statistics.  Ow¬ 
ing  to  their  streamwise  orientation  and  alternate  signs, 
the  Taylor-Gdrtler  vortices  induce  alternating  bands  of 
flow  toward  and  away  from  the  wall.  The  induced  up- 
wash  and  downwash  motions  serve  as  effective  agents 
to  transport  streamwise  momentum  normal  to  the  wall, 
thereby  increasing  the  skin  friction.  As  evidenced  by 
the  1980  AFOSR-Stanford  conference  on  complex  tur¬ 
bulent  flows,  Reynolds  averaged  models  perform  poorly 
for  concave  curvature  since  the  Taylor-GOrtler  vortices 
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are  not  resolved  in  these  calculations.  Historically  the 
ad  hoc  corrections  for  the  effects  of  curvature  have  been 
unsatisfactory. 

The  flow  solver  is  a  variant  of  the  code  described  by 
Choi  and  Moin[22].  The  incompressible  Navier-Stokes 
equations  are  solved  in  a  coordinate  space  where  two 
directions  are  curvilinear  and  the  third  (spanwise)  direc¬ 
tion  is  Cartesian.  Spatial  derivatives  are  approximated 
with  second-order  finite  differences  on  a  staggered  mesh. 
A  fully-implicit  second-order  fractional  step  algorithm  is 
used  for  the  time  advancement. 

The  algebraic  formulation  of  the  dynamic  model  is  used 
with  test  filtering  being  restricted  to  the  streamwise  and 
spanwise  directions.  The  equations  for  the  Smagorinsky 
coefficient  are  averaged  over  the  spanwise  direction.  In 
this  simulation,  the  number  of  grid  points  in  the  spanwise 
direction  is  not  large  enough  to  ensure  that  the  model  co¬ 
efficient  is  always  positive.  For  this  reason,  the  constraint 
is  imposed  that  the  total  viscosity  (eddy  plus  molecular) 
remain  non-negative.  In  this  case,  the  constraint  binds  for 
less  than  0.01%  of  the  points  within  the  domain. 

The  LES  corresponds  to  the  water-tunnel  experimental 
configuration  of  Barlow  and  Johnston[23]  and  Johnson 
and  Johnston  [24].  In  the  experiment,  the  boundary  layer 
develops  on  a  long  flat  entry  section  and  is  then  subjected 
to  a  90°  constant  radius  of  curvature  bend.  In  the  simu¬ 
lation,  the  calculation  begins  approximately  10  boundary 
layer  thicknesses  upstream  of  the  curved  section  and  ends 
at  the  75°  station  (the  boundary  layer  thickness  measured 
at  the  onset  of  curvature,  (5o  is  used  as  the  normalizing 
length  scale).  Unsteady  turbulent  inflow  data  is  generated 
in  a  separate  simulation  of  a  parallel-flow  boundary  layer. 
This  auxiliary  simulation  is  run  in  parallel  with  the  main 
simulation  in  a  time-synchronous  fashion.  At  each  time 
step,  the  velocity  field  is  extracted  from  a  y-z  plane  in  the 
inflow  simulation  and  used  as  boundary  data  for  the  main 
simulation.  A  convective  boundary  condition  is  applied 
at  the  outflow  station.  The  opposing  (convex)  wall  in  the 
experiment  is  contoured  to  minimize  the  streamwise  pres¬ 
sure  gradient  on  the  concave  wall.  The  same  contoured 
geometry  is  used  in  the  LES,  with  the  exception  that  the 
calculation  extends  only  to  the  streamline  that  lies  along 
the  channel  centerline.  The  position  of  the  streamline  is 
determined  from  an  in  viscid  analysis  that  accounts  for  the 
displacement  of  the  boundary  layers  on  both  walls.  No 
flow-through  and  no-stress  boundary  conditions  are  ap¬ 
plied  on  the  streamline  boundary.  The  spanwise  extent 
of  the  domain  is  2  boundary  layer  thicknesses.  Accord¬ 
ing  to  the  experimental  measurements,  the  computational 
domain  is  wide  enough  to  enclose  4  streamwise  Taylor- 
GOrtler  vortices.  Periodic  boundary  conditions  are  used 
in  the  spanwise  direction. 

The  momentum  thickness  Reynolds  number  (at  the  on¬ 
set  of  curvature)  in  both  the  experiment  and  simulation 
—  f300.  The  ratio  of  the  boundary  layer  thick¬ 
ness  to  the  radius  of  curvature,  8q/R,  is  0.055,  which  is 
sufficiently  large  to  create  significant  curvature  effects  on 
turbulent  statistics. 


The  computational  grid  contains  178  x  40  x  64  points 
in  the  streamwise,  wall-normal,  and  spanwise  directions 
respectively.  The  mesh  is  stretched  in  the  wall-normal 
direction  and  uniform  in  the  other  two. 

In  order  to  eliminate  starting  transients,  the  simulation 
is  run  for  an  initial  period  of  60  boundary  layer  inertial 
time  scale  units  (1.7  flow-through  times).  Statistics  are 
then  sampled  over  a  period  of  300  inertial  time  scales 
(8.5  flow-through  times).  Mean  quantities  are  formed  by 
averaging  over  both  the  spanwise  direction  and  time. 

Mean  velocity  profiles  at  several  streamwise  stations  are 
compared  with  the  experimental  data  in  Figure  6.  The 
first  station  is  on  the  flat  inlet  section,  8  boundary  layer 
thicknesses  ahead  of  the  curved  section.  The  other  4  sta¬ 
tions  are  at  15°,  30°,  45°,  and  60°  (4.7,  9.5,  14.2,  and 
18.9  boundary  layer  thicknesses  into  the  curved  section). 
Overall  the  agreement  between  simulation  and  experi¬ 
ment  is  good.  Near  the  start  of  the  curve,  the  simulation 
produces  profiles  that  are  a  bit  fuller  near  the  wall  as  com¬ 
pared  with  the  experiment.  The  fuller  profiles  also  result 
in  higher  skin  friction  as  compared  with  the  experiment 
up  to  about  30°  into  the  the  curve. 

Streamwise  and  wall-normal  turbulent  intensities  are 
shown  in  Figure  7.  The  differences  between  the  simu¬ 
lation  and  experiment  at  the  first  station  are  largely  due 
to  the  approximate  turbulent  fluctuations  supplied  at  the 
inflow  station  in  the  simulation.  The  agreement  is  much 
better  further  downstream  within  the  curved  section.  The 
only  significant  differences  in  the  curved  section  is  the 
overprediction  of  the  streamwise  intensity  near  the  wall. 
This  is  a  well-known  feature  of  marginal  resolution  in  the 
near  wall  region.  Note  that  the  shapes  of  the  experimental 
profiles  (especially  v')  have  changed  significantly  from 
the  first  to  the  last  station.  In  particular  a  pronounced 
bulge  develops  in  the  middle  of  the  layer  which  shifts  the 
maximum  in  v'  to  the  central  portion  of  the  profile.  It  is 
believed  that  the  Taylor-GOrtler  vortices  are  responsible 
for  this  bulge.  The  LES  does  a  good  job  of  predicting  this 
transition  in  the  profile  shape. 

5.  CONCLUDING  REMARKS 

Results  from  applications  of  dynamic  models  to  a  diverse 
set  of  turbulent  flows  have  been  encouraging.  The  model 
has  proven  to  be  very  robust.  Research  on  further  im¬ 
provement  of  the  model  is  continuing;  these  improved 
versions  should  be  validated  in  challenging  flows.  In  par¬ 
ticular,  the  effect  of  including  subgrid  scale  backscatter  on 
large  scale  turbulence  statistics  needs  to  be  quantitatively 
documented. 

Proper  resolution  of  the  eddies  in  the  viscous  sublayer 
remains  a  pacing  item  for  LES  of  high  Reynolds  num¬ 
ber  wall-bounded  flows.  The  viscous  drag  in  attached 
boundary  layers  is  directly  related  to  the  dynamics  of  the 
streamwise  vortices  near  the  wall.  The  use  of  embedded 
grids  may  be  necessary  in  the  wall  layer  as  well  as  for  re¬ 
solving  thin  shear  layers  that  frequently  occur  in  complex 
flows. 
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Figure  6.  Mean  streamwise  velocity  profiles.  The  velocity  is  scaled  by  Up,  the  streamwise  profile  that  would  be 
developed  in  an  inviscid  flow  through  the  curved  section.  The  first  station  is  on  the  flat  inlet  section,  8  boundary  layer 
thicknesses  ahead  of  the  curve. - :  LES;  •  ;  Johnson  and  Johnston  [24]. 


12,1)^ /Upw 

Figure  7.  Turbulent  intensity  profiles,  (a)  streamwise,  (b)  wall-normal.  The  RMS  values  are  scaled  by  Upw,  the 
streamwise  velocity  that  would  be  developed  at  the  curved  wall  in  an  inviscid  flow  through  the  curved  section.  The 

first  station  is  on  the  flat  inlet  section,  8  boundary  layer  thicknesses  ahead  of  the  curve. - :  LES;  •  :  Johnson  and 

Johnston  [24]. 
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1  SUMMARY 

The  dynamic  subgrid  scale  model  has  been  used  in  the 
Large  Eddy  Simulation  (LES)  of  turbulent  flow  in  a 
straight  square  duct.  The  Reynolds  numbers  considered, 
(based  on  the  friction  velocity  and  the  duct  halfwidth), 
are  varying  from  150  to  1125.  The  results  obtained  are 
in  good  agreement  with  the  reference  Direct  Numerical 
Simulation  (DNS)  and  experimental  data.  The  accuracy 
and  suitability  of  the  model  in  high  Reynolds  number 
finite  difference  computations  of  three  dimensional  non¬ 
equilibrium  flows  is  investigated.  The  influence  of  ap¬ 
proximate  wall  boundary  conditions  in  such  flow  cases  is 
also  addressed. 


2  INTRODUCTION 

Since  the  pioneering  work  of  Deardoff  [1]  in  the  beginning 
of  the  70',  the  LES  approach  has  become  an  attractive 
tool  for  the  accurate  prediction  of  turbulent  and  transi¬ 
tional  flows.  However,  the  lack  of  general  subgrid  scale 
(SGS)  models,  able  to  account  for  all  the  complicated 
phenomena  present  in  turbulent  flows  of  practical  inter¬ 
est,  has  restricted,  up  to  now,  the  applicability  of  LES  to 
simple  geometries  at  moderate  Reynolds  numbers.  Over 
the  past  decades,  one  of  the  most  widely  used  SGS  clo¬ 
sures  in  LES  is  the  Smagorinsky  model  [2].  Although 
it  has  been  used  in  a  variety  of  turbulent  flows,  it  has 
some  significant  drawbacks.  The  model  coefficient  is  an 
a  priori  input  which  has  to  be  optimized  for  each  type 
of  flow.  It  was  also  found  to  be  very  dissipative  in  tran¬ 
sitional  flows  [3],  partly  because  it  does  not  account  for 
backscatter  (transfer  of  energy  form  the  small  to  the  large 
scales),  and  partly  because  it  does  not  vanish  in  laminar 
regions.  In  addition,  ad  hoc  dumping  functions  have  to 
be  introduced  in  order  to  ensure  the  correct  limiting  be¬ 
haviour  close  to  solid  boundaries. 

One  of  the  most  promising  developments  in  the  field  of 
subgrid  scale  modelling,  which  has  the  potential  to  over¬ 
come  the  limitations  mentioned  above,  is  the  dynamic 
eddy  viscosity  model  proposed  by  Germane  et.  al.  [4], 
In  this  case,  in  addition  to  the  grid  filter  which  defines 
the  resolved  field  and  the  subgrid  scale  stresses  r.j ,  a  test 
filter,  which  is  wider  than  the  grid  filter  is  introduced.  In 
a  similar  manner  it  defines  the  subtest  scale  stresses  T,j. 
If  a  simple  eddy  viscosity  model  is  used  as  a  subgrid  scale 
closure,  the  algebraic  identity  [5]  which  relates  t,j  and  Tij 
with  the  resolved  stresses  Cij,  can  be  exploited  to  com¬ 
pute  the  model  coefficient.  The  dynamic  eddy  viscosity 
model  has  been  used  in  a  variety  of  turbulent  incompress¬ 
ible  [4], [6],  [7]  [8]  and  compressible  flows  [9]  with  impres¬ 
sive  results.  In  most  of  the  above  studies  the  Reynolds 


number  was  kept  at  relatively  low  levels.  Recently,  Pi 
omelli  [10]  and  Balaras  et.  al.  [11]  reported  channel  flow 
computations  at  high  Reynolds  numbers,  (ranging  be¬ 
tween  5000  and  120000,  based  on  the  bulk  velocity  and 
channel  width),  with  good  agreement  with  the  reference 
data.  In  this  study  the  model  is  extended  to  more  compli¬ 
cated  flows  at  high  Reynolds  numbers.  More  specifically, 
the  flow  in  a  straight  square  duct  is  computed. 

In  this  flow  case,  a  non  zero  mean  flow  occurs  in  the 
transverse  planes  of  the  duct,  referred  as  secondary  flow. 
It  has  been  thought  to  arise  due  to  the  anisotropy  and  in¬ 
homogeneity  of  the  Reynolds  stresses.  Speziale  [12],  had 
shown  analytically  that  the  secondary  flow  in  ducts  with 
non-circular  cross  sections  originates  from  the  fact  that 
the  axial  mean  velocity  gives  rise  to  a  non-zero  difference 
in  the  transverse  normal  Reynolds  stresses  respomsible 
for  the  production  of  axial  mean  vorticity.  The  above 
argument  is  also  supported  by  the  experimental  findings 
of  Brundrett  and  Baines  [13],  However,  Gessner  [14]  in 
his  experimental  investigation  reported  that  the  gradients 
of  turbulent  shear  stresses  normal  to  the  corner  bisector 
play  an  important  role  in  the  generation  of  secondary 
flow,  and  he  suggested  that  the  mechanisms  responsible 
for  the  production  of  the  mean  streamwise  vorticity  are 
not  necessarily  initiating  the  secondary  motions.  Even- 
though  the  secondary  flow  is  very  small  in  magnitude 
(1%  -  2%),  it  has  a  significant  effect  on  the  overall  flow 
structure  and  its  accurate  prediction  is  quite  important. 
Taking  also  into  account  that  this  is  one  of  the  simplest 
configurations  related  to  fully  three  dimensional  flows, 
this  flow  problem  can  be  an  attractive  test  case  for  prob¬ 
lems  related  to  SGS  modelling. 

Another  issue  which  is  addressed  in  this  study,  is  the 
effect  of  approximate  wall  boundary  conditions  in  the  ac¬ 
curacy  of  the  computations.  In  such  case  the  first  com¬ 
putational  point  in  the  vicinity  of  the  wall  is  located  in 
the  fully  turbulent  region  (?/'*'  =  30  —  100),  and  the  wall 
stresses  required  to  impose  boundary  conditions  are  esti¬ 
mated  in  terms  of  the  core  flow  velocities.  This  way  the 
grid  can  be  coarse  in  the  other  flow  directions  as  well, 
leading  in  big  savings  in  CPU  time.  Most  of  the  cur¬ 
rently  available  approximate  wall  boundary  conditions 
[15]  are  based  on  some  semi-empirical  correlation  between 
the  wall  stress  and  the  velocity  in  the  fully  turbulent  re¬ 
gion.  Very  good  results  have  been  obtained  using  the 
above  models  in  turbulent  channel  flow  computations, 
combined  either  with  the  Smagorinsky  [15]  or  the  dy¬ 
namic  SGS  [11]  closure.  However,  extension  to  complex 
flows  were  the  log-law  is  not  valid  in  an  average  sense 
and  semi-empirical  information  is  not  available,  could  in¬ 
troduce  considerable  inaccuracies.  Recently,  Bagwell  et. 
al.  [16]  has  used  the  Linear  Stochastic  Estimation  ap¬ 
proach  to  derive  approximate  wall  boundary  conditions. 
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A  priori  calculations  using  the  DNS  data  of  Kim  et.  al. 
[17]  for  a  turbulent  channel  flow  gave  improved  results 
compared  to  existing  models.  This  model  yet  has  to  be 
extended  to  turbulent  flows  in  more  complex  geometries. 
In  the  present  study  a  more  general  approximate  wall 
boundary  condition  is  proposed.  It  is  based  on  the  so¬ 
lution  of  a  simplified  model  equation  for  each  velocity 
component  in  the  wall  region.  In  a  previous  study  [18] 
the  model  was  used  in  the  computation  of  turbulent  chan¬ 
nel  flows.  The  results  obtained  were  in  good  agreement 
with  the  reference  DNS  and  experimental  data.  Since  the 
model  requires  no  input  based  on  semi-empirical  corre¬ 
lations,  it  is  more  suitable  for  the  square  duct  flow  case 
where  such  information  is  not  available. 

In  the  next  section  the  governing  equations  and  the  dy¬ 
namic  eddy  viscosity  model  will  be  described.  In  section 
4  the  numerical  method  and  the  approximate  wall  bound¬ 
ary  conditions  will  be  presented.  Results  will  be  given  in 
section  5  and  conclusions  will  be  drawn  in  section  6. 


3  MATHEMATICAL  FORMULATION 

In  the  LES  approach  the  large  scale  velocity  field  can  be 
obtained  from  the  direct  solution  of  the  filtered  Navier- 
Stokes  equations,  while  the  scales  smaller  than  the  grid 
size  are  modelled.  In  finite  difference  computations,  the 
filtering  operation  which  defines  the  large  scale  variables 
(denoted  by  overbar),  is  a  simple  top-hat  filter  in  physical 
space  applied  implicitly  by  the  finite  difference  operators 
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where  D  is  a  finite-difference  cell.  The  resulting  filtered 
form  of  the  equations  for  the  conservation  of  mass  and 
momentum  for  an  incompressible  fluid  is  the  following: 
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where  Rcr  is  the  Reynolds  number,  based  on  the  friction 
velocity  Ur  and  duct  halfwidth  h,  and  Fi  is  a  forcing  term 
representing  the  average  streamwise  pressure  gradient. 
In  the  following,  x  is  the  streamwise  direction,  y  and  2 
are  the  transverse  directions.  A  schematic  representation 
of  the  duct  geometry  and  coordinate  system  is  given  in 
figure  1. 

The  effect  of  the  small  scales  upon  the  resolved  part  of 
turbulence  appears  in  the  subgrid-scale  stress  term,  r,_, 
UiUj  —  u,uj.  Taking  into  account  that  the  small  scales 
are  more  isotropic  than  the  resolved  scales,  t,j  can  be 
modelled  using  a  simple  eddy  viscosity  model  [2]  : 

C 

nj  -^Tkk  =  =  -2CA"|S|:S,y,  (4) 


in  which  Sij  is  Kronecker’s  delta,  A  is  the  filter  width 
defined  as: 

A  =  (AiA2A3)L  (5) 

and  |5|  =  is  the  magnitude  of  the  large-scale 

strain  rate  tensor 
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Fig.  1:  Duct  geometry  and  coordinate  system. 


The  trace  of  the  subgrid-scale  stresses  is  included  in  the 
pressure  term.  The  application  of  a  second  filter,  the  test 
filter,  to  equations  (2)  and  (3),  defines  the  subtest-scale 
stresses  T.y  =  u,uj  —  u,Uj.  Using  the  same  closure  as 
above  to  model  T,j  one  can  obtain: 

T.2  -  ^Tkk  =  -2CA"|f  |f.j.  (7) 


Equations  (4)  and  (7)  can  be  substituted  into  the  identity 
[5]: 


which  relates  the  subgrid-scale  and  the  subtest-scale 
stresses  to  the  resolved  turbulent  stresses  C,j  —  u,llj  — 
u,Uj.  C  can  be  computed  from  equation  (8),  which  repre¬ 
sents  a  set  of  five  independent  equations  in  one  unknown. 
Following  Lilly  [19],  C  can  be  derived  from  (8)  using  a 
least  squares  approximation,  which  leads  to  an  expres¬ 
sion  for  the  model  coefficient  which  is  well  conditioned. 
However,  Cabot  and  Moin  [7]  found  numerical  instabili¬ 
ties  resulting  from  the  negative  total  viscosities  predicted 
by  the  local  model.  As  it  was  also  done  by  previous 
investigators  [7],  [6],  to  avoid  ill-conditioning  and  make 
the  model  mathematically  self-consistent,  in  the  present 
study  Lilly’s  expression  was  averaged  over  the  homoge¬ 
nous  streamwise  direction  : 


C{y,  z,t) 


1  <  > 
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where  <  ■  >  denotes  averaging  over  the  streamwise  di¬ 
rection,  and 


My  =  a2|5|5.j  -  A|5|S.2.  (10) 

This  procedure  was  found  to  be  more  accurate  than  an 
earlier  one  [20],  in  which  C  was  computed  locally  on  the 
test  filter.  Ill-conditioning  was  eliminated  by  truncating 
the  values  of  C  exceeding  an  upper  and  a  lower  bound. 
Although  the  results  obtained  for  high  Reynolds  number 
square  duct  flow  were  in  good  agreement  with  the  exper¬ 
imental  data,  it  was  found  that  on  coarse  grids  the  per¬ 
centage  of  C  values  that  had  to  be  truncated  increased, 
and  the  accuracy  depended  on  the  choice  of  the  bounds. 
Following  Germano  et  al.  (1991)  the  ratio  of  the  two  filter 
widths  was  set  to  A/A  =  2. 


4  NUMERICAL  ASPECTS 
4.1  Numerical  method 

Equations  (2)  and  (3)  are  integrated  in  time  using  an 
Adams- Bashforth  fractional-step  method: 
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where  H  includes  all  the  right  hand  side  terms  minus  the 
contribution  of  the  pressure. 

Equation  (12)  is  solved  using  a  Direct  Poisson  Solver 
based  on  Fast  Fourier  Transforms.  The  constraints  im¬ 
posed  by  the  Direct  Poisson  solver  lead  to  choose  a  stag¬ 
gered  discretization  with  uniform  mesh  spacing  in  the 
three  coordinate  directions  Xi.  Both  advective  and  dif¬ 
fusive  terms  are  treated  explicitly.  All  spatial  deriva¬ 
tives  are  approximated  by  second-order  central  differ¬ 
ences.  The  overall  accuracy  of  the  code  is  second  order 
in  space  and  in  time. 

The  value  of  C  is  computed  from  equation  (9).  Alt  the 
necessary  test  filtered  quantities  were  computed  at  each 
grid  cell,  using  weighted  volume  averages  over  the  sur¬ 
rounding  cells.  A  detailed  study  on  the  application  of 
the  model  in  finite  difference  computations  and  on  the 
implementation  details  concerning  the  use  of  staggered 
grids  can  be  found  in  [11].  Although  spatial  averaging 
of  numerator  and  denominator  of  (9)  was  found  to  give 
stable  computations  in  channel  flows  [4],  [10],  where  two 
spatial  homogenous  directions  exist,  in  the  present  study 
it  was  found  that  averaging  only  in  the  streamwise  direc¬ 
tion  was  not  sufficient  to  remove  ill-conditioning.  A  num¬ 
ber  of  negative  total  viscosities  was  appearing  during  the 
calculations,  leading  to  computational  instabilities.  For 
the  high  Reynolds  number  case,  negative  total  viscosities 
were  detected  at  approximately  1%  of  the  total  number 
of  grid  points.  The  problem  was  removed  by  replacing  to¬ 
tal  viscosity  with  zero  whenever  was  negative.  This  way 
also  a  small  amount  of  backscatter  is  allowed.  A  similar 
approach  was  followed  by  Akselvoll  and  Moin  [6]  in  the 
computation  of  a  backward  facing  step  with  good  results. 


Table  1:  Summary  of  the  computations 


Case 

Grid  size 

RBt 

Ret 

1 

82x22x22 

150 

4410 

2 

82x34x34 

1125 

42000 

viscous  term  accounts  for  most  of  the  activity  in  the  re¬ 
gion  via  the  turbulent  viscosity.  In  this  study  a  simple 
eddy  viscosity  model  is  used  to  represent  Vt  : 

I/,  =  kzD{z)\S\  (15) 

where  k  is  the  von  Karman  constant,  z  is  the  distance 
from  the  solid  boundary,  |5|  is  the  magnitude  of  the  to¬ 
tal  strain  rate,  and  is  a  dumping  function  used  to  en¬ 
sure  the  correct  limiting  behaviour  for  i/f  An  expression 
proposed  by  Piomelli  et.  al.  [15]  is  adopted: 

D(2)  =  [1  -  exp(-(^)^)f (16) 

Equation  (14)  is  discretized  with  2"^  order  finite  differ¬ 
ences  in  an  implicit  fashion  to  avoid  stability  restrictions. 
Wn  is  obtained  by  applying  the  continuity  equation  at 
each  cell.  The  solution  obtained  at  each  time  step,  gives 
a  velocity  profile  for  the  component  of  interest,  which  pro¬ 
vides  an  estimate  of  the  wall  stress,  required  to  impose 
boundary  conditions. 


5  RESULTS 

Two  computations  were  performed  at  two  different 
Reynolds  numbers.  The  calculation  parameters  are  sum¬ 
marized  in  table  1,  in  which  Re-r  is  the  Reynolds  number 
based  on  friction  velocity  and  the  duct  halfwidth,  and 
Ret  is  the  Reynolds  number  based  on  the  bulk  velocity 
Ub  and  the  hydraulic  diameter.  The  size  of  the  compu- 


4.2  Boundary  conditions 

Periodic  boundary  conditions  were  used  in  the  stream- 
wise  direction.  As  it  was  mentioned  in  the  first  section,  a 
more  critical  problem  is  related  with  the  modeling  of  the 
region  close  to  solid  boundaries.  Due  to  the  lack  of  empir¬ 
ical  information  in  complex  wall  bounded  flows  currently 
available  approximate  wall  boundary  conditions  are  im¬ 
practical  and  may  introduce  inaccuracies  in  the  compu¬ 
tations.  The  treatment  which  is  proposed  in  this  study  is 
based  on  the  solution  of  a  simplifled  model  equation  for 
each  velocity  component,  on  a  refined  mesh  embedded  in 
the  main  one.  .Also  in  this  case  the  first  computational 
point  is  located  in  the  logarithmic  region  and  the  mesh 
is  refined  from  this  point  to  the  solid  boundary.  The 
equation  proposed,  obtained  from  the  two  dimensional 
boundary  layer  equations,  has  the  form: 


5'ii, 

dt 


4“  Un 


dui 

dXn 


dP 

dx, 


+  (i'  +  fzi) 


dxndxn 


(14) 


Fig.  2:  Left:  Mean  secondary  velocity  vectors,  Right: 

contours  of  mean  streamwise  velocity  at  a 
cross-sectional  plane  for  case  2 


where  u,  is  the  unknown,  P  is  the  pressure  and  i>  and 
L>t  are  the  molecular  and  turbulent  viscosity  accordingly. 
The  lower  index  n  denotes  direction  normal  to  the  bound¬ 
ary.  The  normal  advection  term  and  the  pressnre  term 
account  for  the  sweep  and  ejection  events  in  the  region, 
taking  information  from  the  first  actual  grid  point.  The 


tational  box  was  taken  equal  to  S.Sirh  x  2h  x  2h.  This 
streamwise  length  was  found  to  be  sufficient  to  contain 
the  largest  structures  present  in  the  flow,  by  postprioriex- 
amination  of  the  two  point  correlations.  Case  1  is  a  low 
Reynolds  number  case,  fairly  resolved,  for  which  detailed 
DNS  data  [21]  are  available.  Case  2  is  a  high  Reynolds 
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Fig.  5:  TuV  <  T,j,  >  profile  along  the  lower  wall. 

X  proposed  model,  A  shifted  model,  - 

experimental  data  in  [25], - experimen¬ 

tal  data  in  [26] 


Fig.  3:  Mean  streamwise  velocity  profiles  at  the  nor¬ 

mal  wall  bisector,  (a)  Rcr  =  150,  x  case  1, 

A  Smagorinsky  model,  -  DNS  data  [21] 

,  (b)  Rct  =  1125,  X  case  2,  A  Smagorinsky 
model,  - experimental  data  [13] 


number  case  (7.5  times  larger  compared  with  case  1), 
were  the  accuracy  of  the  model  and  adequacy  of  the  ap¬ 
proximate  wall  boundary  conditions  can  be  investigated 
for  high  Reynolds  numbers.  The  results  from  this  com¬ 
putation  will  be  compared  with  available  experimental 
data  in  the  literature,  [13],  [22]. 

The  initial  solution  was  obtained  taking  the  experimental 
[23]  and  DNS  [21]  mean  velocity  profiles,  and  superim¬ 
pose  divergence  free  perturbations.  The  equations  were 
integrated  in  time  until  steady  state  was  reached.  Statis¬ 
tics  were  accumulated  over  7-8  units,  [tUr/S).  Further 
integration  in  time  was  found  to  have  negligible  influence 
on  the  mean  flow  quantities  and  turbulent  statistics.  In 
figure  2  isolines  of  the  mean  streamwise  velocity  and  ve¬ 
locity  vectors  of  the  mean  secondary  flow,  are  shown  at 
a  cross  section  for  case  2.  Although  some  asymmetry 
in  the  results  is  present,  the  main  flow  features  are  evi¬ 
dent.  In  the  following  comparisons  all  the  corresponding 
quantities  are  averaged  over  the  four  quadrants.  In  fig¬ 
ure  3  mean  streamwise  velocity  profiles  normalized  with 
Ui,  are  given  at  the  normal  wall  bisector.  Computations 
done  with  the  Smagorinsky  model  with  cs  =  0.12,  are 
also  included.  The  agreement  with  the  reference  data 
is  very  good.  A  small  improvement  can  be  observed 
w'hen  the  dynamic  model  is  used.  The  predicted  ratio 
of  Uc/Ub  for  case  1  is  1.32,  which  is  in  good  agreement 
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Fig.  4:  Mean  secondary  velocity  vectors  at  a  quad¬ 

rant.  Left:  case  1,  Right:  case  2 


with  the  value  1.33  reported  by  Gavrilakis,  [21].  For  case 
2  this  ratio  was  1.18.  Brandrett  and  Baines  [13]  reported 
a  value  of  UrJUb  =  1.2  for  a  higher  Reynolds  number 
(Reb  =  80000).  The  predicted  values  are  also  consistent 
with  the  trend  given  by  Demuren  and  Rodi  [24],  mean¬ 
ing  that  the  value  of  UejUb  is  decreasing  as  the  Reynolds 
number  increases.  In  figure  4  the  mean  secondary  flow  ve¬ 
locity  vectors  averaged  over  the  four  quadrants,  are  given 
for  case  1  and  case  2.  The  magnitudes  of  the  maximum 
secondary  velocity  were  found  to  be  2.51%  and  2.23% 
of  the  bulk  velocity  accordingly.  The  second  one  is  in 
good  agreement  with  the  value  of  2.2%  reported  in  [13]. 

For  the  low  Reynolds  number  case  Gavrilakis  predicted 


Fig.  6:  Turbulent  intensities  along  the  normal  wall 

bisector  at  Re^  =  150.  x  case  1,  A  Smagorin¬ 
sky  model - DNS  data  [21],  (a)  Urm$,  (b) 

,  (c)  yVrms 

a  relatively  lower  value  of  1.9%.  The  difference  could  be 
due  to  the  limited  resolution,  since  in  case  2  the  number 
of  points  at  the  cross  section  is  marginal  to  capture  all 
details  of  the  secondary  flow. 

The  distribution  of  Twj  <  Tu,  >  along  the  lower  duct  wall 
for  case  2  is  given  in  figure  5.  The  measured  values  in  [25] 
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Fig.  7:  Normal  Reynolds  stresses  along  the  normal 

wall  bisector  at  Rct  =  1125.  x  case  2, 

A  Smagorinsky  model  -  experimental 

data  in  [13], - experimental  data  in  [22], 

(a)  uu,  (b)  vv,  (c)  ww 


and  [26]  at  Rcb  =  50000  and  Rei,  =  34000  respectively, 
are  also  included.  The  prediction  given  by  the  new  wall 
model  is  in  good  agreement  with  the  experimental  data. 
It  follows  quite  closely  the  measured  values  with  a  mid¬ 
wall  value  of  1.005  <  >.  For  case  1  the  mid-wall  value 

was  1.12  <  Tu,  >;  slightly  lower  than  the  one  reported  in 
[21],  which  is  1.18  <  >.  The  computation  for  case  2 

was  repeated  using  the  shifted  model  [15]  as  approximate 
wall  boundary  condition.  The  resulting  r^,/  <  >  dis¬ 

tribution  is  also  given  in  figure  5.  It  can  be  seen  that 
the  predicted  value  close  to  the  corner  region  is  higher 
than  the  measured  one,  probably  because  in  this  region 
the  average  streamwise  velocity  is  far  from  satisfying  the 
log-law  which  is  required  by  the  model. 

In  figure  6  and  7  the  normal  Reynolds  stress  profiles  along 
the  normal  wall  bisector  are  given  for  case  1  and  2  respec¬ 
tively.  The  choice  of  the  velocity  scales  is  different  for 
each  case,  in  order  to  be  able  to  have  comparisons  with 
the  reference  data,  minimizing  the  uncertainties  intro¬ 
duced  by  rescaling  the  data  using  empirical  correlations. 

The  local  shear  velocity  (referred  as  u*)  is  chosen  for 
case  1  and  the  bulk  velocity  Ut  for  case  2.  In  figure  5  the 
velocity  fluctuations  obtained  with  the  dynamic  model 
compare  well  with  the  DNS  data,  [21].  An  improvement 
can  be  observed  compared  with  the  Smagorinsky  model. 
A  similar  behaviour  can  be  seen  in  fig  7  for  case  2,  which 
is  more  evident  probably  due  to  the  lower  resolution.  For 
both  cases  the  Smagorinsky  model  is  performing  purely 
mainly  in  the  wall  region.  This  can  be  attributed  to  the 
less  dissipative  character  of  the  dynamic  model  in  this 
region.  In  figure  8  isolines  of  <  C  >  are  given  at  a  quad¬ 
rant.  In  the  centerline  region  <  C  >  varies  between 
0.012  —  0.020,  corresponding  to  Cs  values  of  0.11  —  0.14, 
which  are  very  close  to  the  value  of  C's  =  0.12  used  in  the 
actual  Smagorinsky  computation.  Approaching  the  solid 
boundaries,  C  is  reduced  rapidly  and  reaches  a  value  of 
approximately  0.004,  corresponding  to  Cs  =  0.06  which 
is  half  of  the  one  used  in  the  simulation. 


Fig.  8;  Isolines  of  model  coefficient  at  a  quadrant  for 
case  2 


rx 


Fig.  9:  Streamwise  two  point  correlations  for  case 

1.  The  symbols  denote  LES  data,  the 

lines  denote  DNS  data  [21],  x  -  Rii, 

A - R22 ,  n .  R33 


In  figure  9  two  point  streamwise  correlations  are  given  for 
case  1.  The  agreement  with  the  DNS  data  is  very  good 
despite  the  mesh  coarseness  in  this  direction. 

6  CONCLUSIONS 

In  the  present  study,  the  dynamic  eddy  viscosity  model 
was  used  in  finite  difference  computations  of  turbulent 
flow  in  a  square  duct  at  high  Reynolds  numbers.  The 
accuracy  and  suitability  of  the  model  for  such  flow  cases 
was  demonstrated.  The  mean  velocity  field  and  low  order 
turbulent  statistics  compare  well  with  the  reference  data. 
A  considerable  improvement  can  be  observed  for  most  of 
the  statistics  in  comparison  with  the  Smagorinsky  model. 
The  line  averaging  performed  to  eliminate  ill-conditioning 
and  make  the  model  mathematically  self-consistent,  was 
found  to  be  more  accurate  and  robust  than  a  straitfor- 
ward  localization  procedure  used  in  a  previous  study  [20]. 
However,  this  averaging  procedure  is  limiting  the  appli¬ 
cability  of  the  model  to  flows  were  at  least  one  homo¬ 
geneous  direction  exists.  For  flows  in  which  no  homoge¬ 
neous  direction  is  available,  a  localized  model  should  be 
introduced. 

An  other  issue  addressed  in  this  study  is  the  accuracy 
and  suitability  of  approximate  wall  boundary  conditions, 
which  could  be  crucial  in  extending  LES  to  complex  wall 
bounded  flows  at  high  Reynolds  numbers.  The  proposed 
model  was  found  to  be  more  accurate  than  existing  mod¬ 
els  in  such  flow  cases.  However,  a  more  sophisticated  tur- 
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bulence  model  able  to  account  for  the  complicated  flow 
phenomena  present  in  the  wall  region  is  more  desirable 
and  could  improve  the  accuracy  of  the  model. 

Further  developments  in  both  fields  mentioned  above  are 
quite  important  in  extending  LES  to  engineering  applica¬ 
tions,  Considering  also  the  flexibility  of  finite  difference 
methods  in  complex  geometries  and  the  fact  that  the  cost 
of  the  simulations  reported  in  this  study  is  not  exiting 
15ft  on  a  fast  desktop  workstation,  LES  can  be  consid¬ 
ered  a  promising  tool  for  the  prediction  of  practical  flow 
problems  at  high  Reynolds  numbers. 
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ABSTRACT 

Most  applications  of  the  dynamic  subgrid-scale  stress 
model  use  volume-  or  planar-averaging  to  avoid  ill- 
conditioning  of  the  model  coefficient,  which  may  re¬ 
sult  in  numerical  instabilities.  A  spatially-varying 
coefficient  is  also  mathematically  inconsistent  with 
the  model  derivation.  A  localization  procedure  is 
proposed  here  that  removes  the  mathematical  incon¬ 
sistency  to  any  desired  order  of  accuracy  in  time. 
This  model  is  applied  to  the  simulation  of  rotating 
channel  flow,  and  results  in  improved  prediction  of 
the  turbulence  statistics. 


INTRODUCTION 

The  dynamic  subgrid-scale  stress  model,  introduced 
by  Germano  et  al.  [1],  has  been  widely  used  for  the 
large-eddy  simulation  (LES)  of  incompressible  and 
compressible  flows.  The  model  is  based  on  the  intro¬ 
duction  of  two  filters;  in  addition  to  the  grid  filter 
(denoted  by  an  overbar),  which  defines  the  resolved 
and  subgrid  scales,  a  test  filter  (denoted  by  a  circum¬ 
flex)  is  used,  whose  width  is  larger  than  the  grid  filter 
width.  The  stress  terms  that  appear  when  the  grid 
filter  is  applied  to  the  Navier-Stokes  equations  are 
the  subgrid-scale  (SGS)  stresses  Tij ;  in  an  analogous 
manner,  the  test  filter  defines  a  new  set  of  stresses, 
the  subtest-scale  stresses  Tij .  An  identity  [2]  relates 
Tij  and  Tij  to  the  resolved  turbulent  stresses,  £,j.  If 
an  eddy-viscosity  model  is  used  to  parametrize  nj 
and  Tij,  this  identity  can  be  exploited  to  determine 
the  model  coefficient. 

This  yields  a  coefficient  that  is  function  of  space 
and  time,  and  whose  value  is  determined  by  the  en¬ 
ergy  content  of  the  smallest  resolved  scales,  rather 
than  input  a  priori  as  in  the  standard  Smagorin- 
sky  model  [3].  Two  difficulties,  however,  arise  in  the 
determination  of  C:  the  first  is  that  the  model  is 
ill-conditioned  because  the  denominator  of  the  ex¬ 
pression  for  C  becomes  very  small  at  a  few  points 
in  the  flow.  Furthermore,  the  procedure  described 
above  is  not  mathematically  self-consistent  since  it 
requires  that  a  spatially-dependent  coefficient  be  ex¬ 
tracted  from  a  filtering  operation  [4].  To  overcome 


this  problem,  C  is  usually  assumed  to  be  only  a  func¬ 
tion  of  time  and  of  the  spatial  coordinates  in  inhomo¬ 
geneous  directions.  The  mathematical  inconsistency 
is  thus  eliminated,  and  the  ill-conditioning  problem 
is  alleviated. 

The  resulting  eddy  viscosity  has  several  desirable  fea¬ 
tures:  it  vanishes  in  laminar  flow,  it  can  be  negative 
(indicating  that  the  model  is  capable  of  predicting 
backscatter,  i.e.,  energy  transfer  from  the  small  to 
the  large  scales)  and  it  has  the  correct  asymptotic 
behavior  near  a  solid  boundary.  The  dynamic  eddy 
viscosity  model  has  been  used  successfully  to  solve 
a  variety  of  flows  such  as  transitional  and  turbulent 
channel  flows  [1,  5],  and  compressible  isotropic  tur¬ 
bulence  [6].  Since  the  model  coefficient  adjusts  itself 
to  the  energy  content  of  the  smallest  resolved  scales, 
it  can  also  be  applied  to  relaminarizing  or  intermit¬ 
tent  flows,  and  has  given  accurate  prediction  of  prob¬ 
lems  in  which  the  Smagorinsky  model  did  not  work 
well.  Esmaili  and  Piomelli  [7],  who  used  it  in  the 
LES  of  sink  flows,  observed  that  C  vanishes  when  the 
boundary  layer  relaminarizes  even  if  inactive  fluctu¬ 
ations  are  still  present.  Squires  and  Piomelli  [8]  ap¬ 
plied  it  to  rotating  flows,  and  found  that  C  decreases 
as  a  result  of  the  stabilizing  effect  of  rotation. 

Orszag  et  al.  [9]  moved  a  number  of  criticisms  to  the 
dynamic  model;  in  the  first  place,  they  attributed 
its  success  in  the  prediction  of  low  Reynolds  number 
flows  to  the  fact  that  it  acts  as  a  damping  function 
for  the  eddy  viscosity  in  the  wall  region,  where,  they 
state,  the  test  filter  widtffi  A  is  in  the  inertial  range 
and  the  grid  filter  width  A  is  in  the  dissipation  range; 
this  results  in  Tj  «  Tij  and  <  £,-j  >~  <  Tij  >~ 

(<  •  >  denotes  plane-averaging).  It  is  easy  to  show 
analytically  that  this  statement  is  incorrect  since, 
for  most  filters  of  interest,  <  Tj  >><  Tij  >  indepen¬ 
dent  of  the  shape  of  the  spectrum.  Furthermore,  in 
the  wall  region,  both  A  and  A  are  in  flat  regions 
of  the  spectrum,  and  the  ratios  of  Cij ,  Tj  and  Tij 
to  the  resolved  energy  and  stresses  become  constant 
[5].  Orszag  and  coworkers  [9]  also  hypothesized  that 
the  model  will  depend  very  strongly  on  the  ratio  of 
test  to  grid  filter  width,  a  point  that  had  already 
been  addressed  by  Germano  ei  al.  [1],  who  showed 
that  the  model  is  rather  insensitive  to  this  ratio.  Fi- 
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nally,  they  conjecture  that  application  of  the  model 
may  become  problematic  at  high  Reynolds  numbers; 
however,  Piomelli  [5]  and  Balaras  ei  al.  [10]  have 
computed  channel  flow  at  Reynolds  numbers  (based 
on  channel  width  and  bulk  velocity)  ranging  between 
5,000  and  250,000  (200  <  Re  <  5, 000  based  on  chan¬ 
nel  halfwidth  and  friction  velocity),  obtaining  results 
in  good  agreement  with  the  data. 

A  limitation  of  the  dynamic  model  is,  however,  the 
plane  averaging  mentioned  above.  For  flows  in  which 
no  homogeneous  directions  exist,  the  model  coeffi¬ 
cient  should  be  a  function  of  all  spatial  coordinates. 
Even  flows  that  are  homogeneous  in  planes  parallel 
to  the  wall  may  be  intermittent,  in  which  case  the 
eddy  viscosity  should  be  non-zero  only  in  regions  of 
significant  turbulent  activity,  and  zero  elsewhere,  a 
behavior  that  is  not  always  possible  if  plane  averag¬ 
ing  is  performed. 

Although  straightforward  localization  of  the  dy¬ 
namic  model  gives  rise  to  the  problems  mentioned 
above,  it  has  nonetheless  been  used  by  Zang  and 
coworkers  in  simulations  of  the  turbulent  flow  in  a 
driven  cavity  [11].  They  performed  some  local  aver¬ 
aging  (over  the  test  filter  cell)  and  also  constrained 
the  total  viscosity  (sum  of  molecular  and  eddy  viscos¬ 
ity)  to  be  non-negative,  thus  allowing  a  small  amount 
of  backscatter.  Since  large  (positive  and  negative) 
values  of  the  eddy  viscosity  were  observed  only  in 
the  corner  of  the  cavity,  probably  due  to  the  low 
Reynolds  number  of  the  flow  they  studied,  neither 
the  local  averaging  nor  the  cutoff  applied  to  avoid 
backscatter  affected  the  results  very  much.  In  later 
work  [12]  the  same  authors  adopted  a  mixed  model 
that  was  also  localized  in  a  similar  manner. 

Ghosal  and  coworkers  [13]  recast  the  problem  in  vari¬ 
ational  form,  obtaining  an  integral  equation  for  C 
that  they  solved  iteratively.  This  removed  the  math¬ 
ematical  inconsistency,  but  the  overhead  associated 
with  the  iterative  solution  of  the  integral  equation 
could  be  significant.  The  ill-conditioning  that  led  to 
locally  large  values  of  C  was  removed  by  the  integral 
formulation,  and  negative  values  of  the  model  coeffi¬ 
cient  were  avoided  by  the  additional  constraint  that 
C  >  0.  This  model  was  used  for  the  LES  of  isotropic 
decay  [13]  and  to  study  the  flow  over  a  backward- 
facing  step  [14],  with  results  in  good  agreement  with 
DNS  data. 

In  this  paper  a  localized  version  of  the  dynamic 
model  will  be  proposed  and  implemented  in  which 
the  mathematical  inconsistency  is  removed  only  ap¬ 
proximately  (i.e.,  to  some  order  of  accuracy  in  time). 
The  present  formulation,  however,  does  not  require 
any  iteration;  thus,  its  cost,  in  terms  of  CPU  and 
memory,  is  essentially  the  same  as  the  plane-averaged 
model.  A  small  amount  of  backscatter  will  be  al¬ 
lowed,  but  negative  total  viscosities  will  be  avoided 
for  numerical  stability. 

The  new  localized  model  will  be  used  for  the  com¬ 
putation  of  rotating  channel  flow.  System  rotation 
has  some  important  effects  on  turbulence:  for  in¬ 
stance,  it  inhibits  energy  transfer  from  large  to  small 


scales;  this  leads  to  a  reduction  in  turbulence  dissi¬ 
pation  and  a  decrease  in  the  decay  rate  of  turbu¬ 
lence  energy.  Furthermore,  the  turbulence  length 
scales  along  the  rotation  axis  increase  relative  to 
those  in  non-rotating  turbulence.  The  presence  of 
mean  shear  normal  to  the  axis  of  rotation  may  have 
either  a  stabilizing  or  a  destabilizing  effect,  depend¬ 
ing  on  whether  the  angular  velocity  and  mean  shear 
have  the  same  or  opposite  signs.  In  turbulent  chan¬ 
nel  flow,  for  example,  system  rotation  acts  to  both 
stabilize  and  destabilize  the  flow.  On  the  unstable 
side  Coriolis  forces  resulting  from  system  rotation 
enhance  turbulence-producing  events,  leading  to  an 
increase  in  turbulence  levels,  while  on  the  stable  side 
Coriolis  forces  inhibit  turbulence  production  and  de¬ 
crease  turbulence  levels.  The  increase  in  the  com¬ 
ponent  energies,  however,  is  dependent  on  the  rota¬ 
tion  rate:  at  sufficiently  high  rotation  rates  stream- 
wise  fluctuations  on  the  unstable  channel  wall  are 
suppressed  relative  to  the  non-rotating  case.  The 
stabilizing/destabilizing  effects  of  rotation  on  turbu¬ 
lence  in  channel  flow  make  this  problem  an  attractive 
test  for  subgrid-scale  models,  which  are  required  to 
capture  relaminarization  with  inactive  turbulent  mo¬ 
tions  as  well  as  fully-developed  turbulence. 

In  the  next  Section,  the  numerical  method  will  be 
discussed;  then  the  model  will  be  presented  and  ap¬ 
plied  to  the  simulation  of  rotating  channel  flow.  The 
results  will  then  be  discussed,  and  conclusions  and 
recommendations  for  future  work  will  be  drawn. 


NUMERICAL  METHOD 

In  large-eddy  simulations  the  flow  variables  are  de¬ 
composed  into  a  large  scale  (or  resolved)  component, 
denoted  by  an  overbar,  and  a  subgrid  scale  compo¬ 
nent.  The  large  scale  component  is  defined  by  the 
filtering  operation: 

7W  =  /  /(x')G'(x,x')dx',  (1) 

Jd 

where  D  is  the  computational  domain,  and  G  is  the 
filter  function. 

Appling  the  filtering  operation  to  the  incompressible 
Navier-Stokes  and  continuity  equations  yields  the  fil¬ 
tered  equations  of  motion, 

dui  d _  1  dp  dTij 

-  (WiWj)  =  — X - 

ot  axj  p  oxi  oxj 

^  dxjdxj  (2) 


where  is  Levi-Civita’s  alternating  tensor  and  fi 
the  angular  velocity  of  the  system.  The  axis  of  rota¬ 
tion  is  in  the  positive  z,  or  direction.  The  subgrid- 
scale  stresses,  Tij  =  UiUj  —UiUj,  need  to  be  modeled 
to  represent  the  effect  of  the  subgrid  scales  on  the 
resolved  field.  Since  the  small  scales  tend  to  be  more 
isotropic  than  the  large  scales,  their  effects  can  be 
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modeled  by  fairly  simple  eddy  viscosity  models  of 
the  form  [3] 

Tij  -^-fnk  =  -^PrSij  =  -2CA''\S\Sij ,  (4) 

in  which  6ij  is  Kronecker’s  delta,  A  is  the  length 
scale,  related  to  the  filter  width  (see  below)  and  |5|  = 
{2SijSijy^'^  is  the  magnitude  of  the  large-scale  strain 
rate  tensor 

The  trace  of  the  subgrid-scale  stresses  is  incorporated 
in  the  pressure  term.  The  method  used  to  compute 
the  coefficient  C  wffi  be  described  in  the  next  section. 
The  length  scales  A  and  A  are  given  by 

A  =  (AiAsAs)'/^  A  =  (AlA2A3)'/^  (6) 

where  A;  is  the  grid  spacing  in  the  f-th  direction, 
and  Ai  =  2Ai,  A2  =  A2,  A3  =  2A3.  In  addition  to 
the  definitions  given  in  (6),  the  length  scale  proposed 
by  Scotti  et  ai  [17]  has  also  been  used  in  this  work; 
this  length  scale  includes  a  correction  evaluated  semi- 
analitically  to  account  for  grid  anisotropy: 


A  = /(a2, 03)  [Ai A2A3]  ,  (7) 

(where  a;  =  Aj/Ai,  i  =  2,3);  a  similar  expression 
holds  for  A.  In  the  present  work  the  approximate 
form  of  the  correction. 


/(a2,a3)  =  coshj^  (In 02) 


—2  In  02  In  03  +  (In  03)' 


is  used;  it  was  found  to  vary  between  1  (at  the  chan¬ 
nel  centerline)  and  2.5  (near  the  wall). 


APPROXIMATE  LOCALIZATION 


The  dynamic  model  is  based  on  an  identity  relating 
the  resolved  turbulent  stresses  Cij  =  uiuj  —  UiUj  to 
the  subgrid-  and  subtest-scale  stresses  [2]: 

Cij  —  Tij  —  Tij ,  (9) 

where  Tij  =  UiUj  —  UiUj .  The  subgrid-  and  subtest- 
scale  stresses  are  then  parameterized  by  eddy  viscos¬ 
ity  models  of  the  form  (4): 

Tij-^-frkk  =  -2CA'|5|5y  =  -2CA,-,(10) 

Tij-^n,  =  -2CA2if|fi,- = -2(7ai,..(ll) 

Substituting  (10)  and  (11)  into  (9)  yields 

q.  =  Cij  -  ^Ckk  =  -2Caij  +  2CKj  ■  (12) 

This  is  a  set  of  five  independent  equations  that  can¬ 
not  be  solved  explicitly  for  C,  which  appears  inside 
a  filtering  operation.  If,  however,  one  assumes  that 
C  =  C{y,t),  then  CPij  =  CPij.  The  sum  of  the 
squares  of  the  residual, 

Eij  =  +  2Caij  -  2C^j ,  (13) 

can  then  be  minimized  by  contracting  both  sides  of 
(12)  with  Qij  —  Pij  to  yield  [19]: 


Ciy,t)  =  - 


1 _ <  Cfj  {ajj  Pij )  > _ 

^  ^  (ci'mn  Pmn  )(^mn  Pmn  ) 


(14) 


where  <  •  >  denotes  plane-averaging.  This  form  of 
the  coefficient  has  been  widely  used  in  LES  calcu¬ 
lations.  In  studies  of  homogeneous  isotropic  turbu¬ 
lence,  averaging  is  performed  over  the  entire  compu¬ 
tational  domain,  and  C  =  C{t)  only,  whereas  averag¬ 
ing  over  the  spanwise  direction  is  used  for  spatially- 
developing  flows. 


The  governing  equations  (2)  and  (3)  are  integrated  in 
time  using  a  Fourier-Chebychev  pseudospectral  col¬ 
location  scheme  [18].  The  skew-symmetric  form  of 
the  momentum  equation  (2)  is  employed,  and  the 
time-advancement  is  performed  by  a  fractional  time 
step  method  with  a  semi-implicit  scheme;  the  wall- 
normal  diffusion  term  is  advanced  using  the  Crank- 
Nicolson  scheme,  and  the  remaining  terms  by  a  low- 
storage  third-order  Runge-Kutta  scheme.  Periodic 
boundary  conditions  are  applied  in  the  streamwise 
(x)  and  spanwise  (z)  directions,  and  no-slip  condi¬ 
tions  at  the  solid  walls.  No  dealiasing  is  performed. 
The  computational  domain  in  the  streamwise,  wall- 
normal  and  spanwise  directions  was  AttS  x  2(5  x  47r(5/3 
(where  6  is  the  channel  halfwidth).  All  LES  calcu¬ 
lations  used  32x65x48  mesh  points,  a  grid  signifi¬ 
cantly  coarser  than  those  used  in  previous  simula¬ 
tions  of  similar  flows. 


As  mentioned  above,  a  straightforward  localization 
of  the  model  was  used  in  references  [II]  and  [12],  in 
which  C  was  given  by  (14)  with  the  plane-averaging 
replaced  by  a  local  average  over  the  test  filter  cell. 
The  problem  of  the  mathematical  inconsistency  of 
the  localized  application  of  (14)  is  not  addressed  in 
that  work,  but  the  results  are  in  good  agreement  with 
experimental  data;  however,  the  Reynolds  number  of 
those  calculations  is  quite  low,  and  the  SGS  contri¬ 
bution  to  the  stresses  is  rather  small,  which  makes 
it  difficult  to  draw  definite  conclusions  from  those 
simulations. 

Ghosal  and  coworkers  [13]  noted  that,  if  C  is  assumed 
to  be  fully  dependent  on  space,  the  residual  can¬ 
not  be  minimized  in  the  least-squares  sense  locally; 
therefore,  they  introduced  a  constrained  variational 
problem  consisting  of  the  minization  of  the  integral 
of  the  square  of  the  sum  of  the  residuals  over  the 
entire  domain,  with  the  additional  constraint  that  C 
be  non-negative.  The  result  was  of  the  form  of  Fred¬ 
holm’s  integral  equation  of  the  second  kind,  that  they 
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solved  iteratively  using  under-relaxation  to  improve 
convergence. 

In  the  present  work  a  simpler  approach  is  taken:  the 
expression  (12)  is  recast  in  the  form 

-2Caij=Ctj-C^ij,  (15) 

where  on  the  right-hand-side  an  estimate  of  the  co¬ 
efficient,  denoted  by  C*  and  assumed  to  be  known, 
is  used.  Since  C*  is  known,  the  sum  of  the  squares 
of  the  residual  can  now  be  minimized  locally;  the 
contraction  that  minimizes  it,  in  this  case,  is: 


The  denominator  of  (16)  is  positive  definite,  like  that 
of  (14),  but  has  the  advantage  that  it  does  not  in¬ 
volve  a  difference  between  two  terms  of  the  same  or¬ 
der  of  magnitude.  In  wall-bounded  flows,  oimnOimn 
becomes  small  only  where  the  mean  shear  vanishes 
(in  the  freestream  of  a  boundary  layer,  for  example); 
the  numerator  is  also  expected  to  vanish  there.  In 
these  regions,  moreover,  the  flow  is  essentially  uni¬ 
form,  so  that  spurious  high  values  of  C  obtained  from 
the  ratio  of  very  small  numbers  do  not  result  in  large 
values  of  the  eddy  viscosity  or  of  the  SGS  stresses. 

There  are  various  ways  to  obtain  C*  at  timestep  n: 


1.  Use  the  value  at  the  previous  timestep: 

C*  =  C'^-K  (17) 


2.  Estimate  the  value  at  the  present  timestep  by 
some  backward  extrapolation  scheme: 


C*  =  -f  At 


dt 


n  — 1 


-h . . . 


(18) 


3.  Use  an  iterative  scheme:  set  C*  =  <7"“^  and 
calculate  the  left-hand-side  of  (16);  then  replace 
C*  with  the  newly  obtained  value  and  repeat 
the  procedure  until  convergence  to  the  desired 
order  of  accuracy  is  reached. 


In  this  work,  the  second  approach  will  be  taken; 
a  first-order  extrapolation  schemes  will  be  used  in 
which  5C/(9t|„_i  is  evaluated  using  an  explicit  Eu¬ 
ler  scheme: 

dt 

which  gives 

(7*  =  (7"-^+  (20) 

tri  —  l  tfi  —  2 

Equation  (17)  will  be  referred  to  as  the  “zeroth-order 
approximation” ,  equation  (20)  as  the  “first-order  ap¬ 
proximation” .  No  attempt  was  made  to  use  higher- 
order  schemes,  since  little  difference  was  observed  be¬ 
tween  the  results  obtained  with  the  first-  and  zeroth- 
order  approximations. 

Use  of  an  extrapolation  scheme  such  as  the  one  pro¬ 
posed  here  contains  some  inherent  dangers:  numer¬ 
ical  instabilities  are  possible,  and  the  difference  be¬ 
tween  C*  and  the  actual  value  (7"  could  be  quite 
large  if  C  varied  on  a  short  time-scale.  In  practice, 
however,  (7  is  a  fairly  slowly-varying  function  of  time 
because  of  the  temporal  filtering  introduced  implic¬ 
itly  by  the  spatial  filtering.  By  eliminating  the  small¬ 
est  scales  of  motion,  the  highest  frequencies  are  also 
filtered  out.  Typically,  the  time-scale  of  the  struc¬ 
tures  whose  length  scale  is  the  filter  width  is  5  to  10 
times  larger  than  the  timestep,  and  this  results  in 
long  correlation  times  for  C  [20]. 

The  coefficient  C  obtained  from  (17)  or  (20)  can  be 
either  positive  or  negative.  Since  negative  total  vis¬ 
cosities  that  are  correlated  over  long  times  can  lead 
to  numerical  instabilities,  the  total  viscosity  was  con¬ 
strained  to  be  non-negative. 


RESULTS  AND  DISCUSSION 

Calculations  were  performed  for  a  Reynolds  num¬ 
bers  Ret)  =  Ui){25)/y  =  5700  (based  on  the  channel 
width,  2(5,  and  bulk  velocity,  t/j),  and  for  a  range  of 


n  —  1 


(jn-l  _  (jn-z 

tn  —  i  in  — 2 


(19) 


Table  1:  Summary  of  the  numerical  calculations. 


Case 

RCr 

Roj 

Rot, 

Model  1  Length  scale 

0 

177 

1.14 

0.144 

DNS 

1 

192 

0.00 

0.000 

Eqn.  (16),  (18) 

Eqn.  (6) 

2 

185 

0.54 

0.069 

Eqn.  (16),  (18) 

Eqn.  (6) 

3 

176 

1.17 

O'.  144 

Eqn.  (16),  (18) 

Eqn.  (6) 

4 

185 

1.63 

0.210 

Eqn.  (16),  (18) 

Eqn.  (6) 

5 

181 

1.14 

0.144 

Eqn.  (14) 

Eqn.  (6) 

6 

175 

1.18 

0.144 

Eqn.  (16),  (17) 

Eqn.  (6) 

7 

177 

1.17 

0.144 

Eqn.  (16),  (18) 

Eqn.  (7) 
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Figure  1;  Mean  velocity  in  the  rotating  chan¬ 
nel.  Rch  —  5,700,  Roi  =  0.144.  -  First- 

order;  - zeroth  order; - SML  length  scale; 

.  plane- averaged;  x  DNS.  (a)  global  coordi¬ 
nates;  (b)  wall  coordinates. 


rotation  numbers  Roh  =  Cl{26)/Ub-  A  summary  of 
the  calculations  is  shown  in  Table  1.  The  initial 
conditions  for  the  CEises  with  non-zero  rotation  rates 
were  obtained  from  equilibrium  cases  at  D  =  0,  and 
were  in  very  good  agreement  with  experimental  and 
DNS  data  [5].  After  rotation  was  applied  the  simula¬ 
tions  were  integrated  forward  in  time  to  a  new  steady 
state,  statistics  being  obtained  by  averaging  over  at 
least  4  dimensionless  time  units  tUr/S.  Experimen¬ 
tal  measurements  in  this  flow  exist  [15]  but  at  higher 
Reynolds  numbers,  whereas  a  series  of  DNS  calcula¬ 
tions  was  performed  by  Kristoffersen  and  Andersson 
[16]  that  span  the  range  of  Ret  and  Roi,  examined 
in  this  work.  A  direct  simulation  of  the  intermediate 
(Rot  =  0.144)  case  was  also  performed  to  compare 
with  the  LES  results.  The  DNS  used  128x129x128 
grid  points,  and  was  in  very  good  agreement  with 
the  DNS  results  of  Ref.  [16]. 

The  mean  velocity  profiles  for  cases  3  through  6  (i.e., 
the  calculations  for  Ret  —  5,700  and  Rot  =  0.144) 
are  compared  with  DNS  data  in  Figure  1.  Very  lit¬ 
tle  difference  can  be  observed  between  the  various 
results.  The  localized  models,  however,  give  better 
prediction  of  the  turbulent  fluctuations  u"  =  Ui  — 
<Ui>  (where  <  •  >  from  here  on  denotes  averag¬ 
ing  over  planes  parallel  to  the  wall  and  time),  than 
the  plane-averaged  model,  especially  on  the  stable 
side  of  the  channel  (Figure  2).  The  localized  models 
are  slightly  more  dissipative  than  the  plane-averaged 
one  (in  which  backscatter  acts  to  lower  the  plane- 
averaged  C).  This  results  in  better  prediction  of  the 
quasi-laminar  flow  on  the  stable  side. 

The  average  values  of  C  are  shown  in  Figure  3.  There 
is  very  little  difference  between  the  zeroth-  and  first- 
order  approximations.  The  length  scale  proposed  in 
Ref.  [17]  results  in  smaller  values  of  C,  only  partially 
offset  by  the  larger  length  scale  /A;  the  model  is  less 
dissipative  than  the  ones  with  the  standard  length 
scale,  as  evidenced  by  the  higher  levels  of  u"  turbu¬ 
lent  fluctuations  near  the  stable  wall  and  of  w"  in  the 
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Figure  2:  Turbulence  intensities  in  the  rotating  chan¬ 
nel.  Ret  =  5,700,  Rot  =  0.144.  -  First- 

order;  - zeroth  order; - SML  length  scale; 

.  plane-averaged;  x  DNS.  (a)  u;  (b)  v;  (c)  w. 


Figure  3:  Average  model  coefficient.  Ret  =  5,700, 

Rot  =  0.144. - Case  3; - case  5; - case  6. 

(a)  <  C  >;  (b)  <  C  >  A^;  (c)  rms  difference. 
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Figure  4:  Subgrid-scale  stresses  ri2-  Rcb  =  5,700. 

- Rob  =  0;  — -  Rob  =  0.069; - Rot  =  0.144; 

.  Rob  =  0.21. 


Rot 


Figure  5:  Friction  velocity  on  the  two  sides  of  the 
channel,  -b  Experiments;  •  DNS;  □  LES,  Ref.  [21]; 
A  LES,  present  calculation. 


channel  center  that  can  be  observed  in  Figure  2.  The 
rms  difference  between  the  predicted  coefficient  C* 
and  the  actual  value  C"  is  also  shown  in  Figure  3c 
(normalized  by  the  average  C).  The  difference  is 
fairly  small  (less  than  5%)  throughout  the  channel, 
except  on  the  stable  side,  where  it  increases  because 
of  the  low  value  of  <  C  >;  almost  no  difference  can 
be  observed  betw^een  the  zeroth-and  first-order  ap¬ 
proximations. 

The  average  value  of  C  is  lower  on  the  unstable 
than  on  the  stable  side,  as  expected.  The  maximum 
value  of  C  corresponds  to  a  Smagorinsky  constant 
C5  ~  0.1;  the  SGS  stresses  on  the  unstable  side  (Fig¬ 
ure  4)  are  slightly  larger  than  in  the  zero  rotation  rate 
(about  10%  of  the  resolved  ones,  vs.  8%  in  the  no¬ 
rotation  case)  while  on  the  stable  side  they  are  about 
half  the  value  they  have  when  no  rotation  is  applied. 
As  the  rotation  number  is  increased,  the  SGS  stress 
decreases  on  the  unstable  side  and  increases  on  the 
stable  side,  but  it  never  vanishes  entirely  as  it  would 
if  the  flow  relaminarized  completely. 

Full  relaminarization  on  the  stable  side  was  observed 
in  experiments  [15]  and  in  the  LES  calculations  of 
Tafti  and  Vanka  [21];  in  the  DNS  calculations  of 
Kristoffersen  and  Andersen  [16]  and  in  the  present 
ones,  however,  the  fluctuations  on  the  stable  side 
remained  significant,  and  the  mean  velocity  never 
reached  the  laminar  profile,  even  at  large  rotation 
rates  and  at  a  Reynolds  number  at  which  relaminar¬ 
ization  is  expected  to  occur.  The  friction  velocity  Ur 


normalized  by  the  friction  velocity  in  the  absence  of 
rotation  Uro,  is  plotted  in  Eigure  5  (the  results  of  the 
numerical  calculations  are  also  tabulated  in  Table  2). 

The  LES,  DNS  and  experimental  data  are  in  good 
agreement  on  the  unstable  side;  in  the  experiment 
the  bulk  velocity  was  obtained  from  the  volume  flow 
rate,  which  led  to  underestimation  of  the  bulk  ve¬ 
locity  (and  an  overestimation  of  Rob)  because  of  the 
presence  of  boundary  layers  on  the  sides  of  the  chan¬ 
nel  (see  also  [16]). 

A  more  significant  difference  can  be  observed  on  the 
stable  side,  where  the  numerical  results  tend  to  lie 
close  to  the  extrapolation  of  the  results  of  experi¬ 
ments  in  which  the  flow  remained  turbulent  on  the 
stable  side  (the  dashed  line),  and  are  significantly 
higher  than  those  for  fully  relaminarized  flow  (the 
chain-dot  line).  Possible  reasons  for  the  difference 
between  the  experimental  and  DNS  results  on  the 
stable  side  are  the  relatively  small  aspect  ratio  of 
the  experimental  apparatus  and  the  fact  that  the 
flow  was  not  fully  developed,  which  may  have  added 
a  streamwise  pressure  gradient  that  could  have  in¬ 
creased  the  tendency  of  the  flow  towards  relami¬ 
narization.  The  results  obtained  with  the  dynamic 
model  are  in  much  better  agreement  with  the  DNS 
results  than  those  obtained  by  Tafti  and  Vanka  [21] 
with  the  Smagorinsky  model,  which  tended  to  over¬ 
damp  the  fluctuations  on  the  stable  side,  leading  to 
excessively  low  wall  stress  even  at  the  lower  rotation 
rate  they  examined. 


Table  2:  Normalized  friction  velocity  Uj/uj^a  on  the  unstable  and  stable  side. 


Case 

Rob 

Unstable 

Stable 

Model 

Length  scale 

0 

0.144 

1.17 

0.80 

DNS 

1 

0.000 

1.00 

1.00 

Eqn.  (16),  (18) 

Eqn.  (6) 

2 

0.069 

1.13 

0.85 

Eqn.  (16),  (18) 

Eqn.  (6) 

3 

0.144 

1.17 

0.79 

Eqn.  (16),  (18) 

Eqn.  (6) 

4 

0.210 

1.20 

0.75 

Eqn.  (16),  (18) 

Eqn.  (6) 

5 

0.144 

1.15 

0.82 

Eqn. (14) 

Eqn.  (6) 

6 

0.144 

1.18 

0.77 

Eqn.  (16),  (17) 

Eqn.  (6) 

7 

0.144 

1.17 

0.80 

Eqn.  (16),  (18) 

Eqn.  (7) 

1 
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Figure  6:  Turbulence  intensities  in  the  rotating  chan¬ 


nel.  - Roh  =  0.0, - Roi  =  0.069, - Roi  — 

0.144, .  Roi  —  0.210.  (a)  u\  (b)  v\  (c)  w. 


Figure  7:  Averaged  velocity  vectors  in  the  yz-plane 
at  tUr/S  ~  6,  Roi  —  0.210.  Streamlines  are  used  to 
visualize  the  roll  cells. 


The  turbulence  intensities  normalized  by  the  average 
shear  velocity  for  various  rotation  rates  are  shown  in 
Figure  6.  The  DNS  results  of  [16]  show  that,  on  the 
unstable  side,  the  peak  rms  streamwise  fluctuation 
is  maximum  for  Ro^,  ~  0.1  and  then  decreases;  the 
present  calculations  show  the  same  trend. 

At  the  high  rotation  rates  the  formation  of  roll  cells, 
which  has  been  observed  in  experiments  and  numeri¬ 
cal  simulations,  is  quite  evident.  Usually,  two  strong 
cells  could  be  observed  accompanied,  sometimes,  by 
two  weaker  ones.  In  Figure  8  the  average  velocity 
vectors  in  the  xy  planes  are  shown,  averaged  over 
the  streamwise  directions  and  2  realizations. 

The  vortical  structures  tend  to  drift  both  in  the  y 
and  z  directions.  The  vortices  convect  high  momen¬ 
tum  fluid  in  the  downwash  region  between  them,  and, 
as  they  drift  towards  the  stable  wall,  the  wall  stress 
there  can  fluctuate  significantly.  While  on  the  un¬ 
stable  wall  the  friction  velocity  (Figure  8)  is  nearly 
constant  in  time,  on  the  stable  wall  it  exhibits  an  os¬ 
cillations  with  a  period  of  about  4  iuj  jb  time  units, 
and  with  significant  amplitude. 

Figure  9  shows  contours  of  the  u"  and  v"  velocity 
fluctuations  in  two  xz-planes  near  the  unstable  and 
stable  walls.  The  downwash  of  the  roll  cells  appears 
as  an  elongated  region  of  increased  w"  and  v"  velocity 


Figure  8:  History  of  the  friction  velocity  on  the  upper 

and  lower  walls.  Roi  —  0.210.  -  Stable  wall, 

- unstable  wall. 
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Figure  9:  Velocity  fluctuation  contours  in  the  xz- 
plane.  =  0.210,  iujjb  ~  5.  (a)  u"  at  j/+  =  3.5, 
unstable  wall;  (b)  u"  at  y'^  —  3.5,  stable  wall;  (c) 
v"  at  2/+  =  3.5,  stable  wall.  Contour  lines  are  at 
intervals  of  ±1  in  parts  (a)  and  (b),  ±0.07  in  part 
(c).  Dashed  lines  indicate  negative  contours. 


fluctuations  at  z'^  ~  400.  On  the  unstable  side  the 
elongated  streaky  structure  typical  of  wall  bounded 
flows  is  present,  and  little  effect  of  the  vortices  can  be 
observed.  When  the  roll  cells  move  away  from  the 
stable  wall,  the  fluctuations  in  the  near-wall  layer 
become  extremely  small  (Figure  10).  The  flow  on 
the  unstable  side,  however,  is  not  affected  much  by 
the  roll  cell  motions. 


CONCLUDING  REMARKS 

A  new  localization  procedure  for  the  dynamic  eddy- 
viscosity  model  has  been  proposed.  The  localization 
is  only  approximate,  in  the  sense  that  it  is  based  on 
a  Taylor  series  expansion  of  the  model  coefficient  in 
time,  in  which  the  time  derivatives  are  evaluated  nu¬ 
merically.  Nonetheless,  it  results  in  more  accurate 
results  compared  with  the  plane-averaged  formula¬ 
tion  of  the  model.  The  localization  proposed  here, 
moreover,  is  better  conditioned  than  the  original  for- 


Figure  10:  Velocity  fluctuation  contours  in  the  xz- 
plane.  Roi  —  0.210,  case  4,  iujjb  ~  8.  (a)  u"  at 
J/+  =  3.5,  unstable  wall;  (b)  u"  at  y"*"  =  3.5,  stable 
wall;  (c)  v”  at  y'^  =  3.5,  stable  wall.  Contour  lines 
are  at  intervals  of  ±1  in  parts  (a)  and  (b),  ±0.07  in 
part  (c).  Dashed  lines  indicate  negative  contours. 

mulation,  and  does  not  result  in  numerical  instabili¬ 
ties. 

The  proposed  localization  has  been  tested  by  com¬ 
puting  the  flow  in  a  rotating  channel.  Although  the 
grids  used  are  very  coarse,  the  localized  model  pre¬ 
dicts  statistics  in  good  agreement  with  DNS  data; 
some  discrepancy  between  all  the  numerical  results 
(both  DNS  and  LES)  and  the  experiments  can  be  ex¬ 
plained  based  on  the  different  boundary  conditions. 
First-order  accurate  localization,  which  can  be  per¬ 
formed  without  any  increase  in  cost  or  memory,  ap¬ 
pears  to  be  sufficient  to  reduce  the  mathematical  in¬ 
consistency  to  acceptable  levels. 

The  vortical  structures  characteristic  of  rotating 
flows  of  this  type  were  captured.  Their  time  evolu¬ 
tion  has  significant  effects  on  the  flow  field,  especially 
on  the  stable  side  of  the  channel. 
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ABSTRACT 

The  long-time,  asymptotic  state  of  rotating  homo¬ 
geneous  turbulence  at  high  Reynolds  numbers  has 
been  examined  using  large-eddy  simulation  of  the 
incompressible  Navier-Stokes  equations.  The  simu¬ 
lations  were  carried  out  using  128  x  128  x  512  col¬ 
location  points  in  a  computational  domain  that  is 
four  times  longer  along  the  rotation  axis  than  in  the 
other  directions.  Subgrid-scale  motions  in  the  sim¬ 
ulations  were  parameterized  using  a  spectral  eddy 
viscosity  modified  for  system  rotation.  Simulation 
results  show  that  in  the  asymptotic  state  the  tur¬ 
bulence  kinetic  energy  undergoes  a  power-law  decay 
with  an  exponent  which  is  independent  of  rotation 
rate,  depending  only  on  the  low-wavenumber  form 
of  the  initial  energy  spectrum.  Integral  lengthscale 
growth  in  the  simulations  is  also  characterized  by 
power-law  growth;  the  correlation  length  of  trans¬ 
verse  velocities  exhibiting  much  more  rapid  growth 
than  observed  in  non-rotating  turbulence. 


INTRODUCTION  AND  BACKGROUND 

Study  of  turbulent  flows  in  rotating  reference  frames 
has  long  been  an  area  of  considerable  scientific  and 
engineering  interest.  Because  of  its  importance,  the 
subject  of  turbulence  in  rotating  reference  frames  has 
motivated  over  the  years  a  large  number  of  theoret¬ 
ical,  experimental,  and  computational  studies.  The 
bulk  of  these  studies  have  served  to  demonstrate  that 
the  effect  of  system  rotation  on  turbulence  is  subtle 
and  remains  exceedingly  difficult  to  predict.  For  ex¬ 
ample,  it  is  well  recognized  that  the  standard  models 
for  the  dissipation  rate  of  the  turbulent  kinetic  en¬ 
ergy  do  not  accurately  predict  the  effects  of  system 
rotation.  Yet,  these  models  are  widely  used  in  en¬ 
gineering  predictive  schemes  for  technologically  im¬ 
portant  areas  such  as  turbomachinery  and  rotorcraft 
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aerodynamics. 

A  rotating  flow  of  particular  interest  in  many  stud¬ 
ies,  including  the  present  work,  is  examination  of  the 
effect  of  steady  system  rotation  on  the  evolution  of 
an  initially  isotropic  turbulent  flow.  Aside  from  the 
simplifications  associated  with  analysis  and  compu¬ 
tation  of  homogeneous  flows,  one  of  the  principal 
reasons  for  the  interest  in  this  problem  is  that  solid- 
body  rotation  of  initially  isotropic  turbulence  repre¬ 
sents  the  most  basic  turbulent  flow  whose  structure 
is  altered  by  system  rotation  but  without  the  com¬ 
plicating  effects  introduced  by  mean  strains  or  flow 
inhomogeneities. 

For  initially  isotropic  turbulence  it  is  well  known 
that  solid-body  rotation  inhibits  the  non-linear  cas¬ 
cade  of  energy  from  large  to  small  scales.  Conse¬ 
quently,  the  turbulence  dissipation  rate  is  reduced 
relative  to  non-rotating  flows  and  there  is  an  asso¬ 
ciated  decrease  in  the  decay  rate  of  turbulence  ki¬ 
netic  energy  [1],  [2],  [3],  [4].  Some  computations  and 
experiments  have  also  noted  an  increase  in  the  inte¬ 
gral  lengthscales  along  the  rotation  axis  relative  to 
non-rotating  turbulence  [5],  [6],  [7],  [8].  Increase  in 
the  integral  lengthscales  has  been  thought  by  some 
to  be  a  prelude  to  a  Taylor-Proudman  reorganiza¬ 
tion  to  two-dimensional  turbulence.  However,  direct 
numerical  simulation  (DNS)  has  demonstrated  that, 
for  very  rapid  rates  of  rotation,  initially  isotropic  tur¬ 
bulence  remains  isotropic  and  three  dimensional  [3]. 
The  results  in  Ref.  [3]  confirm  the  essential  role  of 
nonlinear  interactions  for  the  transition  towards  two- 
dimensional  turbulence  to  occur;  such  a  transition, 
first  studied  using  a  spectral  approach,  can  be  started 
only  for  intermediate  Rossby  numbers  at  sufficiently 
large  Reynolds  numbers  [6],  [9]. 

While  some  of  the  effects  summarized  above  are  rea¬ 
sonably  well  documented,  e.g.,  reduction  in  the  decay 
rate  of  turbulence  kinetic  energy,  other  features  of  ro¬ 
tating  flows  are  less  well  resolved,  e.g.,  the  behavior 
of  the  integral  scales.  There  are  also  other  funda¬ 
mentally  important  questions  associated  with  rotat¬ 
ing  turbulence  which  cannot  be  resolved  from  previ¬ 
ous  investigations.  For  example,  while  the  decrease 
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in  the  kinetic  energy  power-law  exponent  relative  to 
non- rotating  turbulence  is  clear,  the  actual,  value  is 
unknown  (nor  even  its  dependence  on  the  rotation 
rate).  It  is  not  possible  to  determine,  based  upon 
previous  work,  whether  the  effects  of  rotation  on  ini¬ 
tially  isotropic  turbulence  are  transient  in  nature  or 
an  inherent  property  of  rotating  flows.  Such  issues 
can  only  be  resolved  through  an  examination  of  the 
asymptotic  state  of  rotating  turbulence;  i.e.,  its  long¬ 
time  evolution.  Recent  large-eddy  simulations  of 
(non-rotating)  high  Reynolds  number  isotropic  tur¬ 
bulence  have  demonstrated  the  universal  nature  of 
the  flow  at  long  evolution  times,  including  the  exis¬ 
tence  of  asymptotic  similarity  states  [10].  It  is  exten¬ 
sion  of  the  ideas  in  Ref.  [10]  to  rotating  turbulence 
which  has  been  the  primary  interest  of  the  present 
work.  Knowledge  of  the  asymptotic  state  of  rotating 
homogeneous  turbulence  at  high  Reynolds  numbers 
is  further  motivated  since  it  will  also  determine  the 
asymptotic  state  that  engineering  turbulence  models 
should  yield. 

Therefore,  the  objective  of  this  work  has  been  to  ex¬ 
amine  the  long-time  evolution  of  rotating  homoge¬ 
neous  turbulence.  Of  particular  interest  is  the  quan¬ 
tification  of  the  asymptotic  state  at  high  Reynolds 
numbers.  Important  issues  in  this  regard  include  de¬ 
termining  whether  the  turbulence  kinetic  energy  and 
integral  lengthscales  evolve  as  power  laws  and,  if  so, 
the  appropriate  exponents  for  rotating  flows.  While 
the  power-law  decay  of  the  kinetic  energy  in  non¬ 
rotating  isotropic  turbulence  is  widely  accepted,  the 
asymptotic  decay  of  kinetic  energy  in  rotating  tur¬ 
bulence  is  unknown.  The  behavior  of  the  integral 
lengthscales  at  long  times  in  the  evolution  of  rotat¬ 
ing  flows  is  also  not  clear.  As  discussed  above,  some 
previous  work  suggests  an  increased  growth  rate  of 
the  integral  scales  along  the  rotation  axis  relative  to 
non-rotating  isotropic  turbulence.  As  with  the  ki¬ 
netic  energy  decay,  however,  it  is  not  clear  if  this 
is  an  effect  inherent  to  rotating  flows.  Asymptotic 
power-law  behavior  of  the  kinetic  energy  and  inte¬ 
gral  scales  imply  the  possible  existence  of  similarity 
states,  analogous  to  those  found  in  the  non-rotating 
flow  [10].  Existence  of  asymptotic  similarity  states 
would  be  of  considerable  interest  since  it  would  per¬ 
mit  prediction  of  the  statistical  evolution  of  rotating 
flows  at  high  Reynolds  numbers  without  requiring 
knowledge  of  the  complex,  and  not  well  understood, 
non-linear  transfer  processes. 

Large-eddy  simulation  (LES)  is  ideally  suited  for  ex¬ 
amination  of  the  long-time  evolution  of  rotating  ho¬ 
mogeneous  turbulence.  Unlike  direct  numerical  sim¬ 
ulation,  LES  is  not  restricted  to  low  Reynolds  num¬ 
bers.  Aside  from  the  Reynolds  number  restriction, 
DNS  is  further  limited  to  the  initial  evolution  of  ro¬ 
tating  flows.  The  need  for  high  Reynolds  numbers 
and  long  time  integrations,  as  can  be  obtained  using 
LES,  is  further  motivated  by  previous  studies  [3],  [6], 
[9],  [10].  The  principal  drawback  to  the  use  of  LES 
is  that  it  requires  use  of  a  model  to  parameterize 
subgrid-scale  stresses.  However,  in  a  decaying  homo¬ 
geneous  turbulence,  the  dominant  non-linear  transfer 
is  from  large  to  small  scales  so  that  large-scale  statis¬ 
tics  may  not  be  unduly  influenced  by  the  errors  in  a 


small-scale  subgrid  model. 

The  governing  equations  and  an  overview  of  the  sim¬ 
ulations  are  provided  in  the  following  section.  Re¬ 
sults  from  the  simulations  are  then  discussed  and  a 
summary  of  the  work  is  contained  in  the  final  section. 


SIMULATION  OVERVIEW 

In  the  present  study  the  filtered  Navier-Stokes  equa¬ 
tions  for  an  incompressible  fluid  were  solved  in  a  ro¬ 
tating  reference  frame: 

V.u  =  0  (1) 

9u  1  „  _ 

----l-u-Vu  =  — Vp-V-r 
ot  p 

-b  nV“u  — 2Uxu.  (2) 

In  (1)  and  (2),  u  is  the  (filtered)  velocity  vector,  p 
and  p  the  fluid  pressure  and  density,  respectively,  and 
u  the  kinematic  viscosity.  The  Coriolis  term  in  (2) 
accounts  for  reference  frame  rotation,  the  rotation 
vector  is  denoted  O  and,  for  the  purposes  of  discus¬ 
sion,  is  considered  to  act  along  the  2  or  “vertical” 
axis,  =  (0, 0,  fi).  Filtering  of  the  convective  terms 
yields  the  subgrid-scale  stress  t  in  (2)  and  this  term 
requires  a  model  in  order  to  represent  the  effect  of 
subgrid-scale  motions  on  the  resolved  scales. 

In  this  work  the  subgrid-scale  stresses  have  been  pa¬ 
rameterized  in  the  Fourier  space  using  a  spectral 
eddy  viscosity  which  accounts  for  system  rotation. 
The  form  of  the  eddy  viscosity  for  non-rotating  tur¬ 
bulence  is  [11]: 


ye{k\km,t)  =  0.145 -b  fl.Olexp 


wTere  is  the  eddy  viscosity,  km  the  max¬ 
imum  wavenumber  magnitude  of  the  simulation 
and  E(k,t)  is  the  spherically  integrated  three- 
dimensional  Fourier  transform  of  the  co-variance 
|(u,(x,t)u,(x-br,t))  ((•)  denotes  a  volume  average). 
In  this  work  the  eddy  viscosity  z/g  has  been  modified 
to  account  for  the  weakening  of  the  energy  cascade 
in  a  rotating  turbulence: 

-  I'efia)  ■  (4) 

In  (4),  is  the  eddy  viscosity  in  rotating  turbulence 
with  the  function  /(a)  accounting  for  the  reduction 
by  system  rotation.  Using  an  EDQNM  model  mod¬ 
ified  to  take  into  account  the  effect  of  rotation  on 
the  energy  cascade  [12],  it  is  possible  to  calculate  the 
factor  f(a)  (see  Ref.  [13],  later  corrected  by  [14]): 


^E{km)k^  ■ 
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As  can  be  seen  from  (5)  and  (6),  the  eddy  viscosity  is 
reduced  for  increasing  Q.  It  is  also  worth  noting  that 
(4)-(6)  yields  an  expression  similar  in  form  to  the 
reduction  in  velocity  derivative  skewness  by  rotation 
found  in  Ref.  [3]  using  DNS  of  rotating  isotropic  tur¬ 
bulence.  Some  comparisons  between  different  sub- 
grid  models  (including  a  dynamic  model  [4])  and  the 
one  used  in  this  study  (4),  (5),  and  (6)  are  reported 
in  [15]. 


The  initial  energy  spectrum  of  the  simulations  was 
of  the  form 


E{k,Q)  =  -Cs^ 


where  Cj  is  given  by 


C,  = 


/y 

V  xl-3-...-(s-  1) 


(7) 

(8) 


and  kp  is  the  wavenumber  at  which  the  initial  en¬ 
ergy  spectrum  is  maximum.  In  this  study  simula¬ 
tions  with  s  =  2  and  s  —  4  were  performed,  corre¬ 
sponding  to  the  initial  energy  spectrum  having  a  low 
wavenumber  form  proportional  to  either  k^  or 


the  initial  spectrum  was  initially  maximum,  kp,  was 
75.  The  initial  energy  spectrum  was  set  to  zero  for 
wavenumbers  greater  than  93  to  allow  the  subgrid- 
scale  eddy  viscosity  to  build  up  from  zero  values.  For 
each  spectrum  type,  i.e.,  low  wavenumber  part  pro¬ 
portional  to  k"^  or  simulations  were  performed 
with  n  =  0,  0.5,  and  1.0. 

Finally,  it  is  also  noted  that  statistics  from  simula¬ 
tions  performed  on  a  domain  having  resolutions  of 
96  X  96  X  384  collocation  points  were  in  good  agree¬ 
ment  with  the  results  presented  in  this  paper.  The 
principal  advantage  of  the  higher  resolution  simula¬ 
tions  is  the  increase  in  time  the  flow  field  maintains 
its  asymptotic  state  before  the  simulation  results  are 
impacted  by  the  finite  computational  domain. 


RESULTS 

The  time  development  of  the  resolved-scale  turbu¬ 
lence  kinetic  energy,  (u^),  for  both  initial  spectrum 
types  is  shown  in  Figure  1  for  each  rotation  rate.  The 
time  axis  in  Figure  1  and  following  figures  has  been 
made  dimensionless  using  the  eddy  turnover  time  in 
the  initial  field 


Because  the  principal  interest  of  this  work  was  exam¬ 
ination  of  the  long-time  evolution  of  rotating  homo¬ 
geneous  turbulence,  it  was  necessary  to  use  as  large  a 
value  of  kp  as  possible  in  order  that  the  flow  evolution 
not  be  adversely  affected  by  the  periodic  boundary 
conditions  used  in  the  simulations.  Adverse  affects 
occur  when  the  integral  lengthscales  of  the  flow  be¬ 
come  comparable  to  the  box  size.  Another  important 
consideration  in  these  simulations  was  the  aspect  ra¬ 
tio  of  the  computational  domain.  Because  of  the 
rapid  growth  of  the  integral  scales  along  the  direc¬ 
tion  of  the  rotation  axis,  it  was  necessary  to  use  a 
computational  box  which  was  longer  along  the  rota¬ 
tion  axis  than  in  the  other  directions.  Preliminary 
calculations  of  rotating  turbulence  on  cubic  domains 
demonstrated  a  relatively  rapid  degradation  in  the 
integral  scales  in  the  vertical  direction  because  of  pe¬ 
riodic  boundary  conditions.  Numerical  experiments 
showed  that  it  was  optimal  to  use  a  computational 
box  which  was  four  times  longer  along  the  rotation 
axis  than  in  the  directions  orthogonal  to  the  rota¬ 
tion  vector.  Four  times  as  many  collocation  points 
were  used  in  the  vertical  direction  in  order  to  avoid 
any  effects  of  grid  anisotropy  at  the  smallest  resolved 
scales. 

Simulations  were  performed  using  resolutions  of 
128  X  128  X  512  collocation  points.  The  governing 
equations  (1)  and  (2)  were  solved  using  a  pseudo- 
spectral  method  [16].  The  length  of  the  computa¬ 
tional  box  along  the  vertical  axis  was  ^1287r,  cor¬ 
responding  to  a  minimum  wavenumber  of  0.397  and 
maximum  of  95.  The  lengths  of  the  computational 
volume  in  the  horizontal  plane  (orthogonal  to  the 
rotation  axis)  were  -^tt,  corresponding  to  a  min¬ 
imum  wavenumber  of  1.587  and  maximum  of  95. 
The  initial  root-mean-square  velocity  fluctuation  uq 
in  (7)  was  equal  to  1/2  and  the  wavenumber  at  which 


r(0)  =  T„(0)/(u2)  (9) 

where  Tu(f)  is  the  velocity  integral  scale  at  time  t 
defined  as 


k-^Eik,t)dk 

“2  E{k,t)dk 


(10) 


In  isotropic  turbulence,  Lu  is  two-thirds  the  usual 
longitudinal  integral  scale  measured  in  experiments. 
Throughout  this  work,  “k‘^  spectrum”  refers  to  an 
initial  energy  spectrum  E(k)  with  low  wavenumber 
part  proportional  to  k^  while  “k"^  spectrum”  refers  to 
an  initial  E(k)  with  low  wavenumbers  proportional 
to  k'^.  The  characteristic  effect  of  increasing  fi  on 
the  evolution  of  (u^)  is  evident  in  Figure  1,  i.e.,  inhi¬ 
bition  of  the  energy  cascade  with  increasing  rotation 
rate  resulting  in  a  less  rapid  decay  of  kinetic  energy. 


The  effect  of  rotation  on  the  evolution  of  turbulence 
kinetic  energy  is  even  more  clearly  seen  in  Figure  2. 
Plotted  in  Figure  2  is  the  power-law  exponent  of  (u^) 
for  each  rotation  rate  and  initial  spectrum  type.  It  is 
evident  from  Figure  2  that,  following  an  initial  tran¬ 
sient,  the  power-law  exponent  becomes  independent 
of  time. 


The  values  of  the  power-law  exponents  for  the  sim¬ 
ulations  at  zero  rotation  rate  are  in  good  agree¬ 
ment  with  the  simulations  of  Ref.  [10]  despite  the 
anisotropic  computational  box.  Comparison  of  the 
power-law  exponents  for  a  given  initial  spectrum 
type  clearly  show  the  reduction  in  the  decay  rate 
of  kinetic  energy  in  rotating  turbulence.  It  may  be 
observed  that  for  both  initial  spectrum  types,  the 
power-law  exponent  is  reduced  by  approximately  a 
factor  of  two  in  rotating  turbulence  relative  to  its 
value  at  n  =  0.  Finally,  in  the  asymptotic  region  the 
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Figure  1:  Time  development  of  resolved-scale  kinetic 

energy  in  rotating  turbulence.  - ,  =  0; - , 

n  =  0.5;  .  ,  =  1.0.  (a)  spectrum;  (6) 

spectrum. 
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power-law  exponent  of  (u^)  is  independent  of  the  ro¬ 
tation  rate,  depending  only  on  the  form  of  the  initial 
energy  spectrum. 

Chasnov  [10]  showed  that,  at  high  Reynolds  num¬ 
bers,  the  asymptotic  decay  of  (u^)  in  isotropic  tur¬ 
bulence  could  be  accurately  described  using  simple 
scaling  arguments  and  dimensional  analysis.  The 
analysis  is  predicated  on  the  assumption  that  the 
asymptotic  scaling  of  {u^)  is  dependent  on  the  form 
of  E{k)  at  low  wavenumbers  and  independent  of  vis¬ 
cosity.  For  high  Reynolds  number  turbulence  this 
is  reasonable  since  the  direct  effect  of  viscosity  oc¬ 
curs  at  much  higher  wavenumber  magnitudes  than 
those  scales  which  contain  most  of  the  energy.  The 
asymptotic  forms  found  in  [10]  can  be  .obtained  by 
first  considering  an  asymptotic  series  expansion  of 
the  energy  spectrum  near  ^  =  0 

E{k)  =  2wk^Bo+B2k^  +  ...)  .  (11) 

The  initial  E{k)  with  low  wavenumbers  proportional 
to  k^  corresponds  to  a  non-zero  value  of  Bq  while 
the  spectrum  is  obtained  for  Bq  =  0  and  non¬ 
zero  B2-  Saffman  [17]  considered  a  homogeneous 
turbulence  field  generated  by  a  distribution  of  ran¬ 
dom  impulsive  forces  and  showed  that  as  a  conse¬ 
quence  of  momentum  conservation  Bq  is  invariant  in 
time.  Batchelor  &  Proudman  [18]  considered  an  ini¬ 
tial  flow  field  in  which  all  of  the  velocity  cumulants  of 
the  turbulence  are  exponentially  small  at  large  sep¬ 
arations  distances.  For  this  flow  B2  (the  Loitsianski 
integral)  is  non-zero  but  not  time  invariant.  Closure 
calculations  [19]  and  large-eddy  simulations  [20]  have 
shown  that  the  time  dependence  of  B2  is  weak  rel¬ 
ative  to  the  overall  turbulence  decay,  however,  and 
is  therefore  assumed  constant  for  the  sake  of  obtain¬ 
ing  an  approximate  asymptotic  scaling  law  for  (u^). 
Thus,  assuming  the  appropriate  dependence  of  (u^) 
on  either  Bq  or  B2,  dimensional  analysis  yields  the 
asymptotic  scaling  of  (u^)  for  non-rotating  turbu¬ 
lence  [10] 

(u^)  oc  {k^  spectrum)  (12) 

and 

(u^)  a  spectrum) .  (13) 

as  previously  obtained  by  Saffman  [21]  and  Kol¬ 
mogorov  [22]. 

The  results  above  may  be  generalized  for  rotating  ho¬ 
mogeneous  turbulence  by  considering  the  additional 
dimensionless  group  for  this  flow,  fit.  For  the  rotat¬ 
ing  flow  a  dimensional  analysis  yields  the  following 
possible  asymptotic  decay; 

(u^)  oc  (fit)^  (F^  spectrum)  (14) 

(u^)  oc  (fit)*  (fc^  spectrum) .  (15) 

For  rotating  turbulence  at  high  Reynolds  numbers 
and  low  Rossby  numbers  it  is  possible  to  offer  plau¬ 
sibility  arguments  to  determine  the  unknown  expo¬ 
nents  X  and  x' .  In  this  regime  rotating  turbulence 
is  characterized  by  two  disparate  timescales,  a  long 
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timescale  representative  of  the  turbulence  evolution 
and  a  short  timescale  associated  with  the  rotation 
frequency,  Q.  If  it  is  assumed  that  the  correlation 
time  of  the  non-linear  triadic  interactions  is  directly 
proportional  to  the  short  timescale  1/fI,  then  the 
transport  equation  of  (u^)  may  be  written  as 

^  =  ^/(r,5o  or  52)  (16) 

for  the  two  initial  spectrum  types.  The  long 
timescale  of  the  non-linear  interactions  in  (16)  is 
denoted  T  and  may  be  constructed  on  dimensional 
grounds  from  (u^)  and  Bq  or  Bq.  Dimensional  anal¬ 
ysis  may  be  used  to  determine  the  unknown  function 
/,  yielding 


=  ?!«"■ 


for  non-zero  Bq  and 


-2/5,  2^12/5 


for  zero  Bq.  Integrating  (17)  and  (18)  results  in  the 
predicted  asymptotic  decay  for  (u^)  in  rotating  tur¬ 
bulence; 

(u^)  oc  {k"^  spectrum)  (19) 


Figure  3:  Check  of  asymptotic  scaling  laws  (19)  and 

(20).  spectrum:  - ,  Q  =  0.5; .  ,  D  =  1.0. 

k^  spectrum: - ,  fi  =  0.5; - ,  Ci  =  1.0. 


correct,  (21)  and  (22)  in  Figure  3  should  asymptote 
to  the  same  dimensionless  constant  at  long  times  (for 
a  given  initial  spectrum  type).  The  results  in  Fig¬ 
ure  3  show  that  the  collapse  of  the  kinetic  energy 
obtained  using  the  asymptotic  scaling  laws  is  excel¬ 
lent  for  the  spectrum.  For  the  spectrum  the 
collapse  is  reasonable  considering  the  assumption  of 
a  time-invariant  52.  It  may  be  concluded  that  Fig¬ 
ure  3  validates  the  scalings  on  rotation  rate  as  ob¬ 
tained  from  the  analysis  leading  to  (19)  and  (20). 


(u^)  oc  (F'^  spectrum) .  (20) 

The  scaling  laws  (19)  and  (20)  predict  that  in  rotat¬ 
ing  turbulence  the  kinetic  energy  decay  exponent  is 
reduced  by  a  factor  of  two  relative  to  its  value  in  the 
non-rotating  flow  (cf.  14  and  15).  More  importantly, 
the  exponents  predicted  from  (19)  and  (20)  and  the 
actual  values  obtained  in  the  simulations  (Figure  2) 
are  in  very  good  agreement.  The  actual  value  of  the 
power-law  exponent  for  cases  with  non-zero  Bq  is 
around  -0.65,  compared  to  a  predicted  value  of -0.6, 
while  the  exponent  in  the  asymptotic  region  for  sim¬ 
ulations  with  zero  Bq  is  approximately -0.78,  slightly 
smaller  than  the  predicted  value  of -0.71.  Thus,  ne¬ 
glecting  the  weak  time  dependence  of  the  leading  or¬ 
der  term  52,  necessary  in  order  to  obtain  (20),  ap¬ 
pears  justified. 


In  rotating  turbulence  it  is  possible  that  the  velocity 
fluctuations  along  the  rotation  axis  may  possess  a  dif¬ 
ferent  power-law  decay  than  those  in  the  plane  nor¬ 
mal  to  the  rotation  vector  (i.e.,  the  horizontal  plane). 
It  is  not  clear  based  upon  previous  numerical  and  ex¬ 
perimental  results  as  to  the  behavior  of  the  vertical 
fluctuations  (w^)  relative  to  the  velocity  scale  in  the 
horizontal  plane,  Uv?)  +  (u^))/2.  Shown  in  Figure  4 
is  the  ratio  of  {{v?)  +  (n^))/2  to  the  vertical  fluctu¬ 
ations,  (m^).  With  the  exception  of  the  highest  ro¬ 
tation  rate  in  the  simulations  with  non-zero  Bq,  the 
results  in  Figure  4  show  that  in  the  asymptotic  re¬ 
gion  the  ratio  of  mean-square  velocity  fluctuations  is 
approximately  0.8.  This  result  is  further  significant 
since  it  also  implies  the  existence  in  the  asymptotic 
region  of  a  single  velocity  scale  in  rotating  turbu¬ 
lence. 


While  the  asymptotic  scaling  laws  (19)  and  (20)  yield 
exponents  for  the  dependence  of  (u^)  on  time  which 
are  in  good  agreement  with  the  large-eddy  simula¬ 
tions,  it  is  not  possible  to  verify  the  power-law  de¬ 
pendence  of  the  kinetic  energy  on  Q  using  the  results 
in  Figure  2.  To  test  the  scaling  of  (u^)  on  fi,  the 


and 


52^^fi5/7f-5/7 


(22) 


are  plotted  in  Figure  3.  Note  that  the  value  of  B2 
used  in  (22)  is  from  the  initial  condition.  Provided 
that  the  dependence  on  f2  shown  in  (19)  and  (20)  is 


For  the  rotating  flow,  by  axisymmetry,  there  are  pos¬ 
sibly  five  independent  lengthscales.  These  integral 
scales  are  obtained  from  integration  of  the  two-point 
correlation  function 

Laa-I3  =  ■jXt  /(ua(x)u„(x  +  ?-^))dr/j .  (23) 

{K)  J 

The  lengthscale  iaa;/3  measures  the  correlation  be¬ 
tween  the  a  velocity  components  with  separation  in 
the  /?  direction.  In  the  horizontal  plane  the  indepen¬ 
dent  lengthscales  may  be  expressed  using  (23)  as 

Lhi  =  (Til, 1 -b  T22, 2)72 
Lh2  —  (Tii,2  +  T22,i)/2 
Bh3  —  (Tss.l  +  T33,2  )/2 


(24) 
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Figure  4:  Time  development  of  mean-square  velocity 

ratio  in  rotating  turbulence,  spectrum:  o . e  , 

=  0; - ,  Q  =  0.5;  .  ,  Q  =  1.0.  k^ 

spectrum: - ,  —  0; - ,  =  0.5; -  , 

fi  =  1.0. 

The  integral  scale  Lhi  measures  the  horizontal  cor¬ 
relation  of  longitudinal  velocities,  Lh2  the  horizontal 
correlation  of  lateral  velocities,  and  Lhz  the  correla¬ 
tion  in  the  horizontal  plane  of  vertical  velocity  fluctu¬ 
ations.  For  the  vertical  direction  (along  the  rotation 
axis)  the  two  independent  integral  scales  are 

-bill  =  (bn, 3  +  ^22,3)72 

Lv2  =  ^33^3  (25) 

where  L^i  measures  the  vertical  correlation  of  lateral 
velocities  and  Lyo  the  vertical  correlation  of  vertical 
velocities. 

For  the  non-rotating  flow  dimensional  analysis  yields 
directly  the  asymptotic  scalings  of  the  integral  scales 
for  high  Reynolds  number  isotropic  turbulence  [10] 


Ly  oc 

{k"^  spectrum) 

(26) 

Lu  oc 

{k^  spectrum) . 

(27) 

For  the  rotating  flow  the  appropriate  dependence 
of  the  integral  scales  on  the  invariant  Bo  and  ap¬ 
proximate  invariant  B2  can  be  approached  in  the 
same  manner  as  for  the  kinetic  energy,  i.e.,  through 
introduction  of  the  additional  dimensionless  group 
kit  with  appropriate  exponents.  For  example,  for 
the  vertical  lengthscales  Lyo  the  development  in  the 
asymptotic  state  may  be  expressed  as 

Lv2  o:  {k~  spectrum)  (28) 

and 

Ly2  oc  [klt  f-  (k^  spectrum) .  (29) 

Using  (24)  and  (25)  one  could  write  similar  expres¬ 
sions  for  the  other  lengthscales;  each  with  a  possi¬ 
bly  distinct  exponent  as  in  (28)  and  (29).  Unlike 
the  kinetic  energy,  however,  we  do  not  yet  have  an 
argument  for  predicting  a  priori  the  appropriate  ex¬ 
ponents  for  the  integral  lengthscale  growth  in  the 
rotating  flow.  Rather,  the  results  of  the  large-eddy 


Figure  5:  Time  development  of  integral  lengthscales 
in  rotating  turbulence,  kl  —  1.  Asymptotic  growth 
rate  in  non-rotating  turbulence  also  shown  in  lower 

portion  of  Figure.  - ,  Lhi] - ,  Lh2', .  , 

Lh3', - ,  Lyi\ - ,  L„2.  (a)  k^  spectrum;  (b) 

k"^  spectrum. 
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simulations  are  used  to  supply  the  unknown  expo¬ 
nents. 

Shown  in  Figure  5  is  the  time  development  of  the 
integral  scales  for  both  initial  spectrum  types.  The 
curves  shown  in  Figure  5  are  for  the  highest  rotation 
rate  used  with  each  initial  condition.  Also  shown 
for  reference  in  both  Figures  is  the  slope  correspond¬ 
ing  to  the  asymptotic  growth  rate  in  non-rotating 
isotropic  turbulence.  It  is  clear  from  Figure  5  that 
the  growth  of  L„i  is  much  more  rapid  than  the 
asymptotic  growth  rate  in  non-rotating  turbulence 
as  well  as  the  other  integral  scales  in  the  rotating 
flow.  With  the  exception  of  the  growth  rate  of 
the  integral  scales  in  the  rotating  flow  are  slightly 
suppressed  relative  to  the  non-rotating  case.  More 
importantly,  the  simulation  results  demonstrate  that 
in  the  asymptotic  region  the  integral  lengthscales  do 
in  fact  exhibit  power-law  growth  and,  with  the  ex¬ 
ception  of  i„i,  the  power-law  exponents  of  the  in¬ 
tegral  scales  are  identical.  Thus,  in  the  horizontal 
plane  there  is  a  single  independent  lengthscale,  Lh, 
while  there  exist  two  independent  integral  scales  in 
the  vertical,  and  £^2-  The  asymptotic  scaling 
laws  obtained  from  the  simulations  for  the  spec¬ 
trum  are  approximately 

Lh  oc 
£„i  oc 

£„2  oc  5^^11-3/20^1/4 

while  for  the  spectrum  the  long-time  evolution 
of  the  lengthscales  determined  from  the  large-eddy 
simulations  are  approximately 

Lh  oc 
£„i  oc 

£„2  oc  (31) 

Perhaps  the  most  striking  feature  of  the  integral  scale 
behavior  is  that  even  in  the  asymptotic  region  the 
growth  of  £j,i  is  much  more  rapid  than  the  other 
lengthscales.  Surprisingly,  the  vertical  correlation  of 
vertical  velocities,  £„2,  is  relatively  unaffected  by  ro¬ 
tation  which  would  seem  to  indicate  a  “de-coupling” 
between  the  two  vertical  lengthscales.  However,  this 
de-coupling  occurs  while  there  is  close  coupling  be¬ 
tween  Lh  and  Lv2  as  well  as  between  the  veloc¬ 
ity  components  in  the  vertical  and  horizontal  planes 
(Figure  4). 

The  relations  (30)  and  (31)  yield  the  appropriate  de¬ 
pendence  of  the  integral  lengthscales  on  time  but, 
similar  to  the  kinetic  energy  considered  earlier,  it  is 
not  possible  to  verify  the  dependence  on  rotation  rate 
from  the  results  in  Figure  5.  Shown  in  Figure  6  are 
the  ratio  of  the  integral  lengthscales  to  the  appropri¬ 
ate  combination  of  Bq,  B2,  Ll,  and  t,  i.e., 

Lh,  £.2  / 

£,1  /  (32) 


Figure  6:  Check  of  asymptotic  scaling  laws  (30)  and 

(31).  Q  =  0.5;  - ,  Lh',  « . »  ,  £«i;  ■*---*  ,  £r,2- 

Q  —  1.0;  ,  Lh',  ■  ,  Ly\',  ,  Ly2'  (^)  k 

spectrum;  (6)  k"^  spectrum. 

for  the  k^  spectrum  (Figure  6a)  and 

Lh,  £„2  / 

Lvi  /  (33) 

for  the  k^  spectrum  (Figure  66).  The  collapse  of  the 
lengthscales  for  the  different  rotation  rates  in  Fig¬ 
ure  6  demonstrates  that  the  scalings  (30)  and  (31) 
possess  the  proper  dependence  on  the  rotation  rate. 
The  collapse  of  the  integral  scales  Lyi  is  especially 
striking  given  the  relatively  strong  dependence  on 
Cl.  Figure  6  also  demonstrates  an  excellent  collapse 
of  the  horizontal  integral  scale  Lh-  The  collapse  of 
Ly2  using  the  (30)  and  (31)  for  different  Cl  possesses 
the  greatest  amount  of  statistical  variation,  presum¬ 
ably  due  to  the  fewer  number  of  samples  available  to 
compute  this  lengthscale. 


SUMMARY 

Large-eddy  simulations  of  high  Reynolds  number 
rotating  homogeneous  turbulence  have  been  per¬ 
formed.  The  calculations  were  evolved  sufficiently 
far  in  time  to  observe  the  development  of  the  asymp¬ 
totic  state  for  initial  conditions  with  low  wavenum¬ 
bers  proportional  to  both  k'^  and  k‘^.  The  Simula- 
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tions  demonstrate  the  characteristic  effect  of  solid 
body  rotation  on  initially  isotropic  turbulence,  i.e., 
inhibition  of  non-linear  energy  transfer  from  large  to 
small  scales  and  less  rapid  decay  of  kinetic  energy. 
In  the  asymptotic  region  the  decay  exponent  of  the 
turbulence  kinetic  energy  is  also  observed  to  be  in¬ 
dependent  of  time  as  well  as  rotation  rate. 

Simple  scaling  arguments  and  dimensional  analysis 
were  used  to  obtain  predictions  of  the  asymptotic 
behavior  of  the  kinetic  energy.  Assuming  that  the 
non-linear  triadic  interactions  have  a  correlation  time 
directly  proportional  to  the  rotation  time  scale  allows 
one  to  predict  a  priori  the  asymptotic  scaling  laws 
for  the  turbulence  kinetic  energy.  The  predicted  val¬ 
ues  were  found  to  be  in  very  good  agreement  with  the 
simulation  results,  supporting  the  analytical  results. 

In  the  rotating  flow  simulation  results  indicate  that 
in  the  asymptotic  region  the  integral  lengthscales  un¬ 
dergo  a  power-law  growth.  With  the  exception  of 
the  correlation  length  along  the  rotation  axis  of  hor¬ 
izontal  velocities,  integral  lengthscale  growth  in  the 
rotating  flows  is  found  to  be  slightly  suppressed  rel¬ 
ative  to  non-rotating  isotropic  turbulence.  In  the 
asymptotic  region  there  is  a  single  horizontal  length- 
scale  but  two  independent  vertical  lengthscales.  The 
de-coupling  between  the  vertical  lengthscales  was  un¬ 
expected,  especially  considering  the  strong  coupling 
between  the  vertical  and  horizontal  velocity  fluctua¬ 
tions. 

More  work  is  required  to  better  understand  the 
asymptotic  state  of  rotating  turbulent  flows  at  high 
Reynolds  numbers.  Application  of  the  scaling  laws 
to  the  appropriately  defined  energy  spectra  is  needed 
to  further  validate  the  similarity  states  indicated  by 
the  power-law  evolution  in  the  kinetic  energy  and 
integral  lengthscales  found  in  this  work.  Use  of  the 
database  accumulated  during  the  course  of  this  work 
will  also  be  invaluable  for  future  studies  directed  to¬ 
wards  extension  of  engineering  turbulence  models  to 
high  Reynolds  number  rotating  flows. 
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Abstract 

We  present  a  priori  and  a  posteriori  test  results 
of  LES  of  compressible  flow  over  a  flat  plate  and 
in  a  mixing  layer.  Through  a  comparison  with  fil¬ 
tered  DNS  data  the  ’quality’  of  subgrid-models  for 
the  turbulent  stress  can  be  assessed.  In  particular, 
the  scale  similarity  model  of  Bardina  and  the  dy¬ 
namic  mixed  model  arising  from  a  combination  of 
Bardina’s  model  with  the  Germano  eddy-viscosity 
model  show  excellent  correlations  a  priori,  and  give 
rise  to  accurate  LES  simulations  a  posteriori.  More¬ 
over,  the  filtering  approach  close  to  solid  walls  is 
considered  and  the  contribution  to  the  filtered  equa¬ 
tions  arising  from  the  non-commutation  of  the  filter 
operator  with  the  partial  derivatives  is  calculated. 
It  appears,  in  a  priori  tests  for  2D  simulations,  that 
these  non-commutation  terms  can  be  comparable  to 
the  turbulent  stress.  The  scale  similarity  hypothe¬ 
sis  yields  models  for  these  terms  which  show  a  good 
correlation. 

1  Introduction 

The  numerical  simulation  of  natural  transition  as 
well  as  the  early  stages  of  fully  developed  turbulent 
flow  in  compressible  fluids  forms  a  subject  of  inten¬ 
sive  research  [1,  2,  3,  4,  5,  6].  Basically  two  different 
approaches  can  be  distinguished:  direct  numerical 
simulation  (DNS)  and  large  eddy  simulation  (LES). 
In  DNS  the  flow  is  simulated  on  a  sufficiently  fine 
grid  in  order  to  accurately  capture  the  wide  range 
of  length-scales  encountered  in  turbulent  flow.  In 
LES  the  filtered  Navier-Stokes  equations  are  con¬ 
sidered  and  a  time-accurate  treatment  is  given  of 
the  large,  geometry  dependent  eddies  occurring  in 


the  flow.  The  effects  of  the  small  scale  phenomena 
on  the  resolved  scales  are  modeled  through  the  in¬ 
troduction  of  so  called  subgrid-scale  models  in  the 
momentum  and  energy  equations  [7,  8].  Since  in  a 
LES  approach  the  governing  equations  are  filtered, 
the  flow  is  usually  either  simulated  on  a  coarser  grid 
or  at  a  somewhat  higher  Reynolds  number  when 
compared  to  a  DNS  [9].  This  represents  the  main 
virtue  of  LES.  The  basic  problem,  however,  is  how 
to  devise  models  for  the  small  scale  contributions 
which  accurately  represent  the  subgrid  phenomena. 
A  number  of  different  models  have  been  formulated 
in  literature.  In  this  paper  we  will  compare  results 
of  DNS  with  large  eddy  simulations  employing  sev¬ 
eral  subgrid  models  in  order  to  test  the  accuracy  of 
different  proposals  for  the  turbulent  stresses. 

Recently,  a  class  of  subgrid  scale  models  has  been 
proposed  which  are  ’dynamic’  in  the  sense  that  the 
properties  of  the  resolved  scales  directly  and  dy¬ 
namically  determine  the  model  coefficients.  In  the 
formulation  of  the  models  that  will  be  considered 
here  Germano’s  identity  [10]  and  the  scale  similar¬ 
ity  hypothesis  of  Bardina  et.al.  [11]  play  a  central 
role.  The  dynamic  ’eddy- viscosity’  model  results  af¬ 
ter  imposing  Germano’s  identity  to  the  Smagorin- 
sky  model  [12].  Moreover,  the  non-eddy  viscos¬ 
ity  model  of  Bardina,  which  is  based  on  the  scale 
similarity  hypothesis,  as  well  as  a  dynamic  ’mixed’ 
model  resulting  from  a  combination  of  these  two  ap¬ 
proaches  will  be  considered  [13,  14].  Since  we  will 
restrict  ourselves  to  compressible  flow  at  relatively 
low  Mach  numbers,  the  modeling  of  the  subgrid 
terms  in  the  energy  equation  will  not  be  addressed 
here  (for  a  discussion  and  results  at  higher  Mach 
numbers  see  [15]).  When  comparing  LES  and  DNS 
two  principally  different  tests  can  be  distinguished. 
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First,  a  priori  tests  can  be  performed  in  which  the 
DNS  results  are  used  to  calculate  the  norms  of  all 
terms  appearing  in  the  filtered  equations  and  to  de¬ 
termine  the  correlations  of  the  subgrid  scale  mod¬ 
els,  evaluated  on  the  filtered  DNS  fields,  with  the 
actual  turbulent  stresses.  Since  the  interactions  be¬ 
tween  the  different  scales  in  the  flow  field  are  not 
included  in  these  a  priori  tests,  so  called  a  posteri¬ 
ori  tests  should  be  performed  as  well  in  which  the 
results  of  an  actual  LES  are  directly  compared  with 
the  filtered  DNS  results.  We  will  present  results  of 
this  analysis  for  compressible  flow  over  a  flat  plate 
in  2D  and  for  the  mixing  layer  in  3D. 

In  section  2  we  present  the  filtered  Navier-Stokes 
equations  and  in  particular  pay  attention  to  the  fil¬ 
tering  near  a  solid  wall.  The  commutation  of  the  fil¬ 
ter  operation  with  partial  derivatives,  which  is  usu¬ 
ally  assumed  in  the  filtering  approach,  can  no  longer 
be  maintained  in  that  case.  This  gives  rise  to  ad¬ 
ditional  contributions  in  the  filtered  equations.  In 
section  3  we  explicitly  define  the  above  mentioned 
subgrid  models  for  the  turbulent  stress  in  compress¬ 
ible  flow.  The  DNS  results  representing  the  transi¬ 
tion  process  in  2D  flat  plate  flow,  i.e.  the  evolution 
of  the  flow  starting  from  the  linear  stability  regime 
up  to  a  well  developed  flow  field,  are  presented  in 
section  4.  Moreover,  several  a  priori  test  results  are 
discussed.  A  major  drawback  of  this  analysis  is  that 
it  is  based  on  a  flow  field  in  2D  which  is  quite  dif¬ 
ferent  from  a  turbulent  flow  field  in  3D.  In  section 
5  we  will  present  results  obtained  for  the  compress¬ 
ible  mixing  layer  in  3D  and  consider  the  quality  of 
the  subgrid  models  in  compressible,  free,  turbulent 
shear  layers.  This  is  a  first  step  towards  the  assess¬ 
ment  of  the  capabilities  of  the  subgrid  models  for 
flows  in  different  geometries.  Finally,  we  summarize 
our  findings  in  section  6. 

2  Filtering  the  Navier-Stokes 
equations 

In  this  section  we  present  the  filtered  Navier-Stokes 
equations  and  focus  on  the  filtering  close  to  a  solid 
wall.  A  generalisation  of  the  box  filter  is  proposed 
and  the  contribution  to  the  filtered  equations  aris¬ 
ing  from  the  non-commutation  of  the  filtering  with 
the  partial  derivatives  near  a  solid  wall  is  consid¬ 
ered. 


The  equations  describing  compressible  flow  are 
the  well  known  Navier-Stokes  equations,  which  rep¬ 
resent  conservation  of  mass,  momentum  and  energy: 

dtp  +  dj(puj)  =  0 

dt{pui)  +  dj{pu^Uj) dip  -  djT^j  =  Q  (2.1) 
dte  -I-  5j((e  -I- p)uj)  -  dj{TijU^  -  qj)  =  0 

Here  the  symbols  dt  and  dj  are  abbreviations  of 
the  partial  differential  operators  d/dt  and  djdx^ 
respectively.  The  components  of  the  velocity  vector 
are  denoted  by  Uj,  while  p  is  the  density  and  p  the 
pressure  which  is  related  to  the  total  energy  density 
e  by: 

p  =  -  l){e- -pu^u^}  (2.2) 

in  which  7  denotes  the  adiabatic  gas  constant.  The 
viscous  stress  tensor  is  a  function  of  temperature 
T  and  velocity  vector  u 

Fj  (T,  u)  =  {djU^  -I-  diUj  —  -btjdkUf;)  (2.3) 

where  p{T)  is  the  dynamic  viscosity  for  which  we 
use  either  Sutherland’s  law  for  air  or  treat  it  as  a 
constant.  In  addition  qj  represents  the  viscous  heat 
flux  vector,  given  by 

“  “(7  -  l)RePrM'^^^'^ 

where  Pr  is  the  Prandtl  number.  Finally,  the  tem¬ 
perature  T  is  related  to  the  density  and  the  pressure 
by  the  ideal  gas  law 

T  =  (2.5) 

P 

These  governing  equations  have  been  made  dimen¬ 
sionless  by  introducing  a  reference  length  Lq,  ve¬ 
locity  -uq,  density  po,  temperature  Tq  and  viscos¬ 
ity  pq.  The  values  of  the  Reynolds  number  Re  = 
{poUoLo)/po  and  the  Mach  number  M  =  uo/ao, 
where  ao  is  a  reference  value  for  the  speed  of  sound, 
are  given  for  each  case  separately. 

A  direct  numerical  simulation  is  based  on  a  dis¬ 
cretisation  of  (2.1)  whereas  the  governing  equations 
for  large  eddy  simulation  are  obtained  by  applying 
a  spatial  filter  to  these  equations.  A  filter  operation 
extracts  the  large  scale  part  /  from  a  quantity  /: 

/(x)=  /GA(x,0/m  (2.6) 

Jq 
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where  Q  is  the  flow  domain  and  A  denotes  the  fil¬ 
ter  width  of  the  kernel  G  which  is  assumed  to  be 
normalized,  i.e.  the  integral  of  G  over  equals  1 
independent  of  x.  For  compressible  flow  Favre  [16] 
introduced  a  related  filter  operation  f  =  pf  /p-  The 
filtered  equations  that  are  presented  next,  are  valid 
when  the  ’bar-filter’  is  any  linear  operator  that  com¬ 
mutes  with  the  partial  differential  operators  dt  and 
dj.  For  the  spatial  filter  adopted  in  LES  a  nec¬ 
essary  and  sufficient  condition  for  commutation  in 
unbounded  flow  domains  is  that  the  filter  is  a  con¬ 
volution,  i.e.  the  kernel  G  depends  on  x  —  ^  only. 
In  general  the  filter  operation  does  not  commute 
with  dj,  which  gives  rise  to  additional  terms  in  the 
LES-equations  to  which  we  turn  later. 

When  a  convolution  bar-filter  is  applied  to  the 
continuity  and  momentum  equations  we  find 

dtp  -I-  dj{puj)  =  0  (2.7) 

dtipUi)  +  dj{pUiUj)  +  dip  -  dj{fij) 

+  {djipaij)  -  djinj  -  fy  )}  =  0  (2.8) 

where  %  is  the  stress  tensor  based  on  T  and  u  cf. 
eq.  (2.3).  The  quantity  7lj~^  =  is  the  turbulent 
stress  tensor,  defined  as 

A^i~\p  ,pu)  =  p[iHUj  -  u^Uj] 

=  [pui){puj)/p  -  {pul){Wj)IP  (2-9) 

We  introduced  the  notation  A.,.  ^  for  later  con- 
venience  (section  3).  In  this  notation  we  explic¬ 
itly  indicate  the  variables  and  the  filter  that  are 
used.  In  (2.7,8)  we  recognize  the  Navier-Stokes 
equations  in  terms  of  the  filtered  fields  and  some 
additional  terms  which  are  referred  to  as  subgrid 
terms.  The  turbulent  stress  term  arises  as  a  subgrid 
term  from  the  filtering  of  the  nonlinear  convection 
term  dj{pUiUj).  An  additional  subgrid  term  ap¬ 
pears  since  the  stress  tensor  in  the  filtered  equations 
is  evaluated  in  the  filtered  fields  which  differs  from 
fij.  A  similar  filter  can  be  applied  to  the  energy 
equation.  The  definition  of  the  filtered  pressure  p 
by  (2.2),  however,  would  require  pupui  which  can 
not  be  expressed  in  terms  of  p  and  Uf  One  can 
either  introduce  a  modified  pressure  by  (2.2)  eval¬ 
uated  in  the  filtered  fields  {p,  u,  e}  or  introduce  a 
modified  energy  e  defined  by 

pi  1 

e  =  - r  +  -pukUk  =  e  -  -pakk  (2-10) 

7  —  1  2  2 


The  evolution  equation  for  e  is  obtained  when  the 
bar-filter  is  applied  to  the  energy  equation  and  the 
transport  equation  for  the  turbulent  kinetic  energy 
(pflA:fc/2)  is  subtracted.  Since  we  will  not  consider 
the  subgrid  terms  arising  in  the  energy  equation  in 
this  paper  we  will  not  present  this  equation  (see 

[17]). 

As  mentioned,  the  filtered  Navier-Stokes  equa¬ 
tions  (2.7,8)  are  derived  under  the  assumption  that 
the  filter  operation  commutes  with  the  partial  dif¬ 
ferential  operators  dj.  In  an  unbounded  domain 
commutation  is  satisfied  if  and  only  if  the  filtering  is 
a  convolution.  This  requirement  poses  a  strong  re¬ 
striction  on  the  filtering  approach  in  LES  near  solid 
walls.  Maintaining  the  requirement  implies  that  the 
flow  field  needs  to  be  extended  inside  the  wall  region 
which  is  unphysical  and  leads  to  ad  hoc  approaches. 
Another  drawback  of  convolution  filters  is  that  the 
filter  width  is  constant  throughout  the  flow  domain. 
Since  the  length  scales  of  the  different  structures  in 
the  flow  field  typically  are  strongly  position  depen¬ 
dent,  the  use  of  a  constant  filter  width  implies  that 
the  smoothing  due  to  the  filtering  is  not  optimal.  In 
a  region  with  predominantly  small  scale  structures 
it  would  be  desirable  to  use  a  smaller  filter  width 
than  in  the  far- field  regions  of  the  flow.  Usually 
one  adopts  a  nonuniform  grid  for  an  efficient  sim¬ 
ulation  of  the  regions  in  which  the  flow  field  varies 
rapidly  in  space.  Requiring  a  similar,  grid  associ¬ 
ated  filter  width  function  leads  to  a  more  realistic 
smoothing  of  the  flow  and  implies  that  the  small 
scale  structures  are  filtered  using  a  ’matching’  fil¬ 
ter  width.  These  observations  suggest  to  relax  the 
commutation  requirement  and  to  use  the  more  gen¬ 
eral  filter  definition  (2.6)  instead.  For  filters  with 
a  compact  support  the  no-slip  condition  is  satis¬ 
fied  provided  the  support  reduces  to  zero  as  x  ap¬ 
proaches  the  wall,  i.e.  the  filtering  in  the  direction 
normal  to  the  wall  is  effectively  switched  off  in  the 
near  wall  region.  This  correlates  quite  naturally 
with  the  existence  of  a  laminar  sublayer  in  this  re¬ 
gion  and  avoids  the  introduction  of  ’wall-damping’ 
functions  frequently  used  in  combination  with  eddy 
viscosity  models.  An  extension  of  this  approach  to 
curved  geometries  can  be  developed  as  well. 

The  introduction  of  non-commuting  filters  im¬ 
plies  that  each  term  in  the  Navier-Stokes  equations 
gives  rise  to  filtered  terms  which  can  be  decomposed 
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as  follows: 


djF{U)  =  djF{U)  +  [dj{FiU)  -  F{U))] 

+  {djF{U)  ~  djF{U))  (2.11) 

The  first  term  on  the  right  hand  side  is  the  cor¬ 
responding  term  evaluated  in  the  filtered  held,  de¬ 
noted  here  by  U.  The  second  is  the  subgrid  term 
as  always  appears  in  the  hltered  equations,  inde¬ 
pendent  of  commutation,  and  the  last  term  arises 
due  to  the  non-commutation  of  the  hlter-operation 
with  the  partial  derivatives.  In  the  flat  plate  flow 
application  which  will  be  presented  the  norm  of  the 
terms  arising  from  the  non-commuation  will  be  de¬ 
termined. 

The  additional  terms  arising  from  the  non¬ 
commutation  w'ill  be  further  specified  for  a  gener¬ 
alised  box  filter  which  is  used  in  the  sequel.  For  con¬ 
venience  we  consider  filtering  in  ID  first  and  sketch 
the  extension  to  higher  dimensions  afterwards.  The 
generalised  box  filter  is  defined  by 

=  +  (2.12) 

if  —h-{x)  <  C  —  X  <  h+{x)  and  0  elsewhere.  Here 
the  positive  upper  and  lower  ’bounding  functions’ 
/i+,  and  an  x-dependent  filter  width  A{x)  = 
/i+  +  h-  are  introduced.  After  some  calculation 
one  obtains  for  the  non-commutation: 


brackets  is  related  to  an  application  of  the  trape¬ 
zoidal  rule  to  this  integration.  Hence  the  term  be¬ 
tween  braces  in  (2.14)  is  of  second  order  in  the  fil¬ 
ter  width  A.  It  appears  that  the  non-commutation 
terms  could  be  comparable  in  magnitude  to  the  tur¬ 
bulent  stresses  and  should  be  considered  in  detail. 
In  case  the  flow  domain  is  bounded  from  below,  say 
at  .T  =  0,  the  requirement  that  the  filtering  does 
not  involve  values  of  /  outside  the  domain  implies 
that  X  —  h{x)/2  >  0  which  leads  to  f{x)  /(O)  as 
X  0.  Hence,  close  to  x  —  0  the  non-commutation 
term  will  become  small  and  the  filter  is  switched  off. 
This  extension  of  the  box  filter  contains  the  special 
case  in  which  no  filtering  in  the  normal  direction  is 
performed  at  all  [18].  In  3D  the  non-commutation 
term  has  a  structure  comparable  to  the  ID  expres¬ 
sion  with  the  exception  that  an  additional  intega- 
tion  over  the  remaining  directions  appears.  If  the 
upper  and  lower  bounding  functions  (f  —  1,  2,  3) 
are  chosen  independently  and  possibly  depend  on  x 
instead  of  Xi  only  the  non-commutation  terms  be¬ 
come  less  transparent  although  the  basic  properties 
are  maintained.  Modeling  the  non-commutation 
terms  is  not  considered  in  detail  in  this  paper  but 
W'ill  be  presented  elsewhere.  Here,  the  norms  of 
these  terms  will  be  determined  in  a  priori  tests  in 
order  to  obtain  a  first  impression  of  the  relevance 
of  these  terms  in  LES. 


d^f  -  d^f  ^  A  ^{fd:c{h+  +  h-) 

-[/(x  -f-  hj^)dji+  -k  /(x  -  h-)dxh-\]{2.l2) 

This  expression  reduces  to  zero  if  /i+  and  /i_  are 
constant,  i.e.  a  box  filter  with  constant  filter  width. 
The  upper-  and  lower  bounding  functions  h±(x)  can 
be  chosen  independently.  Expression  (2.13)  can  be 
made  more  transparent  by  considering  the  example 
in  which  we  set  /i+(x)  =  /i_(x)  =  h{x)/2.  The 
non-commutation  simplifies  to 

dxf  =  ^{7  ~  ^[f{x  +  h+)  +  f{x-h^)]} 

(2.14) 

which  show's  that  non-commutation  arises  from  x- 
dependence  in  the  filter  w'idth.  The  term  between 
brackets  can  be  interpreted  as  the  difference  be¬ 
tween  tw'o  approximations  to  a  local  average  of 
/.  In  fact  /  is  obtained  by  integrating  /  over 
[x  —  /i_,  X  -k  whereas  the  term  between  square 


3  Subgrid  models 

The  discussion  of  the  filtering  of  the  Navier-Stokes 
equations  has  indicated  that  models  for  the  turbu¬ 
lent  stress  poij  in  terms  of  the  filtered  density  and 
velocity  should  be  introduced  in  order  to  close  the 
system  of  equations.  Since  we  will  restrict  ourselves 
to  low'  Mach  numbers  the  subgrid  terms  appear¬ 
ing  in  the  energy  equation  will  not  be  considered, 
w'hich  is  justified  in  view  of  the  magnitude  of  these 
terms  in  a  priori  tests  and  the  negligible  influence 
in  a  posteriori  tests  (see  ref.  [15,  19]).  In  order  to 
arrive  at  a  concise  formulation  of  the  models  that 
W'ill  be  considered,  use  is  made  of  Germano’s  iden¬ 
tity  and  the  scale  similarity  hypothesis.  Imposing 
Germano’s  identity  to  a  particular  model  allows  for 
dynamically  adjusting  the  model  coefficients.  The 
properties  of  the  instantaneous  local  flow  field  de¬ 
termine  directly  the  magnitude  of  the  coefficients. 
The  scale  similarity  hypothesis  presumes  that  the 
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turbulent  stress  paij  is  well  approximated  using  the 
resolved  scales  only.  These  two  presumptions  are 
independent,  which  implies  that  combinations  of 
the  scale  similarity  model  with  other  models  can 
be  introduced  in  which  the  model  coefficients  may 
be  determined  dynamically  by  imposing  Germano’s 
identity.  We  also  discuss  some  implementation  as¬ 
pects  of  these  models. 

The  most  widely  used  subgrid-scale  model  is  the 
Smagorinsky  eddy-viscosity  model  [20].  It  is  based 
on  the  gradient  hypothesis  and  a  dimension  argu¬ 
ment.  The  modeled  turbulent  stress  [m^)  is  given 
by: 

=  -pCsA'^\Siu)\S{u)  (3.1) 

in  which  Cs  is  the  Smagorinsky  constant  which  we 
set  Cs  =  (0.17)2  ^  |5'2.|G2^  Moreover,  S'(u) 

is  the  rate  of  strain  tensor  based  on  u,  i.e. 

2 

^(u)  =  djUi  +  diUj  -  -SijdkUk  (3.2) 

The  main  advantage  of  using  the  Smagorinsky 
model  is  that  it  represents  an  efficient  drain  for  the 
energy  to  subgrid-scales  which  makes  actual  simula¬ 
tions  based  on  this  model  relatively  easy  to  perform. 
The  evaluation  of  has  only  a  small  computa¬ 
tional  cost  and  due  to  the  dissipative  character  of 
the  model  the  calulations  are  well  stabilized.  There 
are,  however,  some  serious  drawbacks  to  this  model. 
First,  it  has  been  shown  to  be  too  dissipative  near 
solid  walls  and  in  transitional  flow.  Through  the  ad 
hoc  introduction  of  wall-damping  functions  and/or 
intermittency  functions  some  of  these  problems  can 
be  partially  resolved.  Another  major  drawback  of 
the  Smagorinsky  model  is  that  the  gradient  hypoth¬ 
esis  is  proven  to  be  inadequate  and  leads  to  a  poor 
correlation  with  the  turbulent  stress  [15,  19,  21]. 

This  calls  for  models  which  do  not  require  that 
the  principal  axes  of  the  turbulent  stress  tensor  are 
aligned  with  those  of  the  rate  of  strain  tensor,  i.e. 
non-eddy  viscosity  models.  An  elegant  model  which 
satisfies  this  requirement  is  obtained  by  invoking 
the  scale  similarity  hypothesis  [11].  Basically  it  is 
assumed  that  the  turbulent  stress  formulated  on  the 
resolved  flow  field  is  a  good  approximation  of  the  ac¬ 
tual  turbulent  stress.  This  is  expressed  in  Bardina’s 
scale  similarity  model  (m^): 

=  I'p  -  {Wi){Wj)  1^  (3-3) 


The  scale  similarity  model  was  shown  to  correlate 
quite  well  with  the  actual  turbulent  stress  and  also 
provides  an  accurate  representation  of  the  norm 
[15].  This  model  does  not  require  wall  damping 
functions  near  solid  walls.  A  drawback  of  this  model 
is  that  it  requires  a  certain  minimal  resolution  in  a 
LES  in  order  for  the  similarity  hypothesis  to  be  ac¬ 
curate.  A  certain  amount  of  eddy  viscosity  may 
be  introduced  in  order  to  additionally  represent 
the  subgrid  scales.  Simply  adding  the  Smagorin¬ 
sky  model  would  introduce  the  disadvantages  of  this 
model  [11].  However,  an  alternative  approach  can 
be  followed  which  is  presented  next. 

In  order  to  overcome  some  of  the  drawbacks  of 
the  Smagorinsky  model,  Germane  [10]  proposed  to 
obtain  the  model  coefficient  {Cs)  from  a  dynamic 
procedure  based  on  an  identity  which  relates  the 
turbulent  stress  obtained  when  using  two  different 
filter  levels  [12].  In  fact  we  introduce,  next  to  the 
bar  filter,  an  explicit  test  filtej  denoted  by  /.  This 
test  filter  has  a  filter  width  A  =  mA  and  we  use 
m  =  2.  The  Germane  identity  can  be  written  as: 

(p,  pu)  -  A(-)  (p,  pu)  =  (p,  pu)  (3.4) 

In  this  expression  the  right  hand  side  can  be  evalu¬ 
ated  using  data  from  a  LES  whereas  the  evaluation 
of  the  left  hand  side  requires  the  turbulent  stress 
itself.  However,  if  we  introduce  a  model  for  the 
turbulent  stress,  and  require  the  model  to  satisfy 
the  identity  (3.4)  as  well,  a  system  of  equations  for 
the  model  coefficients  is  obtained.  Applying  this 
procedure  to  the  Smagorinsky  model  one  arrives 
at  Germano’s  dynamic  subgrid  model  which  has 
been  succesfully  applied  to  a  variety  of  flows  (e.g. 
refs.  [12,  18,  21]).  If  we  substitute  the  Smagorin¬ 
sky  model  (3.1)  into  the  identity  (3.4)  one  obtains 
CsM  —  L  with 

M  =  -^V(S)|5(n)  +  [pA215Ca)15(ii)]  (3.5) 

where  u  =  pu/p  and 

L  =  A^’^^(p,  pu)  (3.6) 

Notice  that  the  test  filter  is  applied  to  the  complete 
term  between  square  brackets  in  (3.5).  To  obtain 
the  expression  for  M  we  have  neglected  the  vari¬ 
ation  of  Cs  on  the  scale  of  the  test  filter  width. 
Since  the  expression  for  Cs  represents  a  system  of 
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equations  for  the  single  unknown  Cs,  a  least-square 
approach  [22]  is  used  to  calculate  this  coefficient; 
Cs  =<MijLij>  /  <MijMij>.  The  brackets  <  •  > 
denote  an  average  over  the  homogeneous  directions 
which  is  introduced  additionally  in  order  to  stabilize 
actual  calculations  with  this  model.  More  sophisti¬ 
cated  procedures  for  the  determination  of  Cs  have 
been  proposed  (see  ref.  [21]  for  a  survey).  The  value 
of  Cs  is  dynamically  obtained  from  the  above  pro¬ 
cedure:  in  particular  Cs  becomes  small  in  regions 
of  the  flow  in  which  the  small  scale  structures  are 
not  important.  This  implies  that  the  use  of  wall 
damping  functions  is  not  required  in  combination 
with  the  dynamic  model. 

A  drawback  of  the  dynamic  model  is  that  it  is 
of  the  eddy  viscosity  type.  This  can  be  overcome 
by  applying  the  Germane  identity  to  a  ’mixed’ 
model  consisting  of  a  combination  of  the  Bardina 
model  (3.3)  and  the  Smagorinsky  model  in  which 
the  model  coefficient  is  dynamically  determined  as 
was  done  by  Zang  et.al.  [13].  We  will  use  an  al¬ 
ternative  formulation  of  this  model  which  is  more 
consistent  in  the  treatment  of  the  Bardina  part  of 
the  model  in  the  Germane  identity  (see  [14]).  We 
adopt  the  mixed  model,  rather  than  the  Smagorin¬ 
sky  model  as  base  model,  i.e. 

(3-7) 

The  model  coefficient  Cs  is  obtained  by  substitut¬ 
ing  this  model  into  the  German©  identity  which 
yields:  H  +  CsM  —  L,with  M  and  L  as  given  above 
and  the  tensor  H  defined  as: 

H  =  (p,  ^)  -  A(-)  (p,  'jm)  (3.8) 

and  Cs  is  determined  by  a  least  squares  fit  in  which 
Mij  is  contracted  with  Lij  —  Hij  rather  than  with 
Lij  alone  as  was  done  in  the  dynamic  model. 

We  conclude  this  section  with  some  remarks  on 
implementation  aspects  of  the  models  introduced 
above.  These  models  require  an  efficient  filtering 
of  DNS  or  LES  fields.  The  implementation  of  the 
generalised  box  filter  is  considerably  simplified  if 
the  upper  and  lower  bounding  functions  h±  are  re¬ 
lated  to  the  (stretched)  grid  that  is  being  used. 
Given  a  grid  which  may  be  clustered  in 

regions  of  the  flow  in  which  large  gradients  appear, 
the  filter  width  is  defined  in  the  associated  com¬ 
putational  space.  In  particular  a  filter  width  cov¬ 
ering  2n  intervals  in  the  xi-direction  implies  that 


Ai  =  \'Ka+n,0rt  ^  Xa-n„0,7l-  la  case  a  solid  wall 
is  present,  say  at  a  =  0  then  for  0  <  a  <  n 
the  requirement  that  the  filter  involves  only  points 
in  the  interior  of  the  flow  field  is  represented  by 
=  |x2a,p,7  “  i.e.  the  filter  width  in 

the  .Ti -direction  reduces  to  zero  as  we  approach  the 
solid  wall  from  above. 

The  total  filter  width  A  which  appears  in  the  def¬ 
inition  of  the  Smagorinsky  model  and  in  the  defini¬ 
tion  of  the  tensor  M  appearing  in  the  dynamic  for¬ 
mulation  is  given  by  A  =  ^(Af  +  A2  +  A^/S  and 

the  combined  filter  width  A  is  equal  to  \/5A.  The 
value  \/5  is  exact  for  Gaussian  filters  [10]  which  have 
the  property  that  the  combined  filter  is  a  Gaussian 
filter  as  well.  If  the  box  filter  is  used  the  combined 
filter  is  not  a  box  filter  vdiich  makes  it  somewhat 
more  difficult  to  define  A.  The  value  \/5  appears 
to  be  optimal  for  box  filters  in  the  following  sense. 
The  filter  operations  /  and  /  correspond  to  filter 
functions  with  rectangular  shapes.  The  combined 

filter  operator  /  corresponds  to  a  ’tent’  filter  func¬ 
tion,  sa}^  F.  The  best  approximation  of  T,  in  the 
1/2  norm,  with  a  rectangular  filter  function  gives 
^2  _  ^ 

A  A^  -f  A^  which  yields  the  factor  \/5  in  view 
of  the  choice  A  =  2A. 

The  integrations  required  when  evaluating  the 
box  filter  were  performed  using  the  trapezoidal  rule. 
A  similar  technique  was  adopted  for  the  integration 
over  the  homogeneous  directions  as  required  when 
calculating  Cs-  Finally,  at  the  boundaries  of  the 
computational  domain  the  field  is  extended  accord¬ 
ing  to  the  boundary  conditions  which  are  locally 
applied.  In  particular  zeroth  order  extrapolation  is 
used  at  far  field  boundaries  and  periodic  conditions 
are  imposed  for  the  homogeneous  directions. 

4  LES  tests  for  transition  in 
2D  flat  plate  flow 

In  this  section  we  present  some  results  obtained 
from  a  DNS  of  the  flow  over  a  flat  plate  in  2D.  Sub¬ 
sequently  some  a  priori  tests  are  described.  Two 
different  simulations  have  been  conducted  which 
differ  only  in  the  perturbation  which  is  added  to  the 
mean  field  in  order  to  define  the  initial  state.  We 
consider  either  simulations  initialised  on  a  low  am¬ 
plitude  random  noise  perturbation  confined  to  the 
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near  wall  region  or  simulations  in  which  a  specific 
eigensolution  as  predicted  by  linear  stability  theory 
[23,  24]  is  added  to  the  mean  field.  In  these  simula¬ 
tions  the  evolution  of  the  flow  starting  in  the  linear 
stability  regime  up  to  a  well  developed  flow  field  is 
observed.  A  priori  tests  which  are  based  on  a  well 
developed  flow  field  will  be  presented  subsequently. 

First  we  describe  the  set-up  of  the  simulation. 
A  temporal  simulation  is  performed,  i.e.  the  flow 
field  is  periodic  in  the  streamwise  (xi)  direction. 
The  wall  is  treated  as  isothermal  at  a  temperature 
equal  to  the  value  obtained  from  the  solution  to 
the  boundary  layer  equations  using  an  adiabatic 
wall  condition.  The  physical  situation  envisaged 
is  that  of  flow  over  an  adiabatic  wall  in  which  the 
fluctuations  in  the  flow  are  too  rapid  for  the  wall 
temperature  to  respond.  At  the  far-field  bound¬ 
ary  we  adopt  free-slip  conditions.  A  Mach  num¬ 
ber  M  =  1/2  and  a  Reynolds  number  Re  —  1000 
based  on  the  displacement  thickness  S*  are  used. 
The  computational  domain  has  a  length  Li  —  31 
in  the  streamwise  and  L2  ~  30  in  the  normal  di¬ 
rection  [9].  The  mean  held  used  to  define  the  ini¬ 
tial  state  is  obtained  from  a  solution  to  the  com¬ 
pressible  boundary  layer  equations  using  adiabatic 
wall  conditions.  Forcing  terms  are  added  to  the  xi- 
moment”m  and  the  energy  equation  such  that  this 
mean  field  is  a  steady  state  solution  of  the  forced 
equations.  The  initial  state  is  generated  by  adding 
a  specific,  low  amplitude  perturbation  to  this  mean 
field.  In  particular  we  consider  either  random  noise 
perturbations  multiplied  by  X2  exp(— .x^)  in  order  to 
confine  these  perturbations  to  the  near  wall  region 
or  we  add  the  eigenfunction  corresponding  to  the 
most  unstable  mode  for  the  specific  computational 
box  considered  according  to  linear  stability  theory. 
A  stretched  grid  is  used  in  the  normal  (X2)  direction 
clustering  points  in  the  near  wall  region: 


^(2)  ^  aL2T]j 
^  1  +  a  -  ?7j 


(4.1) 


in  which  712  is  the  number  of  cells  in  the  normal  di¬ 
rection  and  the  parameter  a  =  0.2.  The  grid  in  the 
streamwise  direction  is  uniform.  A  second  order  ac¬ 
curate  finite  volume  method  with  central  spatial  dif¬ 
ferencing  and  explicit  four  stage  Runge-Kutta  time 
stepping  is  used  [25].  This  method  was  validated 
using  results  from  linear  stability  theory  [26].  By 
considering  the  exponential  growth  of  fluctuations 
in  the  velocities  at  several  distances  x^^  from  the 


wall  it  was  observed  that  the  growth  rate  lo  w'as  pre¬ 
dicted  with  an  accuracy  well  within  0.5  %  using  128 
points  in  the  normal  direction  and  32  —  128  points 
in  the  streamwise  direction.  This  error  of  0.5  % 
was  observed  at  locations  close  to  the  wall;  in  the 
region  X2  >  1  the  error  in  uj  reduced  rapidly  to  less 
than  10“^  relative  error.  Moreover,  a  comparison 
of  the  results  obtained  for  uo  at  different  resolutions 
showed  a  clear  convergence  rate  consistent  with  a 
second  order  accurate  method. 


10' 


Figure  1:  Evolution  of  the  boundary  layer  thickness 
6  at  different  resolutions:  64  x  128  (solid),  64  x  64 
(dashed)  and  32  x  128  (dotted) 

In  figure  1  we  show  the  evolution  of  the  bound¬ 
ary  layer  thickness  6  which  was  obtained  from  the 
simulation  using  random  noise  perturbations  of  the 
mean  field  of  amplitude  10“'^.  The  boundary  layer 
thickness  remains  almost  constant  up  to  t  =  10“* 
after  which  a  logarithmic  time-dependence  is  ob¬ 
served,  i.e.  6  ~  log(t).  The  simulation  was  repeated 
on  different  grids  as  illustrated,  showing  that  the 
resolution  in  the  X2-direction  is  much  more  critical 
than  the  resolution  in  the  xi-direction.  The  evolu¬ 
tion  of  the  fluctuations  in  the  velocities  close  to  the 
wall  shows  a  transient  period  in  which  these  fluctu¬ 
ations  are  quite  erratic  and  decay  (see  fig.2).  This 
corresponds  to  the  stable  modes  contained  in  the 
random  initial  state.  After  this  transient  the  most 
unstable  mode  as  predicted  by  linear  stability  the¬ 
ory  becomes  dominant  and  is  captured  accurately 
using  128  points  in  the  normal  direction.  Around 
t  =  10'^  the  nonlinear  interactions  lead  to  a  satura¬ 
tion  of  the  fluctuations  in  the  kinetic  energy  and  an 
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Figure  2:  Evolution  of  the  fluctuations  in  uj  at  Xi  =  Figure  3:  Contours  of  vorticity-fluctuations  at  t  — 
0  and  X2  =  1/2  at  a  resolution  of  64  x  128.  Top  10000  (top)  and  t  =  15000  (bottom).  The  solid 
figure  shows  the  initial  behavior  and  bottom  figure  curves  denote  negative  values,  dotted  refer  to  posi- 
the  envelope  of  the  long  time  fluctuations.  tive  values  and  dashed  to  0. 


unsteady  saturated  state  sets  in.  The  shape  factor 
evolves  from  2.74  to  a  value  of  1.86  and  the  skin- 
friction  was  observed  to  initially  rise  considerably 
above  the  laminar  value  and  to  decrease  again  in 
the  long  time  regime.  For  t  >  10'*  the  mean  ve¬ 
locity  profile  develops  a  steeper  gradient  close  to 
the  wall  while  the  boundary  layer  thickness  grad¬ 
ually  increases.  The  fluctuations  in  ui,  relative  to 
the  mean  initial  velocity  profile,  in  the  center  of  the 
computational  box  at  a  distance  X2  =  1/2  from  the 
plate  is  shown  in  figure  2.  In  the  top  figure  the 
initial  evolution  is  shown  demonstrating  the  tran¬ 
sient  leading  to  the  most  unstable  mode  becoming 
dominant.  The  envelope  of  the  fluctuations  for  a 


long  time  run  is  shown  in  the  bottom  figure.  The 
fluctuations  are  oscillatory  with  a  frequency  that 
corresponds  closely  to  the  eigenvalue  as  obtained 
from  linear  stability  theory  in  the  initial  stages.  In 
the  long  time  regime  this  frequency  increases  only 
slightly.  A  similar  behavior  was  observed  for  the 
fluctuations  in  the  other  flow  variables.  Since  the 
simulation  is  2D  the  strongly  destabilizing  ’oblique 
mode’  mechanisms  which  are  responsible  for  the 
rapid  transition  in  3D  simulations  are  absent  [1,  27]. 
This  absence  has  several  consequences.  The  ’tran¬ 
sition’  process  in  2D  is  very  slow,  e.g.  the  above 
mentioned  decrease  in  the  shape  factor  takes  place 
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in  a  time  span  of  about  2x10'*  units  which  is  two  or¬ 
ders  of  magnitude  larger  than  in  3D.  Moreover,  the 
tail  of  the  energy  spectrum  is  much  steeper,  show¬ 
ing  that  only  very  little  small  scale  structures  are 
generated  in  2D.  The  well  developed  flow  field  bears 
little  resemblance  to  a  turbulent  flow  in  3D;  mainly 
a  large  scale  structure  of  the  size  of  the  computa¬ 
tional  box  is  observed. 


x2 

Figure  4:  Spatial  distribution  of  the  fluctuations  in 
T  for  f  =  0  (solid),  t  =  5000  (dashed),  t  =  10000 
(dotted)  and  t  =  15000  (dash-dotted). 
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Figure  5:  Contours  of  the  (l,2)-component  of  the 
turbulent  stress  at  t  —  15000. 

The  simulations  starting  from  a  random  noise 
perturbation  show  that  the  most  unstable  mode  as 
predicted  by  linear  stability  theory  becomes  domi¬ 
nant  after  a  certain  transient  period.  The  evolution 
beyond  the  time  in  which  this  mode  has  become 


dominant  is  hence  virtually  identical  to  the  evolu¬ 
tion  initialised  on  an  eigenfunction  perturbation. 
We  consider  this  second  set  of  simulations  next. 
The  amplitude  of  the  linear  stability  perturbation 
was  set  10”^.  In  figure  3  the  spatial  distribution  of 
the  fluctuations  in  the  vorticity  is  presented  for  dif¬ 
ferent  times.  In  the  linear  regime  two  separated  lay¬ 
ers  of  vorticity  fluctuations  in  the  near  wall  region 
are  present.  Both  positive  and  negative  vorticity 
fluctuations  are  observed.  The  regions  of  negative 
vorticity  fluctuation  are  seen  to  connect  near  the 
moment  beyond  which  the  boundary  layer  thick¬ 
ness  increases  logarithmically  with  time  (cf.  fig.l). 
For  later  times  the  connection  between  regions  of 
negative  vorticity  fluctuation  remains  and  becomes 
more  pronounced  as  shown  in  figure  3.  This  global 
development  of  the  flow  is  reminiscent  of  the  early 
stages  of  subsonic  transitional  flow  in  3D  simula¬ 
tions  of  flat  plate  flow  [27].  In  the  early  stages  the 
dominant  mode  is  two-dimensional  at  the  combina¬ 
tion  of  Mach  and  Reynolds  number  adopted  here. 
The  evolution  of  the  spatial  structure  of  the  fluc¬ 
tuations  in  the  temperature  is  shown  in  figure  4. 
In  particular  we  plot  the  xi -integrated  square  fluc¬ 
tuations  (T')^  normalised  such  that  the  maximum 
equals  1  (this  implies  different  normalizations  for 
the  different  curves).  Initially  the  spatial  structure 
of  these  fluctuations  corresponds  closely  with  the 
predictions  from  linear  stability  theory.  In  the  later 
stages  an  additional  structure  arises  near  X2  =  1/2 
and  the  maximum  shifts  away  from  the  plate. 

In  figure  5  we  show  the  spatial  distribution  of  pam 
at  t  =  15000.  The  simulation  is  based  on  128  x  128 
grid  cells  and  we  used  a  filter  width  A  correspond¬ 
ing  to  2  intervals  on  a  64  x  64  grid.  Similar  results 
were  obtained  when  using  different  filter-widths  and 
even  coarser  LES-grids.  One  clearly  observes  the 
saddle  structure  in  this  component  of  the  turbulent 
stress  [19].  Moreover,  since  use  is  made  of  a  ’pos¬ 
itive’  filter,  i.e.  the  kernel  of  the  generalized  box 
filter  is  positive,  the  other  components  of  the  tur¬ 
bulent  stress  are  positive  as  well  and  in  addition  we 
verified  that  |pai2|  <  [28].  These 

’realizability  conditions’  [29]  can  be  shown  to  hold 
if  and  only  if  the  filter-kernel  is  a  positive  function. 
The  use  of  a  non-positive  filter  such  as  the  spec¬ 
tral  cut-off  filter  can  give  rise  to  negative  values  of 
the  generalized  turbulent  kinetic  energy  k.  This 
has  some  consequences  on  the  combinations  of  fil- 
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ters  and  subgrid-models  that  can  be  used  in  LES,  in 
particular  when  using  so  called  one-equation  models 
involving  k  to  be  positive. 

Based  on  these  data  we  next  determine  the  cor¬ 
relation  of  the  models  introduced  in  section  3  with 
the  actual  turbulent  stresses.  Moreover,  we  con¬ 
sider  the  contribution  to  the  filtered  equations  aris¬ 
ing  from  the  non-commutation  of  the  filter  oper¬ 
ator  with  the  partial  differential  operators.  If  we 
consider  the  correlations  of  the  subgrid  models  in¬ 
troduced  in  section  3  with  the  turbulent  stresses 
we  observe  a  large  range  of  different  values.  If  we 
compare  the  models  on  tensor-level,  i.e.  w’e  com¬ 
pare  the  modeled  stress  tensor  with  the  turbulent 
stress  tensor  obtained  from  filtering  the  DNS-data, 
we  find  correlations  with  pa  12  very  close  to  1  for 
the  Bardina  and  mixed  models  and  practically  0  for 
the  Smagorinsky  and  the  Germane  models  using  A 
equal  to  2  intervals  on  a  64  x  64  grid.  Increasing 
A  or  coarsening  the  grid  does  not  lead  to  essen¬ 
tial  changes  in  the  correlations  although  a  decrease 
by  about  1%  is  observed  e.g.  for  Bardina’s  model. 
The  low  correlation  of  the  Smagorinsky  and  Ger- 
mano  models  seems  to  indicate  that  the  gradient 
hypothesis  for  the  turbulent  stress  tensor  is  inaccu¬ 
rate;  the  principal  axes  of  the  turbulent  stress  ten¬ 
sor  are  not  aligned  with  those  of  the  rate  of  strain 
tensor.  These  results  were  obtained  for  the  field  at 
t  =  15000  and  are  typical  for  other  times.  When 
comparing  the  models  at  vector-level,  i.e.  consider¬ 
ing  the  divergence  of  the  turbulent  stress,  the  cor¬ 
relation  of  the  Bardina  and  mixed  models  decreases 
slightly  (rs  2%)  whereas  the  Smagorinsky  and  Ger¬ 
mane  models  show  no  improvement.  A  compari¬ 
son  of  the  L2-norms  exhibits  a  similar  pattern;  the 
Smagorinsky  model  generates  a  far  too  high  value, 
the  Bardina  model  and  the  mixed  model  give  rise  to 
virtually  the  correct  norm  and  the  Germane  model 
underestimates  the  norm  considerably.  Typically 
the  Bardina  model  underestimates  the  norm  by  less 
than  1  %  and  the  mixed  model  overestimates  it  by 
about  5  %  . 

The  extension  of  the  box-filter  introduced  in  sec¬ 
tion  2  implies  the  occurence  of  additional  terms  in 
the  filtered  equations  due  to  the  non-commutation. 
In  figure  6  we  show  the  spatial  distribution  of  the 
three  terms  arising  from  the  filtering  of  the  non¬ 
linear  convection  term  dj{puiUj)  using  the  decom¬ 
position  as  introduced  in  eq.(2.11).  We  distin- 
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Figure  6:  Norm  of  mean  terms  (solid),  turbulent 
stress  (dashed)  and  non-commutation  term  (dash- 
dotted)  in  the  .xq-momentum  equation  at  t  —  15000. 
The  latter  two  curves  have  been  multiplied  by  a 
factor  of  10  in  order  to  represent  the  results  in  one 
graph. 

guish  between  a  mean  term  {dj{puiUj)),  a  turbu¬ 
lent  stress  term  (dj{paij))  and  an  associated  non- 
commutation  term.  In  order  to  represent  all  three 
results  in  one  graph  the  turbulent  stress  term  and 
the  non-commutation  term  have  been  multiplied  by 
a  factor  of  10.  Hence,  the  mean  term  is  clearly  dom¬ 
inant.  The  magnitude  of  the  turbulent  stress  term 
and  the  non-commutation  are  comparable.  Since 
the  simulation  is  in  2D,  these  observations  may  well 
be  quite  different  in  3D  simulations  and  in  a  pos¬ 
teriori  tests;  this  is  subject  of  future  investigation. 
The  non-commutation  terms  have  largely  been  dis¬ 
regarded  in  the  LES-modeling  so  far  because,  al¬ 
most  exclusively,  convolution  filters  have  been  ap¬ 
plied.  Following  the  approach  outlined  in  section  2, 
however,  it  appears  from  the  2D  results  that  a  care¬ 
ful  consideration  of  these  terms  is  necessary.  Mod¬ 
eling  these  terms  using  the  scale  similarity  hypoth¬ 
esis  seems  a  natural  first  attempt.  In  particular  we 
propose 

djF{U)  ~  djF{U)  ^  djFtjA)  -  (4.2) 

which  bears  a  strong  resemblance  with  the  Bardina 
model  for  the  turbulent  stress  itself.  A  priori  test 
results  showed  a  correlation  of  at  least  0.95  for  the 
present  2D-data  which  seems  to  indicate  that  ac¬ 
curate  models  for  the  non-commutation  terms  can 
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be  formulated.  In  order  to  further  establish  these 
results  it  is,  however,  required  to  perform  simula¬ 
tions  in  3D,  both  DNS  and  actual  LES  (a  posteriori 
tests).  The  results  of  this  study  are  anticipated  in 
the  near  future  and  will  be  published  elsewhere. 

5  LES  of  the  compressible 
mixing  layer  in  3D 

In  this  section  we  present  some  LES  results  obtained 
for  the  compressible  mixing  layer  in  3D.  In  this  ap¬ 
plication  a  convolution  filter  is  used,  which  implies 
that  the  non-commutation  terms  are  absent.  In¬ 
stead  we  focus  on  a  comparison  of  actual  LES  using 
the  subgrid  models  introduced  in  section  3  with  the 
filtered  DNS  results  for  a  3D  flow  in  which  a  well 
developed  turbulent  flow  field  develops  [15,  19,  30]. 
In  this  way  we  can  assess  the  quality  of  these  sub¬ 
grid  models  for  a  turbulent  flow,  supplementing  the 
results  obtained  for  the  flat  plate  flow  in  2D.  First 
we  describe  the  DNS  results  and  present  some  a 
posteriori  test  results  afterwards. 


2( 


10 


.10 

-20 


0  K)  20  30  40  50 

Figure  7:  Contours  of  spanwise  vorticity  for  the 
plane  =  {3/A)L3  at  t  —  20.  Solid  contours  and 
dotted  contours  indicate  negative  and  positive  vor¬ 
ticity  respectively.  The  contour  increment  is  0.2. 

The  Navier-Stokes  equations  were  solved  in  a 
rectangular  geometry  [0,Li]  x  [— L2/2,L2/2]  x 
[0,  Ls]  with  Li  =  L2  =  Lz  =  59  corresponding 
to  four  wave-lengths  of  the  most  unstable  mode  as 
predicted  by  linear  stability  [26]  at  M  =  0.2  and 
Re  =  50  using  half  the  initial  vorticity  thickness 


Figure  8:  Contours  of  spanwise  vorticity  for  the 
plane  xz  —  {3/A)Lz  ait  —  40. 


Figure  9;  Contours  of  spanwise  vorticity  for  the 
plane  X3  =  (3/4)I/3  at  t  =  80. 

as  length  scale.  Periodic  boundary  conditions  are 
imposed  in  the  xi  and  xz  directions,  while  in  the 
normal  X2  direction  the '  boundaries  are  free  slip 
walls.  The  basic  initial  velocity  profile  is  the  hy¬ 
perbolic  tangent  profile  Ui  =  tanh(x2).  The  ini¬ 
tial  mean  temperature  profile  is  obtained  from  the 
Busemann-Crocco  law  and  the  initial  pressure  dis¬ 
tribution  is  uniform.  Superimposed  on  the  mean 
profile  we  put  a  three-dimensional  large  amplitude 
eigenfunction  perturbation  as  described  by  Sand- 
ham  and  Reynolds  [30] .  A  simulation  on  a  uniform 
grid  with  192^  cells  is  performed  which  proved  to 
be  well  resolved  through  a  comparison  with  lower 
resolution  runs  using  64^  and  128^  cells.  The  con¬ 
vective  terms  are  treated  with  a  fourth  order  accu- 
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Figure  10:  The  evolution  of  Cs  for  the  Germano 
model  (dotted)  and  the  mixed  model  (dash-dotted). 

rate  hnite  difference  method.  The  growth  rates  of 
the  dominant  two-  and  three-dimensional  modes  are 
predicted  with  an  error  of  at  most  one  percent.  The 
DNS  demonstrates  the  roll-up  of  the  fundamental 
instability  and  successive  pairings.  Four  rollers  with 
mainly  negative  span-wise  vorticity  are  observed  at 
t  =  20  (hg.  7).  After  the  first  pairing  {t  =  40)  the 
flow  has  become  highly  three-dimensional  (hg.  8). 
Another  pairing  (t  =  80),  yields  a  single  roller  in 
which  the  flow  exhibits  a  complex  structure,  with 
many  regions  of  positive  span- wise  vorticity  (hg.  9). 
This  structure  is  a  result  of  the  transition  to  turbu¬ 
lence  which  has  been  triggered  by  the  pairing  pro¬ 
cess  at  t  =  40  [15,  31].  The  simulations  are  stopped 
at  t  =  100,  at  which  time  a  single  well  developed 
roller  remains. 

In  a  priori  tests  it  was  found  that  the  correla¬ 
tions  of  the  subgrid  models  with  the  turbulent  stress 
on  vector  level  is  close  to  zero  for  the  Smagorinsky 
and  Germano  model,  whereas  it  is  about  0.9  for 
the  Bardina  model  and  0.8  for  the  dynamic  mixed 
model.  A  calculation  of  the  subgrid  terms  in  the  en¬ 
ergy  equation  showed  that  at  M  =  0.2  these  terms 
are  very  small,  approximately  two  orders  of  mag¬ 
nitude  smaller  than  the  corresponding  mean  terms. 
Hence  these  terms  were  disregarded  in  the  a  pos¬ 
teriori  tests  [15].  For  the  actual  LES  we  selected 
a  32^  grid  in  order  to  represent  a  demanding  test- 
case  for  the  a  posteriori  tests  and  used  A  =  2h  with 
h  the  grid  spacing  on  the  coarse  grid.  We  used  the 
hltered  initial  state  for  the  DNS  to  dehne  the  initial 
state  for  the  LES. 


Figure  11:  The  evolution  of  the  kinetic  energy; 
coarse  DNS  (solid),  filtered  fine  DNS  (markers), 
Germano  model  (dotted),  Bardina  model  (dashed) 
and  mixed  model  (dash-dotted). 

In  hgure  10  we  show  the  evolution  of  the  average 
value  of  Cs  for  the  Germano  model  and  the  mixed 
model.  It  is  apparent  that  the  model  coefficient 
in  the  Germano  model  is  significantly  larger  than 
in  the  mixed  model  which  is  a  consequence  of  the 
introduction  of  the  Bardina  term  in  this  model.  The 
latter  term  correlates  very  well  with  the  turbulent 
stress  which  implies  that  the  eddy-viscosity  part  has 
to  account  for  a  strongly  reduced  ’portion’  of  the 
total  turbulent  stre.ss  [14]. 

In  figure  11  the  evolution  of  the  total  kinetic  en¬ 
ergy  is  shown  for  several  models.  The  results  for 
the  Smagorinsky  model  are  not  shown  here  since 
they  correspond  very  poorly  with  the  filtered  DNS 
results.  For  all  three  models  we  observe  that  the  re¬ 
sults  of  LES  are  better  than  those  corresponding  to 
a  coarse  grid  DNS.  Moreover,  the  results  obtained 
with  the  mixed  model  seem  to  be  somewhat  bet¬ 
ter  than  those  resulting  from  the  Bardina  model. 
Turning  to  the  evolution  of  the  momentum  thick¬ 
ness  (fig.  12)  we  observe  a  similar  improvement  of 
the  results  using  the  Bardina  and  mixed  models. 
The  Germano  model  appears  to  give  no  improve¬ 
ment  over  the  coarse  grid  DNS.  The  correspondence 
of  the  LES  and  hltered  DNS  results  is  not  as  good  as 
was  obtained  for  the  kinetic  energy.  The  remaining 
difference  between  the  LES  and  the  hltered  DNS 
results  can  be  attributed  to  two  aspects.  First,  fur¬ 
ther  improvement  in  the  subgrid  modeling  is  nec¬ 
essary.  Moreover,  the  effects  of  the  discretisation 
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Figure  12:  The  evolution  of  the  momentum- 
thickness:  identification  of  lines  as  in  figure  11. 

errors  cannot  be  disregarded  [19,  32]. 

6  Conclusions 

We  compared  DNS  and  LES  results  for  compress¬ 
ible  flow  over  a  flat  plate  in  2D  and  in  a  mixing 
layer  in  3D.  Both  a  priori  and  a  posteriori  tests 
have  been  performed  and  attention  was  paid  to  the 
contributions  of  the  non-commutation  terms  in  the 
filtered  equations.  It  was  shown  that  in  particular 
the  scale  similarity  hypothesis  in  combination  with 
the  Germano-identity  can  be  exploited  to  formulate 
accurate  models  for  the  turbulent  stress.  Both  for 
the  fiat  plate  and  the  mixing  layer  excellent  correla¬ 
tion  of  the  scale  similarity  model  of  Bardina  and  the 
dynamic  mixed  model,  with  the  turbulent  stress  was 
observed.  This  agreement  was  seen  to  hold  for  the 
entire  evolution  of  the  flow,  i.e.  in  the  transitional 
regime  as  well  as  in  the  early  stages  of  fully  devel¬ 
oped  turbulent  flow.  This  correlation  is  almost  ab¬ 
sent  for  the  eddy- viscosity  models  considered  which 
suggests  that  the  ’gradient  hypothesis’  is  inaccu¬ 
rate.  More  precisely,  it  appears  that  the  principal 
axes  of  the  rate  of  strain  tensor  are  not  aligned  with 
those  of  the  turbulent  stress  tensor.  These  a  priori 
observations  partially  clarify  the  differences  in  the 
performance  of  these  models  in  actual  LES,  i.e.  a 
posteriori  testing.  The  Bardina  and  mixed  models 
yielded  accurate  predictions  of  the  filtered  DNS  re¬ 
sults  whereas  the  Smagorinsky  model  yielded  very 
inaccurate  results.  The  need  to  perform  both  types 
of  LES-tests  is  apparent  in  view  of  the  results  ob¬ 


tained  with  the  dynamic  eddy-viscosity  model  of 
Germane.  In  a  priori  tests  the  correlation  proved 
to  be  very  small  and  strongly  fluctuating  in  time  for 
this  model  whereas  in  a  posteriori  tests  a  consider¬ 
able  improvement  when  compared  to  a  coarse  grid 
DNS  was  obtained  for  some  flow  properties. 

The  Altering  of  the  Navier-Stokes  equations  close 
to  solid  walls  was  considered  in  detail.  Usually  con¬ 
volution  filters  are  used  in  LES  which  have  a  num¬ 
ber  of  drawbacks.  These  drawbacks  can  be  removed 
for  filters  with  a  compact  support  when  allowing  the 
filter-width  A  to  be  a  function  of  the  spatial  coor¬ 
dinates.  With  such  an  extension  a  filter-width  vari¬ 
ation  can  be  determined  which  ’matches’  the  vari¬ 
ation  of  the  small  scale  structures  in  the  flow  and 
leads  to  a  more  efficient  filtering  of  the  equations.  A 
complication  that  arises  from  this  approach,  how¬ 
ever,  is  that  additional  terms  in  the  filtered  equa¬ 
tions  should  be  taken  into  account.  These  arise 
from  the  non-commutation  of  the  filter  operator 
with  the  partial  differential  operators.  Such  terms 
were  shown  in  2D  to  be  comparable  in  norm  to  the 
subgrid  terms.  Hence,  it  is  necessary  to  study  the 
contribution  of  these  terms  to  the  filtered  equations 
in  detail,  in  particular  in  physically  more  relevant 
3D  simulations.  It  appeared  that  the  scale  similar¬ 
ity  hypothesis  can  be  used  to  provide  models  for 
these  terms  which  have  a  high  correlation. 

These  results  obtained  for  the  flat  plate  flow  were 
based  on  simulations  in  2D  which  were  shown  to 
give  rise  to  well  developed  flow  fields  which  bear 
little  resemblance  to  well  developed  turbulent  flow 
fields  that  are  reported  for  flat  plate  flow  in  3D. 
Hence,  in  order  to  obtain  physically  relevant  conclu¬ 
sions  it  is  required  to  repeat  the  analysis  for  a  3D 
simulation.  Results  of  this  study  are  anticipated 
in  the  near  future  and  will  give  a  first  impression 
about  the  sensitivity  of  the  small  scale  contribu¬ 
tions  to  the  geometry  of  the  flow.  This  is  required 
if  LES  is  to  be  developed  systematically  for  turbu¬ 
lent  flow  in  more  complex  geometries  which  forms 
the  long-terms  objective  of  the  present  research. 
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1.  SUMMARY 

Direct  numerical  simulations  (DNS)  of  fully  developed 
turbulent  pipe  flow  and  sudden  pipe  expansion  flow 
with  an  expansion  ratio  of  ER  =1.2  have  been  per¬ 
formed.  The  former  DNS  provides  inflow  conditions 
for  the  latter.  The  upstream  Reynolds  number,  based 
on  friction  velocity  and  pipe  diameter  is  360  or  6950 
based  on  mean  centerline  velocity.  This  is  too  low 
a  Reynolds  number  to  obtain  a  universal  logarithmic 
law  of  the  wall.  Moreover,  tranverse  curvature  effects 
are  observed  when  the  data  are  compared  with  DNS 
data  of  Kim,  Moin,  Moser  (1987)  in  the  plane  chan¬ 
nel.  The  reason  for  these  effects  is  that  the  streak 
spacing  is  of  the  same  order  of  magnitude  as  the  pipe 
radius.  Hence,  the  pipe  expansion  flow  will  also  reflect 
transverse  curvature  effects.  The  mean  reattachment 
length  is  10.1  step  heights.  Instantaneous  and  statisti¬ 
cal  flow  variables  are  presented.  They  give  an  impres¬ 
sion  of  the  complex  flow  dynamics  in  the  free  shear 
layer,  the  recirculation  and  reattachment  regions. 

2.  PREFACE 

The  turbulent  flow  through  a  sudden  pipe  expansion 
is  of  great  theoretical  and  practical  importance  since 
it  involves  several  fundamental  flow  phenomena  and 
is  found  in  a  wide  variety  of  applications.  The  con¬ 
figuration  is  used  for  dump  combustors  where  swirl 
is  introduced  before  the  expansion  and  the  recircula¬ 
tion  zone  serves  as  a  flame  holder.  It  also  appears  e.g. 
in  piping  junctions.  The  major  features  of  this  flow 
are  a  free  shear  layer  which  rapidly  develops  down¬ 
stream  of  the  expansion  by  entraining  fluid  from  the 
main  stream  and  from  a  primary  recirculation  zone. 
The  shear  layer  curves  towards  the  wall  and  hits  it 
forming  a  broad  reattachment  region.  Downstream 
recovery  of  the  flow  is  so  slow  that  there  is  no  possi¬ 
bility  of  studying  it  in  a  DNS.  The  prediction  of  pipe 
expansion  flow  is  a  challenge  for  statistical  turbulence 
modelers,  even  today.  Unless  the  complex  turbulence 
dynamics  within  the  free  shear  layer  and  the  reattach¬ 
ment  region  are  fully  understood,  real  improvement  of 
turbulence  models  is  not  possible.  The  present  paper 
attempts  to  provide  more  insight  into  the  physics  of 
this  flow  based  on  instantaneous  and  statistical  data 
than  the  experiment  can,  at  least  at  low  Reynolds 
number. 


3.  NUMERICAL  METHOD 

In  order  to  obtain  a  spatially  discretized  version  of  the 
incompressible  Navier-Stokes  equations  in  cylindrical 
coordinates  we  apply  Schumann’s  volume  balance  pro¬ 
cedure  (1973)  and  use  his  definitions  of  surface  av¬ 
eraged  velocity  components  and  volume-averaged 
pressure  p,  viz  : 

—  ( Ua  dAa  (no  summation)  (1) 

i\A.ci  J 

with  AA^  =  rArAip  ,  AA,^  =  ArAz,  AA^  =  rAtpAz, 
AV  =  rArApAz.  Using  the  diameter  of  the  up¬ 
stream  pipe  D  and  the  wall  shear  velocity  Ur  for  non- 
dimensionalization,  the  dimensionless  and  finite  vol¬ 
ume  form  of  the  Navier-Stokes  equations  reads: 

^  ]  (AAq;  Uqi  AAof  Ua  1^,^—)  —  6  (3) 

a 

AU^-f 

E/3  [^^/3  -  '^)  le^+ 

-  AA^(upU^  +  p6ap  -  Tap)  If^-] 

-  (Term)„  =  0  (4) 

a, 13  =  z,p,r  . 

(Term)a  contains  the  curvature  terms: 


(Term)^ 

=  0, 

(5) 

(Term),^ 

AV  , _ _ , 

(6) 

-  ^  5 

(Term)r 

AK, _ _  _ , 

—  (  Uip  U(p  p  “  ^ipip)  • 

r 

(7) 

The  shear  stress  is  defined  as 
‘’’a?  — 

with  the  Reynolds  number  Rcr  =  UtD/v  and  the  de¬ 
formation  tensor 
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Sap  — 


f(<5v>i^  +  W)  »*^r  +  7'5v’'^ 

2(5rtV 

(5a  represents  a  central  difference  operator 
<^(^(»  +  A^a/2)-.^(ea- A^a/2) 


6oi<f) 


A^a 


(9) 


.  (10) 


The  momentum  equations  (4)  are  integrated  in  time 
on  staggered  grids  using  a  semi-implicit  scheme  in 
which  all  convection  and  diffusion  terms  containing 
derivatives  in  the  circumferential  direction  are  treated 
implicitly.  A  leap-frog  scheme  being  second-order  ac¬ 
curate  serves  to  integrate  the  remaining  convection 
terms  in  time.  Diffusive  terms  with  derivatives  in 
the  (r,z)-directions  are  treated  with  a  1st  order  Euler- 
backward  step.  Both,  leapfrog  and  Euler  steps  are  ex¬ 
plicit  and  consequently,  the  admissible  time-step  At 
must  be  limited  to  avoid  numerical  instabilities.  A 
conservative  choice  for  At  is: 


At  < 


1 


(11) 


A  variant  of  Chorin’s  (1968)  fractional-step  method  is 
applied  to  provide  the  coupling  between  the  pressure 
and  the  velocity  fields.  The  divergence  of  the  pressure- 
correction  equation  leads  to  a  Poisson-equation  which 
is  solved  using  Fast  Fourier  transforms  in  y?-direction. 
The  remaining  set  of  2D  Helmholtz  problems  in  irreg¬ 
ular  domains  is  treated  with  a  cyclic  reduction  algo¬ 
rithm  in  combination  with  the  influence  matrix  tech¬ 
nique  (Schumann  1980). 

On  the  pipe  centerline  the  basic  partial  equations  are 
singular.  In  their  finite-volume  form  and  on  staggered 
grids  these  equations  do  not  pose  serious  problems, 
but  require  an  approximation  concerning  the  radial 
velocity  component  at  its  position  closest  to  the  axis. 
This  component  is  extrapolated  from  neighbouring 
(inner)  mesh  points. 

3.1  Boundary  conditions 

Due  to  the  elliptical  nature  of  the  flow  equations 
boundary  conditions  are  needed  at  all  boundaries  of 
the  computational  domain.  At  the  wall  the  imperme¬ 
ability  condition  leads  to  vanishing  radial,  respectively 
axial  (at  the  expansion)  velocity  components.  Instead 
of  two  tangential  velocity  components  -  which  are  not 
defined  at  the  walls  within  this  finite  volume  scheme 
-  two  wall  shear  stresses 


_  2  u7{R  —  Ar/2,<p,  z,t) 

Rct  Ar 

_ _  _  2  u^{R  —  Ar(2,ip,  z,t) 

"  R^  A;^ 


(12) 


have  to  be  specified.  (12)  corresponds  to  the  dis¬ 
cretized  forms  of  these  stresses  for  the  pipe  sections. 


Corresponding  stresses  r^r  are  prescribed  at  the 
expansion. 

The  specification  of  boundary  conditions  for  the  in¬ 
coming  flow  poses  the  greatest  problem.  Random  ve¬ 
locity  fluctuations  satisfying  certain  constraints  could 
have  been  superimposed  on  a  mean  velocity  profile  as 
in  Le  et  al.  (1993).  We  preferred  to  choose  a  more 
accurate  and  tedious  way  of  obtaining  inflow  bound¬ 
ary  conditions.  A  DNS  of  fully  developed  pipe  flow  at 
Re-r  =  UtD/v  =  360  was  performed  simultaneously 
with  the  DNS  of  the  sudden  pipe  expansion  flow  to 
obtain  the  3D  time-dependent  velocity  vector  in  the 
inflow  plane  at  each  time  step  of  the  simulation. 

The  mean  outgoing  flow  is  linearly  extrapolated, 
whereas  the  fluctuating  velocity  components  are  com¬ 
puted  from  a  convection  equation  with  a  local  mean 
velocity  as  convective  speed. 

Boundary  conditions  for  the  Poisson  equation  are  de¬ 
rived  from  the  pressure  correction  equation. 

3.2  Initial  conditions 

To  start  the  DNS  of  fully  developed  pipe  flow  artificial 
initial  conditions  are  used  for  the  velocity  components 
in  each  cell.  They  consist  of  experimental  mean  values 
and  random  fluctuations  satisfying  the  constraints  of 
incompressibility  and  rms  profiles.  In  order  to  avoid 
the  subsequent  decay  of  the  initial  fluctuations  the  Re¬ 
number  is  increased  at  the  start  of  the  simulation  by  a 
factor  of  5  and  then  gradually  decreased  in  the  course 
of  one  eddy-turnover  time  (D/u^)  down  to  the  desired 
value.  This  is  ample  time  for  the  energy  spectrum 
to  build  up.  The  initial  conditions  for  the  DNS  of 
the  pipe  expansion  flow  are  constant  values  for  the 
remaining  components  in  the  field  downstream  of  the 
inflow  plane.  Due  to  the  boundary  conditions  for  the 
inlet  plane  these  false  initial  values  are  totally  swept 
out  of  the  computational  domain  in  the  course  of  6 
eddy-turnover  times. 

4.  COMPARISON  BETWEEN  FULLY  DE¬ 
VELOPED  PIPE  AND  CHANNEL  FLOW 

The  flow  entering  the  sudden  pipe  expansion  is  fully 
developed  and  has  a  Reynolds  number  Rct  =  UtD/v 
of  360.  This  corresponds  to  Reynolds  numbers  based 
on  bulk  velocity  wj  or  centerline  velocity  and  di¬ 
ameter  D  of  Ret  —  5300,  respectively,  =  6950. 
Rct  hzis  been  chosen  such  that  it  coincides  with  Re-r  = 
Urh/u  of  Kim  et  al.’s  (1987)  channel  flow  simulation  (h 
being  the  channel  width).  The  computational  domain 
is  5  pipe  diameters  long.  An  equidistant  cylindrical 
grid  system  has  been  chosen  with 

A2+  =  7.031,  (rAy>)+  =  0.046, ..,  8.789, 

Ar+  =  1.874  (13) 

The  minimal  Kolmogorov  length  scale  close  to  the  wall 
is  =  5.15.  The  grid  consisting  of  256  x  128  x  96 
cells  in  (z,  (p,  r)  directions  is  thus  fine  enough  to  resolve 
all  scales.  Essential  parameters  of  the  simulation  are 
summarized  in  table  1.  Only  20000  time  steps  i.e.  4 
problem  times  have  been  used  for  statistical  averaging. 
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Grid  (z,  ip,  r) 

256  X  128  X  96 

Geometry  (z,  ip,  r) 

5  X  2;r  X  0.5 

Timestep  At 

2-10-^ 

Number  of  timesteps 

184000 

CPU-time  per  A< 

6.8  sec 

CPU-time  per  At  and  point 

2.2  •  10“®  sec 

total  CPU-time 

400  h 

Required  memory 

29.7  MWords 

Table  1:  DNS  parameters  of  pipe  flow 


DNS 

Unger/ 

Wagner 

LDA 

Wester¬ 

weel 

DNS 
Kim 
et  al. 

DNS 

Gavri¬ 

lakis 

Geom. 

0 

0 

ffl 

Red 

6950 

7200 

6600 

5880 

Ret 

5300 

5450 

5600 

4421 

Rer 

360 

371 

360 

300 

Ud/Ur 

19.29 

19.39 

18.20 

19.56 

Ut/Uj 

14.74 

14.68 

15.63 

14.70 

Ud/Ut 

1.31 

1.32 

1.16 

1.33 

cj  ■  10^ 

9.21 

9.28 

8.18 

- 

Si/R 

0.126 

0.130 

0.141 

- 

Si/R 

0.068 

0.071 

0.087 

- 

hlh 

1.85 

1.83 

1.62 

- 

Table  2;  Comparison  of  integral  parameters, 

Ref.1  =  UciD/u,  Rei,  =  u\,D/v,  Rcr  =  u-rD/i/,  cj  = 
Twl\py-b'^ 


The  number  of  184000  time  steps  equals  that  needed 
for  averaging  of  flow  quantities  in  the  pipe  expansion. 

While  the  mean  velocity  profiles  of  pipe  and  channel 
flow  coincide  close  to  the  wall,  they  diverge  in  the  core 
regions  and  the  pipe  flow  does  not  follow  the  universal 
logarithmic  law.  To  achieve  this,  remarkably  higher 
Reynolds  numbers  have  to  be  used.  Table  2  compares 
integral  parameters  of  the  present  pipe  DNS  with  LDA 
data  of  Westerweel  et  al.  (1992),  with  DNS  data  of 
Kim  et  al.  (1987)  and  DNS  data  of  Gavrilakis  (1992) 
for  fully  developed  flow  in  a  duct  of  square  cross  sec¬ 
tion.  The  DNS  data  are  confirmed  by  the  LDA 
experiment  and  they  are  closer  to  the  data  for  the 
duct  than  for  the  channel,  which  is  due  to  the  fact 
that  sidewalls  are  missing  in  the  case  of  plane  chan¬ 
nel  flow.  Fig.l  shows  a  comparison  of  computed  and 
measured  mean  velocity  profiles.  It  is  obvious  that  the 
flow  in  the  pipe  follows  the  universal  log-law  only  for 
a  Reynolds  number  greater/equal  that  of  Durst  et  al. 
(1993),  i.e.  Red  =  9600.  On  the  other  hand  the  longi¬ 
tudinal  rms-velocity  fluctuations,  normalized  with  the 
mean  axial  velocity,  show  good  agreement  for  pipe  and 
channel  flow,  see  fig. 2.  The  remaining  two  rms  fluctu¬ 
ations  are  somewhat  lower  than  in  the  channel.  We  see 
the  cause  for  this  behaviour  in  the  transverse  curva¬ 
ture  of  the  pipe  wall  which  the  fluid  experiences  when 


Figure  1:  Mean  velocity  profiles  versus  log-law, 

Pipe:  - present  DNS,  □  LDA  Durst  et 

al.  (1993),  o  LDA  Westerweel  et  al.  (1992),  -|-  PIV 

Westerweel  et  al.  (1992).  Channel: - Kim  et 

al.  (1987). 


Figure  2:  Rms  velocity  fluctuations,  normalized  with 
the  mean  axial  velocity.  Symbols  as  in  figure  1. 


0  50  100  150 


Figure  3:  Pressure  strain  and  pressure  diffusion  terms 
for  pipe  (lines)  and  channel  flow  (symbols,  data  of 
Kim  et  al.  (1987)). 
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Figure  4:  TKE  budget  for  pipe  (lines)  and  channel 
flow  (symbols).  PR  =  production,  TD  =  turb.  dif¬ 
fusion,  VPG  =  velocity  pressure  gradient  correlation, 
VD  =  viscous  diffusion,  DS  =  turbulent  dissipation. 

it  approaches  the  wall  in  sweep  events.  In  the  present 
case  the  radius  of  curvature,  expressed  in  wall  units, 
Rur/v,  is  180  which  is  comparable  to  the  streak  spac¬ 
ing  of  120  (Ferziger  (1993)).  Transverse  curvature 
effects  are  also  reflected  in  the  pressure  strain  (PS) 
and  pressure  diffusion  (PD)  terms  appearing  in  the 
transport  equations  for  the  radial  and  circumferential 
velocity  components.  In  figure  3  we  present  profiles 
of  these  terms.  While  does  not  show  any  dif¬ 

ference  between  pipe  and  channel  flow  in  the  viscous 
and  buffer  layers,  the  other  terms  are  lower  in  the 
pipe  than  in  the  channel.  In  the  core  regions  the  geo¬ 
metrical  differences  between  the  two  flows  again  show 
up.  A  comparison  of  the  kinetic  energy  budgets  for 
both  flows  is  given  in  figure  4.  Minor  differences  of 
the  TKE  production  rate  away  from  the  wall  are  due 
to  the  shapes  of  the  two  velocity  profiles.  We  feel 
that  these  results  demonstrate  that  DNS  with  cen¬ 
tral  finite  difference  schemes  of  second  order  accuracy 
provides  very  reliable  results  as  long  as  the  smallest 
turbulent  scales  are  properly  resolved.  For  more  de¬ 
tails,  see  Unger  et  al.  (1993),  Unger  (1994)  and  Eggels 
et  al.  (1994). 

5.  RESULTS  FOR  PIPE  EXPANSION  FLOW 

The  computational  domain  consists  of  an  upstream 
pipe  section  of  diameter  D  and  length  1.484D  and 
a  downstream  section  of  diameter  1.2D  and  length 
2.03D.  180  X  128  x  115  mesh  cells  are  used  in  (z,  <p,  r)- 
directions  to  resolve  this  domain.  The  grid  spacing  is 
the  same  as  that  for  the  incoming  flow,  see  (13).  A 
few  more  details  of  the  DNS  are  summarized  in  table 
3.  This  flow  has  only  one  homogeneous  direction  to 
be  used  for  statistical  averaging.  A  great  number  of 
realizations  is  therefore  needed  to  obtain  stable  aver¬ 
ages.  Each  250th  time  step  provides  one  of  the  700 
realizations  used  for  averaging. 

The  Reynolds  number  based  on  centerline  velocity  of 
the  incoming  flow  and  step  height  0.1  D  is  Reu  =  695. 
The  reattachment  length  in  terms  of  step  height  is 


Grid  {z,  tp,  r) 

180  X  128  X  115 

Geometry  (z,  (p,  r) 

3.51  X  27r  X  0.6 

Timestep  At 

2  •  10-‘‘ 

Number  of  timesteps 

184000 

CPU-time  per  At 

10.4  sec 

CPU-time  per  At  and  point 

3.9  •  10"“  sec 

total  CPU-time 

600  h 

Required  memory 

29  MWords 

Table  3:  DNS  parameters  of  pipe  expansion  flow 


10.1.  This  is  in  agreement  with  experimental  data  of 
Nitsche  and  Haberland  (1993)  for  fully  developed  in¬ 
coming  flow,  but  a  three  times  higher  Reynolds  num¬ 
ber. 

5.1  Instantaneous  flow  field 

Figure  5  presents  perspective  views  of  the  instanta¬ 
neous  velocity  field  in  terms  of  contour  lines  of  the 
three  velocity  components.  They  haye  their  own  char¬ 
acteristic  features.  The  formation  of  shear  layers  with 
locally  high  gradients  in  the  near  wall  region  and  in 
the  mixing  layer  is  a  typical  feature  of  the  longitu¬ 
dinal  velocity  component  (top).  The  circumferential 
velocity  is  organized  in  flow  structures  which  are  in¬ 
clined  in  a  characteristic  manner  with  respect  to  the 
axis.  The  spotty  character  of  the  wall  normal  velocity 
component  (bottom)  is  well  known  from  wall-bounded 
turbulent  shear  layers.  The  increase  in  turbulence  ac¬ 
tivity  in  the  mixing  layer  due  to  extra  rates  of  strain 
is  reflected  from  all  components.  The  flow  dynam¬ 
ics  within  the  recirculation  and  mixing  layer  regions 
are  demonstrated  in  the  following  3  figures  showing 
contour  lines  and  velocity  vectors  in  two  cross  sec¬ 
tions,  one  immediately  downstream  of  the  expansion 
{z  =  1.484),  the  other  slightly  upstream  of  the  mean 
reattachment  line.  Ai  z  —  1.6  the  longitudinal  ve¬ 
locity  in  figure  6  reflects  a  smooth  external  shape 
of  the  mixing  layer.  Further  downstream  we  notice 
that  this  layer  is  extremly  corrugated  by  high  speed 
fluid  which  comes  from  the  core  region  and  pene¬ 
trates  the  recirculation  zone  causing  local  patches  of 
downstream  momentum  although  the  mean  flow  is 
reversed.  It  is  useful  discussing  figures  7  and  8  si¬ 
multaneously.  They  show  projections  of  the  velocity 
vector  into  {z  =  const )-planes  and  contour  lines  of 
pressure  fluctuations.  In  fig.  7  each  fourth  velocity 
vector  has  been  plotted  only.  There  seem  to  be  zones 
with  high  longitudinal  vorticity.  The  lines  tp  =  tt  and 
ip  =  157r/8  e.g.  pass  through  these  zones  with  veloc¬ 
ity  vectors  turning  round  clockwise  and  anticlockwise, 
respectively.  The  pressure  fluctuations  in  these  spots, 
see  fig.  8,  show  minimum  values  which  underlines 
their  vortical  nature. 


Figure  6:  Contour  lines  of  the  instantaneous  longitudinal  velocity  in  planes  z  =  1.6  (left)  and  z  =  2.2  (right). 
Values  range  from;  —1.957  <  <  20.61,  —4.813  <  <  20.35.  Solid/dashed  lines  represent  positive/negative 


Figure  7;  Projections  of  the  instantaneous  velocity  vector  into  planes  z  =  1.6  (left)  and  z  =  2.2  (right).  The 
scaling  in  the  two  plots  differs  by  a  factor  of  two. 


Figure  8:  Pressure  fluctuations  in  planes  z  —  1.6  (left)  and  z  =  2.2  (right).  Solid/dashed  lines  represent 
positive/negative  values.  Values  range  from  —7.157  <  p  <  3.885  (left),  —28.14  <  p  <  47.03  (right). 
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5.2  Statistically  averaged  flow  fleld 

Since  the  incoming  flow  is  swirlfree,  the  statistically 
averaged  flow  field  is  cixially  symmetric.  The  mean  ve¬ 
locity  vector  has  only  two  components,  namely  those 
for  axial  and  radial  flow,  (u^),  {ur).  Their  profiles  at 
different  positions  are  plotted  in  fig.  9.  The  dotted 
line  separates  foreward  from  backward  flow.  It  is  the 
line  of  zero  mean  axial  velocity,  starting  at  the  ex¬ 
pansion  and  ending  at  the  mean  reattachment  point. 
Especially  the  radial  velocity  shows  that  the  flow  at 
the  outlet  is  still  developing  in  axial  direction. 

Contour  lines  of  the  four  non-zero  components  of  the 
Reynolds  stress  tensor  are  plotted  in  figures  10  and 
11. 

It  is  obvious  that  the  highest  turbulence  activity  oc¬ 
curs  in  the  mixing  layer.  Maximum/minimum  values 
exceed  those  in  the  wall  layer  of  the  incoming  flow  by 
roughly  an  order  of  magnitude.  The  biggest  ampli¬ 
fication  rates  are  achieved  in  the  radial  component, 
the  lowest  in  the  longitudinal  component.  The  fact 
that  the  maximum  values  of  the  Reynolds  stress  com¬ 
ponents  appear  at  different  downstream  positions  re¬ 
flects  the  complexity  of  the  turbulence  dynamics  of 
this  flow  and  the  difficulties  to  correctly  predict  it 
with  turbulence  models.  A  close  inspection  of  the  con¬ 
tour  lines,  especially  of  the  circumferential  turbulence 
intensity,  shows  perturbations  near  the  outlet  plane 
which  are  due  to  the  boundary  condition  used.  They 
do  not  travel  far  upstream  and  are  therefore  irrelevant. 

The  importance  of  turbulence  transport  in  the  reat¬ 
tachment  zone  is  underlined  by  contour  plots  of  the 
triple  correlations  (ur  Uz  («r  and  («r  in 

figure  12  from  top  to  bottom.  In  the  reattachment 
zone  all  quantities  show  qualitatively  the  same  be¬ 
haviour,  namely  a  transport  towards  the  wall  and  fur¬ 
ther  away  from  the  wall  an  even  stronger  transport 
towards  the  cixis.  Both  effects  are  dominated  by  the 
characteristics  of  the  mixing  layer  and  exceed  simil- 
iar  effects  in  fully  developed  pipe  flow  by  an  order  of 
magnitude. 

The  increEise  in  turbulence  activity  in  the  mixing 
layer  entails  an  increase  in  turbulent  dissipation  rate. 
Fig.  13  shows  profiles  at  three  axial  positions  z  =  0.1, 
1.6  and  2.2.  While  e  reaches  values  of  48  close  to 
the  wall  (nondimensionalized  with  / D)z=a  in  fully 
developed  pipe  flow,  the  mixing  layer  produces  max¬ 
imum  rates  of  120.  Even  the  reversed  flow  dissipates 
turbulent  kinetic  energy  at  a  maximum  rate  of  90  close 
to  the  wall. 

A  quantity  which  is  extremly  difficult  to  measure  close 
to  the  wall  even  with  non-intrusive  devices  like  the 
LDA,  is  the  flatness  factor  of  the  velocity  fluctuations. 
From  Kim  et  al.’s  (1987)  spectral  data  for  fully  de¬ 
veloped  channel  flow  it  is  well  known  that  the  wall 
normal  fluctuation  has  a  flatness  factor  of  20  in  the 
vicinity  of  the  wall.  Fig.  14-16  show  profiles  of  the 
three  flatness  factors  for  the  same  axial  positions  as 
in  fig.  13,  one  close  to  the  inflow,  the  other  two  within 
the  recirculation  zone. 


In  the  mixing  layer  slightly  downstream  of  the  expan¬ 
sion  the  flatness  factor  of  the  axial  velocity  fluctu¬ 
ations  achieves  the  biggest  values  in  contrary  to  its 
behaviour  in  the  wall  layer  of  fully  developed  flow. 
This  again  is  a  manifestation  of  the  complexity  of  the 
turbulence  dynamics  of  the  present  flow. 

We  conclude  the  discussion  of  mean  flow  quantities 
with  profiles  of  the  rms  vorticity  fluctuations  in  fig. 
17-19.  Near  reattachment  the  axial  vorticity  fluctua¬ 
tions  are  enhanced  and  reach  values  close  to  those  of 
the  circumferential  component.  This  is  true  for  the 
region  close  to  the  wall  (reversed  flow)  and  for  the 
mixing  layer  zone,  and  it  is  in  contrast  to  the  flow 
behaviour  upstream. 

6.  CONCLUDING  REMARKS 

A  DNS  based  on  second  order  accurate  central  differ¬ 
encing  has  been  performed  to  study  the  turbulent  flow 
in  a  sudden  pipe  expansion.  Comparison  of  the  incom¬ 
ing  flow  with  fully  developed  channel  flow  of  the  same 
Reynolds  number  bzised  on  friction  velocity  (Kim  et 
al.’s  (1987)  spectral  data)  underlines  the  reliability  of 
the  present  data  and  reveals  transverse  curvature  ef¬ 
fects.  The  pipe  expansion  flow  is  characterized  by  a 
primary  recirculation  zone,  a  mixing  layer  and  a  reat¬ 
tachment  zone.  Extra  rates  of  strain  within  the  mix¬ 
ing  layer  provide  a  strong  increase  of  turbulence  ac¬ 
tivity  and  turbulent  dissipation  rate.  The  complexity 
of  the  turbulence  dynamics  is  demonstrated  in  terms 
of  snapshots  of  instantaneous  flow  quantities  and  in 
terms  of  1-point  correlations  up  to  fourth  order.  The 
DNS  results  form  a  databaise  which  can  be  used  to 
test  and  improve  turbulence  models. 


0.0  O.S  1.0  1.5  2.0  2.5  3.0  3.5 

z/D 

Figure  9:  Profiles  of  mean  axial  (top)  and  radial  velocity  (bottom).  The  dashed  line  connects  points  of  zero 
mean  axial  velocity 
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Figure  10:  Contour  lines  of  turbulence  intensities,  in  axial  (top)  and  circumferential  directions  (bottom).  Range 
of  values:  0.685  <  (u^  ^)  <  16.30  (top),  4.98  <  {u^  <  5.79  (bottom).  Solid/dashed  lines  represent  posi¬ 

tive/negative  values. 


e 


flatness  factor 


Figure  13:  Profiles  of  turbulent  dissipation  rate  at  Figure  16:  Profiles  of  flatness  factors  at  the  axial  po- 
three  axial  positions:  -  :z  =  0.1, - :  sition  z  =  2.2,  notation  see  fig.  14. 


flatness  factor 

Figure  14:  Profiles  of  the  flatness  factors  of  the  3  ve¬ 
locity  fluctuations  at  the  axial  position  z  =  0.1,  - 

-^2, //at)  •  'U[/jj//atj  —  ■  —  ■  ; 


Figure  17:  Profiles  of  the  rms  vorticity  fluctuations 
(^2  )  )rm5  (solid,  dashed,  dashed-dotted  lines,  re¬ 

spectively)  at  the  axial  position  z  =  0.1,  Values  are 
non-dimensionalized  with  (u,-^/i/)^-o. 


Figure  15:  Profiles  of  flatness  factors  at  the  axial  po-  Figure  18:  Profiles  of  the  rms  vorticity  fluctuations  at 
sition  z  =  1.6,  notation  see  fig.  14.  the  axial  position  z  =  1.6,  notation  see  fig. 17. 
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Figure  19:  Profiles  of  the  rms  vorticity  fluctuations  at 
the  axial  position  z  —  2.2,  notation  see  fig.  17. 
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Resume 

Des  simulations  numeriques  d’ecoulements  decoUes  ont  etc 
effectuees  a  I’aide  du  code  PEGASE  (version  1.1)  en  si¬ 
mulation  directe  et  en  simulation  des  grosses  structures. 
La  resolution  des  equations  de  Navier-Stokes  incompres- 
sibles  est  basee  sur  une  methode  de  projection.  La  dis¬ 
cretisation  spatiale  est  efFectuee  par  une  approche  hybride 
differences  finies  /  elements  finis.  Les  resultats  dans  le  cas 
de  la  marche  descendante  bidimensionnelle  concernant  une 
validation  en  simulation  directe  efFectuee  a  des  nombres  de 
Reynolds  de  valeur  inferieure  ou  egale  a  800  et  un  cas  avec 
modeHsation  de  sous-maille  a  un  nombre  de  Reynolds  egal 
a  11  200  sont  presentes. 

Summary 

Direct  Numerical  Simulations  and  Large  Eddy  Simula¬ 
tions  of  separated  flows  have  been  carried  out  using  the 
PEGASE  code  (release  1.1).  The  incompressible  Navier- 
Stokes  equations  are  solved  using  a  projection  method. 
The  spatial  discretization  is  performed  via  a  hybrid  finite 
difference  /  finite  element  approach.  Results  related  to 
the  bidimensional  backward  facing  step  provided  in  DNS 
at  Reynolds  numbers  up  to  800  and  in  LES  at  a  Reynolds 
number  equal  to  11  200  are  shown. 

1  Introduction 

Les  progres  recents  des  algorithmes  de  Simulation  Directe 
(Direct  Numerical  Simulation  ou  DNS)  permettent  au- 
jourd’hui  d’aborder  I’etude  numerique  d’ecoulements  in- 
stationnaires  decoUes  presents  dans  de  nombreuses  appli¬ 
cations  industrielles. 

La  comprehension  du  comportement  de  tels  ecoulements 
est  tres  importante,  dans  le  domaine  aeronautique  par  ex- 
emple,  car  ils  conditionnent  les  performances  des  vohures 
(en  terme  de  portance  et  de  trainee)  en  particulier  lors  du 
phenomene  de  decrochage. 

Ces  ecoulements  complexes,  difRciles  a  modeliser, 
representent  un  champ  de  recherche  privilegie  pour  la 


simulation  d’ecoulements  de  fluide  reel.  Les  experiences 
numeriques,  a  caractere  fondamental,  devraient  contribuer 
a  une  meilleure  comprehension  des  mecanismes  regissant 
ces  ecoulements  complexes  et  constituer  a  terme  une  base 
de  reference  pour  les  calculs  a  caractere  plus  industriel 
utihsant  des  modeles  classiques  de  turbulence. 

C’est  dans  ce  but  qu’a  ete  developpe  a  I’ONERA  le  code 
de  simulation  directe  PEGASE  (version  1.1).  La  methode 
adoptee  pour  la  resolution  des  equations  de  Navier-Stokes, 
ecrites  en  formulation  vitesse-pression,  est  une  methode 
de  projection  resolvant  une  equation  de  Poisson  pour  la 
pression.  La  discretisation  des  equations  se  fait  sur  un 
maiUage  non-decale.  L’approximation  des  operateurs  aux 
derivees  partielles  est  basee  sur  un  schema  hybride  dif¬ 
ferences  finies/elements  finis  d’ordre  2  en  espace.  Le 
schema  temporel  est  de  type  Euler  exphcite. 

La  methode  est  appUquee  ici  au  cas  de  I’ecoulement 
derriere  une  marche  descendante.  Cette  configuration 
representative  des  ecoulements  instationnaires  fortement 
decoUes  constitue  un  cas-test  tres  severe  pour  la  vahda- 
tion  des  methodes  numeriques  et  des  modeUsations  de 
sous-maiUe  (Large  Eddy  Simulation  ou  LES).  Les  resul¬ 
tats  presentes  ici  constituent  une  etape  preUminaire  de  si¬ 
mulation  numerique  sur  des  geometries  bidimensionnelles 
permettant  de  preparer  les  futures  simulations  tridimen- 
sionneUes.  Ils  montrent  les  capacites  du  code  developpe 
a  simuler  correctement  les  ecoulements  a  nombre  de 
Reynolds  inferieur  ou  egal  a  800  et  ont  permis  d’iUustrer 
un  cas  d’ecoulement  a  nombre  de  Reynolds  plus  eleve  egal 
a  11  200  necessitant  I’introduction  d’une  modeHsation  de 
sous-maiUe. 

2  Formulation  mathematique 

La  methode  mise  en  oeuvre  dans  le  code  PEGASE  est  une 
methode  de  projection  qui  permet  de  resoudre  les  equa¬ 
tions  de  Navier-Stokes  instationnaires  d’un  fluide  incom¬ 
pressible.  Le  systeme  d’equations  de  base,  compose  de 
I’equation  de  continuite  et  des  equations  de  conservation 
de  quantite  de  mouvement,  est  derive  de  maniere  a  obtenir 
un  systeme  equivalent  constitue  des  equations  de  quantite 
de  mouvement  et  d’une  equation  de  Poisson  pour  la  pres- 
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sion.  Le  terme  non-lineaire  des  equations  de  quantite  de 
mouvement  est  traite  soit  sous  la  forme  conservative,  soit 
sous  la  forme  semi-conservative. 

Le  systeme  discret  correspondant  aux  equations  de  quan¬ 
tity  de  mouvement  et  a  I’equation  de  Poisson  sur  la  pres- 
sion  est  obtenu  a  I’aide  de  schemas  precis  a  I’ordre  2.  Ces 
schemas  sont  derives  au  moyen  d’une  approche  hybride 
faisant  intervenir  une  methodologie  differences  finies  pour 
certains  d’entre  eux  et  une  methodologie  elements  finis 
pour  les  autres,  cette  derniere  etant  basee  sur  une  decom¬ 
position  de  type  Ql.  Ces  schemas,  mis  en  oeuvre  sur  des 
msdllages  non-decales,  ont  demande  une  attention  parti- 
culiere,  en  particulier  en  ce  qui  concerne  le  traitement  des 
termes  de  convection  et  plus  generalement  la  discretisa¬ 
tion  des  derivees  premieres  composant  I’operateur  diver¬ 
gence.  Le  schema  resultant  evite  le  decouplage  des  points 
de  discretisation  qui  apparait  lorsque  Ton  utilise  les  sche¬ 
mas  classiques  et  qui  se  traduit  par  I’apparition  de  modes 
parasites  dans  la  solution. 

2.1  Probleme  continu 


Les  termes  visqueux  ont  ete  elemines  dans  I’equation  (4) 
en  tenant  compte  de  (1)  et  du  fait  que,  dans  le  cas  continu, 
les  operateurs  Laplacien  et  divergence  commutent. 

Le  systeme  continu  effectivement  considere  se  compose  de 
I’une  des  equations  (2)  ou  (3)  et  de  I’equation  de  Poisson 

(4). 

A  ces  equations  sont  associees  des  conditions  initiales  et 
des  conditions  aux  limites  portant  sur  la  vitesse  et  sur  la 
pression. 

Sur  des  frontieres  d’entree  ou  des  parois  solides  on  impose 
une  condition  de  Dirichlet  portant  sur  la  vitesse  associee 
a  une  condition  de  Neumann  portant  sur  la  pression  : 


{ 


V 

ep 

On 


V.  (u  igi  il)] 


ou  W  est  un  champ  de  vitesse  donne  et  n  le  vecteur 
unitaire  normal  a  la  frontiere.  La  seconde  equation  est 
obtenue  par  projection  de  I’equation  de  quantite  de  mou¬ 
vement  sur  cette  normale. 

Sur  des  frontieres  de  type  sortie  on  impose  des  conditions 
portant  sur  la  contrainte  a  la  frontiere  : 


La  resolution  dans  un  domaine  Q  des  equations  de  Navier- 
Stokes  instationnaires  adimensionnees  d’un  fluide  incom¬ 
pressible  s’exprime  en  variables  primitives  vitesse  v  = 
(■a,  w)  et  pression  cinematique  p  (i.e  divisee  par  la  den- 
site)  en  coordonnees  cartesiennes  x  =  (a:,z)  par  I’un  des 
systemes  suivants  : 

termes  non  Uneaires  sous  forme  conservative  : 

(1)  V  ■  V  =  0  dans  f2 

(2)  ^ -f  V  ■  (u  (8  if)  =  — Vp -f 

at  Ke 

ou  termes  non  lineaires  sous  forme  semi-conservative  : 

V  •  if  =  0  dans 


(3)  ^  -t-  ^  ( V  •  (if  8  tf)  -I-  if  •  Vif)  =  -Vp  -f  -^V^if 

at  2  Ke 

ou  Re  est  le  nombre  de  Reynolds.  Le  choix  de  la  formu¬ 
lation  est  guide  par  les  caracteristiques  de  I’ecoulement. 
La  formulation  semi-conservative  sera  preferee  a  la  for¬ 
mulation  conservative  dans  le  cas  d’ecoulements  domines 
par  les  phenomenes  convectifs,  plus  precisement  lorsque  le 
nombre  de  Reynolds,  qui  est  une  mesure  du  rapport  en- 
tre  termes  convectifs  et  termes  diffusifs,  prend  des  valeurs 
elevees. 

Ce  probleme  est  resolu  par  une  methode  de  projection 
qui  consiste  a  substituer  a  I’equation  de  continuity  (1) 
une  yquation  portant  sur  la  pression.  Cette  yquation  est 
obtenue  en  appliquant  I’opyrateur  divergence  a  I’yquation 
de  quantity  de  mouvement  (2),  dont  les  termes  non 
linyaires  sont  sous  forme  conservative. 

—  V^p  =  V  ■  V  ■  (if  8  if)  -b  ^  (V  •  if) 


6vr 

dn 


-P  4-  — 

^  ^  Re 


6ti 


=  0 
=  0 


oil  Vt  et  Vn  sont  respectivement  les  composantes  tangen- 
tieUe  et  normale  de  la  vitesse  a  la  frontiere.  La  premiere 
de  ces  yquations  est  une  approximation  de  la  relation  im- 
posant  la  contrainte  tangentielle  nuUe,  la  seconde  traduit 
la  relation  imposant  la  contrainte  normale  nuUe. 

Le  probleme  requiert  de  plus  la  donnye  d’une  condition  ini- 
tiale  if(x,  0)  =  ifo(x)  satisfaisant  a  I’yquation  de  continuity 
V  •  ifo  =  0.  Cette  solution  est  obtenue  en  deux  ytapes  :  la 
premiere  consiste  a  calculer  un  champ  de  vitesse  rygulier 
compatible  avec  la  donnye  des  conditions  aux  limites,  la 
seconde  est  une  ytape  de  correction  inspiree  de  la  technique 
utilisye  par  P.M.  Gresho  [7]  consistant  a  projeter  le  champ 
obtenu  dans  un  espace  a  divergence  nuUe,  afin  de  satisfaire 
la  contrainte  d’incompressibilite  a  I’instant  initial. 


2.2  Probleme  discret 

Le  domaine  de  calcul,  suppose  rectangulaire,  est  dycom- 
posy  en  quadrangles  formant  un  maillage  sur  lequel  on 
dyfinit  des  variables  coUocatives. 

Les  dyrivdes  premieres  dyfinissant  I’opyrateur  divergence 
du  terme  de  convection  ycrit  sous  forme  conservative, 
ainsi  que  la  divergence  de  la  vitesse  au  second  membre 
de  I’yquation  de  pression,  doivent  etre  discrytisdes  avec 
soin.  Le  schema  classique  differences  finies  s’dcrit  pour 
deux  variables  (f)  et  iji  : 


Sx<t>i.h  +  +  O(Ax^)  -b  O(Az^) 

avec, 


(4) 
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6^<t>i,h  +6ri)i,h  = 

{iu.k+x  -  'Pi.k-^) 

n  genere  des  oscillations  dues  au  decouplage  des  noeuds 
d’indice  (i-t-k)  pair  et  (i-|-k)  impair  [9],  D’autres  schemas 
developpes  dans  les  approches  volumes  finis  et  elements 
finis  ont  ete  proposes  afin  d’eviter  cet  effet. 

La  methode  decrite  ici  utilise  un  schema  centre  du  second 
ordre  definie  en  2-D  par  : 


K4>i,k  +  K'Pi.k 


=  i2Ax  ^  ~ 

-I-  4  X  {<j)i+i,h  —  <j>i-l,k) 

-f  } 

+  -  V't+l.*-l) 

-I-  4  X  ) 

+  (V'i-l.fc-H  -  } 


6xz(l>i,k  =  -  <l>i,k+l  -  <l>i+l.k-l  + 

Dans  le  cas  d’une  frontiere  de  type  Dirichlet  sur  la  vitesse, 
la  prise  en  compte  de  la  condition  de  type  Neumann  sur 
la  pression  est  obtenue  par  des  developpements  de  type 
differences  finies  au  point  demi-entier  voisin  du  point  fron¬ 
tiere.  Dans  le  cas  d’une  firontiere  de  sortie,  la  composante 
tangentielle  de  vitesse  est  evaluee  en  discretisant  la  derivee 
normale  par  un  schema  decentre  au  second  ordre.  Dans  le 
cas  d’une  frontiere  i=Imax  par  exemple  on  a  : 

{w)jmax,h  ~  3  ^  ■U'/max-l,*  —  U'Imax-2,*) 

La  composante  normale  est  obtenue  a  I’aide  d’une  formule 
d’extrapolation  du  second  ordre  : 

~  ^  ^  U/tnax— l,fc  3  X  Vjfrnax — 2,fc  “h  ^Imax—Z,k 


Ce  schema  est  issu  d’une  approche  discrete  de  type  ele¬ 
ments  finis  dans  le  cas  d’une  decomposition  sur  une  base 
de  fonctions  bilineaires  par  morceaux  definies  sur  des  ele¬ 
ments  quadrangulaires.  Les  sommets  de  ces  quadrangles 
definissent  les  noeuds  de  calcul.  Bien  que  le  schema  soit 
plus  couteux,  huit  points  pour  la  divergence  compare  a 
quatre  pour  le  schema  standard  differences  finies,  il  pos- 
sede  de  meilleures  proprietes  concernant  le  couplage  des 
points  dans  les  deux  directions  x  et  z. 

L’approche  elements  finis  utilisee  ici  est  cependant  dif- 
ferente  de  la  methodologie  classique.  La  premiere  dif¬ 
ference  concerne  la  prise  en  compte  discrete  des  conditions 
aux  limites  qui  est  effectuee  en  utilisant  un  schema  aux  dif¬ 
ferences  finies.  La  seconde  tient  au  fait  que  ces  schemas 
sont  appliques  egalement  aux  termes  non  lineaires  issus  du 
terme  convectif  [3].  Cette  derniere  caracteristique  conduit 
d’ailleurs  a  une  expression  plus  simple  et  moins  couteuse. 
Dans  le  cas  de  I’utilisation  de  la  forme  semi-conservative 
du  terme  de  convection,  la  partie  purement  convective 
de  ce  terme  est  discretisee  au  moyen  d’un  schema  decen¬ 
tre  d’ordre  3  en  espace,  similaire  a  celui  expose  dans  la 
reference  [10].  L’utilisation  de  ce  schema  permet  de  sta¬ 
biliser  le  calcul  en  introduisant  un  terme  de  dissipation 
d’ordre  4  sans  reduire  I’ordre  global  du  schema. 

Les  operateurs  de  derivees  secondes  et  de  derivees  croisees 
qui  apparaissent  dans  I’equation  de  pression  sont  issus 
d’une  approche  differences  finies  classique.  Ce  qui  conduit 
aux  expressions  suivantes  : 

(S) 

Sxx<l>i,k  =  {<i>i+l,k  —  ^<i>i-l,k  +  ^i-l,k+l} 


la  pression  est  idors  une  donnee,  si  I’on  se  refere  au  para- 
graphe  2.1. 

Le  calcul  de  la  vitesse  utilise  le  schema  de  type  Euler  ex- 
plicite.  La  methode  de  projection  du  premier  ordre  per¬ 
met  de  decoupler  les  problemes  en  vitesse  et  en  pression 
et  d’imposer  la  contrainte  d’incompressibilite.  On  peut 
noter  que  ce  type  d’approximation  temporelle  est  bien 
adaptee  aux  architectures  paraUMes  des  nouveaux  super- 
calculateurs. 

Les  composantes  de  la  vitesse  a  I’instant  n-|-l  sont  donnees, 
dans  le  cas  de  la  formulation  conservative  par  : 

ir+'-  =ir-  At  -f  D*  • 

et,  dans  le  C2a  de  la  formulation  semi-conservative  par  : 

ir+'  =  iT  -  At  [d’p’'  - 

+i(D*.(ir®tr‘)  +  0(0)) 

oil  I’operateur  discret  C(i7")  correspond  au  schema  decen¬ 
tre  mentionne  plus  haut  et  les  operateurs  discrets  D'  et  L 
sont  definis  comme  suit  ; 

D‘  =  {Si,  Slf,  L=  6,,^  + 

On  peut  remarquer  que  la  vitesse  peut  etre  csJculee  par 
simple  substitution  algebrique  des  que  la  pression  est  don¬ 
nee  en  chaque  noeud. 

Dans  le  but  de  rcsoudre  (2)  ou  bien  (3)  tout  en  satis- 
faisant  (1),  la  pression  est  calculee  a  partir  de  I’equation 
(4)  dans  laqueUe  le  terme  ^  (V  •  if)  est  discretise  par 
(D*  •  -D*  ■iP')  /At  et  en  posant  D'  ■  1^+^  =  0 
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afin  de  satisfaire  I’equation  de  continiiite  a  I’instant  n-fl. 
L’equation  discrete  en  pression  s’exprime  alors  sous  la 
forme  : 

-{^=:xPi,h  +  SzzP?,k)  =  Sxxiu^)i,k  +  Szz{w^)Zk 
+  2Sz.z{nw)lk  - 

Le  dernier  terme  du  membre  de  droite  est  retenu  dans 
I’equation  comme  un  terme  correcteur,  puisque  I’equation 
de  continuite  n’est  pas  directement  satisfaite.  Ceci  permet 
d’empecher  I’accumulation  d’erreurs  qui  conduit  a  des  in- 
stabilites  poUuant  la  solution  des  equations  de  quantite  de 
mouvement  [8]. 

Les  proprietes  de  stabilite  d’un  tel  schema  sont  donnees 
par  le  critere  bidimensionnel  suivant  ; 

At  <  Min  (a;  /3) 

ou 

_ 2v  _  Ax^ 

M ax  [y? '  iv 

Le  systeme  lineaire  associe  au  probleme  en  pression  est 
resolu  a  I’aide  d’une  methode  iterative  de  minimisation 
de  residus  de  type  gradient  conjugue,  le  Bi-CGSTAB  pro¬ 
pose  par  H.A.  Van  der  Vorst  [15].  Cette  technique  permet 
de  resoudre  des  systemes  non-symetriques  et  necessite  de 
faibles  ressources  memoire.  EUe  a  ete  utilisee  avec  un  pre- 
conditionnement  de  type  Jacobi  dans  le  cas  de  maillage  a 
pas  variable. 

Une  description  plus  detaillee  des  proprietes  de  la  methode 
numerique  du  code  PEGASE  est  fournie  dans  la  reference 
[11]. 

3  Resultats 

Les  resultats  presentes  concernent  la  configuration  de  la 
marche  descendante.  Deux  types  de  calcul  ont  ete  en- 
trepris  avec  cette  configuration.  Le  premier  concerne 
I’ecoulement  dans  une  plage  de  Reynolds  correspondant  a 
un  regime  laminedre  ayant  pour  but  de  valider  la  methode 
presentee  plus  haut.  Le  second  constitue  une  application 
de  la  methode  dans  le  cas  d’un  ecoulement  turbulent  ne- 
cessitant  I’utilisation  d’une  modelisation  de  sous-maiUe. 
Dans  les  deux  cas,  il  s’agit  de  calculs  bidimensionnels  con- 
stituant  une  etude  prehminaire  aux  developpements  futurs 
de  la  methode  dans  le  cas  tridimensionnel. 

3.1  Cas  laminaire 

Dans  le  but  de  valider  la  methode,  une  etude  a  ete  effec- 
tuee  sur  le  cas  de  la  marche  descendante  pour  des  nom- 
bres  de  Reynolds  inferieurs  a  800.  Le  choix  de  cette  con¬ 
figuration  a  ete  guide  par  I’aspect  fortement  decoUe  de 
I’ecoulement  et  la  presence  d’une  singularite  sur  le  profil  de 
vitesse  amont.  Des  resultats  concernant  la  longueur  de  la 


zone  de  recirculation  en  fonction  du  nombre  de  Reynolds 
sont  compares  a  des  resultats  experimentaux.  Pour  un 
nombre  de  Reynolds  egal  a  800  les  resultats  obtenus  sont 
compares  aux  resultats  numeriques  presentes  dans  le  cadre 
du  Minisymposium  sur  les  conditions  aux  Hmites  de  sortie 
organise  a  Stanford  en  1990  [4].  La  configuration,  cor¬ 
respondant  au  cas  test,  qui  a  ete  utilisee  pour  I’ensemble 
de  ces  calculs  est  schematisee  sur  la  figure  1.  Le  rapport 
entre  la  hauteur  du  canal  de  sortie  et  la  hauteur  du  canal 
d’entree  est  egal  a  2.  Les  conditions  aux  limites  sur  la 
vitesse  correspondent  a  un  profil  parabolique  sur  la  fron- 
tiere  d’entree,  des  conditions  d’adherence  sur  les  parois  et 
des  conditions  d’ecoulement  fibre  sur  la  frontiere  de  sortie. 
La  longueur  L  correspond  a  la  distance  separant  la  marche 
de  la  frontiere  av8il.  Le  nombre  de  Reynolds  est  base  sur 
la  vitesse  debitante  amont  et  sur  la  hauteur  H  du  canal. 
Sur  la  figure  2  ont  ete  reportes  les  resultats  portant  sur 
la  longueur  de  la  zone  de  recirculation  (caracterisee  par 
I’abscisse  x,  du  point  de  recoUement  )  en  fonction  du 
nombre  de  Reynolds.  Les  resultats  numeriques  sont  en 
bon  accord  pour  des  nombres  de  Reynolds  inferieurs  a 
400  avec  les  resultats  experimentaux  obtenus  par  Armaly 
et  al.  [1].  Pour  des  nombres  de  Reynolds  superieurs, 
I’ecart  observe  pent  etre  explique  par  le  changement  de 
regime  de  I’ecoulement  qui  devient  tri-dimensionnel.  Ceci 
est  illustre  par  le  schema  de  la  figure  3  ou  les  differents 
regimes  de  I’ecoulement  (en  particufier  I’aspect  bi-  ou  tri- 
dimensionnel  et  le  caractere  laminaire,  transitionnel  ou 
turbulent  de  I’ecoulement)  sont  reportes  en  fonction  du 
nombre  de  Reynolds.  Numeriquement,  cette  explication 
semble  confirmee  par  le  fait  que  I’utifisation  d’un  mafilage 
deux  fois  plus  fin  conduit  au  meme  resultat. 

Les  resultats  suivants  concernent  un  nombre  de  Reynolds 
egal  a  800.  Dans  ce  cas  le  pas  de  temps  est  egal  a  0.0005, 
le  mafilage  est  compose  de  801  X  41  points  correspondant  a 
un  domaine  de  longueur  egale  a  40  hauteurs  de  marche.  Le 
calcul  a  ete  mene  sur  800  000  pas  de  temps  correspondant 
a  un  temps  adimensionne  de  400.  Le  cout  correspondant 
est  de  I’ordre  de  20  heures  CPU  sur  CRAY-YMP  pour 
32000  points. 

Sur  la  figure  4  sont  tracees  les  fignes  iso-pression  et  iso- 
vorticite  aux  temps  adimensionnes  10,  20  et  300.  EUes 
mettent  en  evidence  les  structures  de  I’ecoulement  et  leur 
evolution  au  cours  du  temps.  L’ecoulement  genere  der- 
riere  la  marche  est  compose  d’une  succession  de  structures 
tourbfilonnaires  localisees  pres  des  parois  superieure  et  in- 
ferieure  du  canal.  Seules  deux  structures  principEiles,  cor¬ 
respondant  a  la  zone  de  recirculation  situee  juste  en  aval  de 
la  marche  et  a  la  zone  de  recirculation  situee  plus  en  aval 
sur  la  paroi  superieure,  subsistent  a  I’etat  stationnaire. 

La  figure  5  montre  revolution  au  cours  du  temps  des  com- 
posantes  de  vitesse  longitudinale  u  et  tranversale  w  en 
differents  points  de  I’ecoulement.  Ces  resultats  sont  en 
parfEut  accord  avec  les  resultats  numeriques  obtenus  par 
Gresho  et  al.  [6]  et  montrent  en  particufier  que  Ton  at- 
teint  un  etat  stationnaire  a  partir  d’un  temps  egal  a  150. 
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Les  resultats  obtenus  a  I’etat  stationnaire,  correspondant 
au  temps  adimensionne  de  400.,  sont  reportes  sur  les  fi¬ 
gures  6  et  7.  Les  profils  de  vitesse  dans  deux  sections  du 
canal  sont  compares  aux  resultats  numeriques  obtenus  par 
Gartling  [4].  L’accord  entre  les  difFerents  resultats  est  tres 
bon.  L’ecart  sur  la  composante  w  dans  une  section  situee 
a  7  hauteurs  de  canal  correspond  a  une  sous-estimation  de 
I’ordre  de  1%  de  la  longueur  de  recirculation.  Par  ailleurs 
les  repartitions  de  pression  et  de  frottement  sur  les  parois 
du  canal  tracees  sur  la  figure  7  coincident  egalement  avec 
les  resultats  donnes  dans  la  reference  [4]. 

L ’influence  de  la  position  de  la  fcontiere  aval  a  ete  eva- 
luee  en  effectuant  un  calcul  complementaire  avec  L=7H. 
On  pent  observer  sur  les  figures  8  et  9  que  la  position 
de  cette  frontiere,  meme  lorsqu’elle  est  placee  dans  une 
zone  critique  de  I’ecoulement  (en  I’occurence  au  voisinage 
du  point  de  recoUement  dans  le  cas  L=7H)  ne  perturbe 
pas  de  fagon  significative  I’ecoulement.  D’un  point  de  vue 
qualitatif,  les  lignes  iso-pression  et  iso-vorticite  portees  sur 
la  figure  8  montrent  que  les  structures  de  I’ecoulement  sont 
tout  a  fait  similaires  dans  les  deux  cas.  II  est  a  remarquer 
que  le  resultat  obtenu  est  valable  non  seulement  pour  la 
solution  stationnaire  mais  egalement  pour  les  temps  in- 
termediaires  de  la  phase  transitoire.  D’un  point  de  vue 
quantitatif,  les  courbes  des  coefficients  de  pression  et  de 
frottement  sur  les  parois  du  canal,  tracees  sur  la  figure  9, 
confirment  ce  resultat  malgre  les  differences  au  voisinage 
de  I’extremite  du  canal.  Cependant,  les  ecarts  observes 
sont  faibles  et  les  structures  de  I’ecoulement  sont  encore 
bien  representees. 

3.2  Cas  turbulent 

Le  cas  de  la  marche  descendante  est  simule  ici  a  un  nombre 
de  Reynolds  egal  a  11200.  La  geometrie  de  la  marche,  iUus- 
tree  par  la  figure  10,  correspond  a  celle  etudiee  experimen- 
talement  par  Eaton  et  Johnston  [2].  Par  rapport  a  la  con¬ 
figuration  precedente,  outre  le  nombre  de  Reynolds  eleve 
correspondant  a  un  regime  turbulent,  la  presence  d’une 
singiilarite  geometrique  represente  une  difRculte  supple- 
mentaire  qui  a  ete  traitee  de  maniere  satisfaisante.  Les  ca- 
racteristiques  du  calcul  correspondent  a  un  rapport  canal 
de  sortie  sur  canal  d’entree  egal  a  5/3,  a  une  position  de  la 
frontiere  aval  du  domaine  situee  a  50H  et  un  canal  d’entree 
d’une  longueur  de  0.75  H.  Le  nombre  de  points  et  les  resser- 
rements  de  maillage  utilises  ne  permettent  pas  de  resoudre 
toutes  les  structures  de  I’ecoulement  turbulent  au  nombre 
de  Reynolds  choisi.  II  est  done  necessaire  d’elFectuer  une 
simulation  des  grosses  structures  a  I’aide  d’une  modelisa- 
tion  de  sous-maiUe.  Trois  types  de  modeles  de  sous-maille 
bases  sur  le  concept  de  viscosite  turbulente  ont  ete  im- 
plementes  dans  PEGASE  :  le  mod^e  de  Smagorinsky,  le 
modele  dynamique  [13]  [5]  et  le  mod^e  stochastique  de 
cascade  inverse  d’energie  (Stochastic  Backscatter)  [12]. 
Quatre  calculs  ont  ete  effectues  sur  cette  configuration  : 
trois  calculs  a  I’aide  des  modeles  de  sous-maille  mention- 
nes  plus  haut  avec  un  maillage  de  301  X  31  points  et  un 


C2dcul  de  simulation  directe  avec  un  maillage  de  601  x  61 
points.  Chaque  calcul  a  ete  elFectue  jusqu’a  un  temps  adi¬ 
mensionne  de  400.  Le  cout  d’un  calcul  sur  un  maillage  de 
10  000  points  et  pour  80  000  pas  de  temps  est  de  I’ordre 
de  2  heures  CPU  sur  un  CRAY-YMP. 

La  figure  11  montre  les  lignes  iso-pression  et  iso-vorticite 
qui  mettent  en  evidence  les  structures  presentes  dans 
I’ecoulement  a  un  temps  adimensionne  de  200  dans  le  cas 
d’une  simulation  avec  le  modele  dynamique. 

La  figure  12  montre  les  profils  de  vitesse,  moyennes  sur 
un  temps  de  300,  dans  3  sections  du  canal  situees  en  aval 
de  la  marche.  Les  resultats  obtenus,  dont  une  analyse  de- 
taillee  est  fournie  dans  la  reference[l4],  sont  tres  sensibles 
au  modele  de  sous-maille  utilise.  L’ecart  avec  les  resultats 
experimentaux  (et  en  particulier  I’ecart  avec  la  simulation 
directe)  montrent  qu’il  est  difRdle  de  reproduire  par  un 
calcul  bidimensionel  une  experience  par  essence  tridimen- 
sionneUe. 

4  Conclusion 

Le  code  PEGASE  a  ete  developpe  a  I’ONERA  dans  le  but 
d’effectuer  des  simulations  directes  et  des  simulations  des 
grosses  structures.  Les  tests  numeriques  effectues  ont  mon¬ 
tre  que  la  technique  de  discretisation  mise  en  oeuvre  four- 
nit  des  resultats  d’excellente  qualite  a  nombre  de  Reynolds 
modere.  De  plus,  PutUisation  d’une  modelisation  de  sous- 
maille  a  permis  d’effectuer  ,a  titre  d’iUustration,  un  cas  de 
calcul  a  nombre  de  Reynolds  plus  eleve. 

L’experience  acquise  et  les  resultats  prometteurs  obtenus 
sur  une  geometrie  bidimensionnelle  permettent  d’envisager 
le  calcul  de  configurations  complexes  tridimensionnelles  a 
faible  ou  haut  nombre  de  Reynolds. 
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Figure  1  :  Geometrie  de  la  marche  descendante  (cas  laminaire) 
Dimensions  et  Conditions  aux  Limites. 
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Figure  2  :  Evolution  du  point  de  recollement  en  fonction  du  nombre  de  Reynolds. 


Laminaira 


Transition 


Turbulent 


Figure  4  :  Evolution  des  structures  de  I’ecouiement  en  fonction  du  temps 
Lignes  iso-pression  et  iso-vorticite. 
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Figure  9  :  Influence  de  la  position  de  la  frontiere  aval 
pression  et  frottement  sur  les  parois  du  canal. 
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SUMMARY 

Smagorinsky  and  structure-function  models  are  applied 
to  the  large  eddy  simulation  of  the  turbulent  flow  over  a 
cavity  at  a  Reynolds  number  Re  =  63,600.  The  near¬ 
wall  flow  region  is  modeled  by  implementing  either  a 
logarithmic  law-of-the-wall  or  an  exponential  damping 
function.  Results  obtained  with  two  values  of  the 
Smagorinsky  constant,  =  0.10  and  0.20,  have  been 
compared.  Further,  the  results  provided  by  the 
mentioned  subgrid-scale  models  are  compared  with  those 
obtained  using  the  standard  k-e  model.  As  a  basis  for  the 
comparison,  LDV  measurements  of  mean  and 
fluctuating  turbulent  quantities  are  also  reported.  The 
computational  results  have  demonstrated  that  the  use  of 
large  eddy  simulation  is  clearly  rewarding  in  face  of  k-e 
model  computation,  yielding  better  results  employing  a 
similar  number  of  grid  nodes. 


1 .  INTRODUCTION 

There  is  a  consensus  upon  the  fact  that  the  direct 
simulation  of  the  time-dependent  Navier-Stokes 
equations  represent  a  complete  and  accurate  description 
of  the  behavior  of  turbulent  flows.  However,  the 
enormous  costs  of  computer  time  required  by  the  full 
simulations  have  restricted  the  investigations  to  flows  at 
low  or  moderate  Reynolds  numbers.  Therefore,  the  direct 
numerical  simulation  (DNS)  of  geometrically-complex 
flows  of  engineering  interest  seems  to  be  beyond  the 
actual  computing  capabilities.  The  engineers  and 
planetary  scientists  argue  that  cheaper  prediction 
methods  are  needed,  which  explains  why  turbulenee 
modeling  has  ruled  until  nowadays.  Limited  by  the 
aforementioned  restrictions,  DNS  has  mainly  performed 
the  role  of  provider  of  a  deeper  understanding  of  the 
basic  processes  involved  in  turbulenee,  although 
definitely  contributing  to  the  improvement  of  the 
foundations  of  existing  models.  Nevertheless,  it  has 
been  proved  that  the  universal  application  of  these 
models  is  unattainable,  as  they  cannot  predict  a 
significant  range  of  perturbed  (exhibiting  streamline 
curvature,  in  the  presence  of  unsheared  free-stream 
turbulence,  etc.)  non-trivial  turbulent  flows,  without 
arbitrary  adjustment  of  the  empirical  constants. 

It  is  within  this  landscajre  that  one  technique  which  was 
developed  a  few  decades  ago  rejuvenates,  as  it  has 
received  renewing  interest  for  the  purpose  of  common 


turbulence  calculations.  We  are,  of  course,  speaking 
about  large  eddy  simulation  (LES),  where  the  large-scale 
turbulent  eddies  (resolved  scales  of  motion)  are 
calculated  explicitly  and  only  the  effects  of  the  small- 
scale  motions  (subgrid-scale)  are  parametrized.  The 
prospects  of  success  of  such  procedure  are  anticipated, 
because  the  properties  of  most  turbulent  flows  are 
dominated  by  the  influence  of  the  large-scales  which  are 
problem  dependent.  Another  implicit  advantage  is  that 
the  small-scale  eddies  display  a  much  more  isotropic 
character  than  the  energy-containing  ones,  that  facilitates 
its  necessary  modeling.  On  the  other  hand,  as  LES  only 
requires  the  resolution  of  the  large  eddies  by  the 
numerical  method,  much  coarser  grids  than  those  that 
must  be  used  in  DNS  calculations  can  be  employed. 
Both  the  reduction  of  the  demand  of  computational 
efforts  and  the  continuous  increase  of  computing  power, 
have  made  LES  a  serious  competitor  of  the  standard  one- 
point  closure  turbulence  models.  In  contrast  to  DNS, 
successful  calculations  of  more  and  more  complex 
flows,  with  undeniable  engineering  relevance,  are  likely 
to  be  available  in  a  very  near  future. 

The  encouraging  results  obtained  by  Deardorff^  for  the 
simulation  of  turbulent  plane  channel  flow,  based  on  the 
formulation  first  proposed  by  Smagorinsky^,  have  been 
retrieved  with  several  improvements  by,  e.g., 
Schumann^,  and  Moin  and  Kim^,  among  others.  The 
immediate  evolution  of  such  a  simple  geometry,  rolling 
out  to  approach  problems  of  direct  and  practical 
application  is  the  backward-facing  step,  where 
phenomena  like  curvature,  recirculation  and  reattachment 
are  already  present.  This  geometry  has  deserved  the 
careful  studies  accomplished  by  Kobayashi  et  al.^,  Amal 
and  Friedrich^,  and  Neto  et  al.^,  the  latter  employing  a 
new  formulation,  known  as  the  structure-function 
model.  Also,  a  slightly  more  complicated  geometry,  i.e. 
the  flow  around  a  cubic  obstacle,  was  investigated  by 
Werner  and  Wengle^,  and  Yang  and  Ferziger.^ 

The  subject  of  the  present  work  stands  out  as  a  natural 
sequence  of  the  aforementioned  geometry  evolution 
towards  problems  of  engineering  interest,  i.e.  we 
propose  to  study  the  turbulent  flow  over  a  cavity.  This 
geometry  arises  in  several  practical  flowfields,  such  as 
slotted-wall  wind  and  water  tunnels^®,  aircraft 
components  and  the  cooling  of  electronic  chips.^^ 
Therefore,  the  main  aim  of  the  present  study  is  to 
explore  the  possibilities  of  extending  LES  to  real  day  by 
day  problems.  With  this  objective  in  mind,  experiments 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  “Application  of  Direct  and  Large  Eddy 
Simulation  to  Transition  and  Turbulence”  held  at  Chania,  Crete,  Greece,  in  April  1994. 


8-2 


have  been  carried  out  for  a  Reynolds  number  of  63,600, 
embracing  laser- Doppler  measurements  of  the  mean  and 
fluctuating  turbulent  velocities.  Considering  the 
engineering  purpose  of  this  work  and  due  to  the 
impossibility  of  resolving  accurately  the  wall  regions, 
wall  functions  were  implemented  for  the  grid  nodes  next 
to  the  solid  surface.  For  the  remaining  flow,  two 
subgrid-scale  models  were  utilized:  Smagorinsky  and 
structure-function  proposed  by  Metais  and  Lesieur.^^ 
The  numerical  predictions  have  been  obtained  using  an 
explicit  differencing  scheme,  known  as  QUICKEST.^^ 


2.  EXPERIMENTAL  PROCEDURE 

2.1  Flow  Configuration 

The  experimental  setup,  illustrated  in  Fig.  1,  consisted 
of  a  rectangular  cavity  model  formed  on  the  floor  of  a 
PERSPEX  water  tunnel,  0.170  m  in  depth,  0.200  m  in 
width  and  7  m  in  length.  The  water  was  drawn  from  a 
constant-head  discharge  tank  and  pumped,  in  a  closed- 
circuit,  into  a  pressurized  tank.  Further  details 
concerning  the  water  tunnel  were  given  by  Durao  et 
al.^'^.  The  cavity  model  spanned  the  width  of  the  test 
section  by  the  combination  of  appropriate  upstream  and 
downstream  PERSPEX  plates,  yielding  a  depth-to- 
cavity  length  ratio  h/b  =  0.5  and  a  depth-to- width  ratio 
h/w  -  0.12,  where  hlH  -  0.141  (see  Fig.  1). 


The  present  results  were  obtained  for  a  fully  developed 
channel  flow,  characterized  by  a  Reynolds  number,  based 
on  the  cavity  depth.  Re  =  Ughlv  -  63,600. 

2.2  LDV  Measurements 

The  use  of  Laser-Doppler  velocimetry  (LDV)  allowed  to 
obtain  accurate  measurements  of  turbulent  velocity 
characteristics  in  the  growing  shear-layer  and  inside  the 
separated  flow  regions  as  well.  The  measurement 
procedure  used  in  this  investigation  has  been  explained 
in  detail  by  Durao  et  al.^^,  therefore  only  a  brief 
description  will  be  given  here.  The  velocimeter  was 
operated  in  the  dual-beam  forward- scatter  mode  and 
sensitivity  to  the  flow  direction  was  provided  by 
acousto-optic  modulation  from  a  Bragg  cell  unit. 
Measurements  of  the  longitudinal  and  transverse 


velocity  components  {  u  ,  v  )  at  the  channel 
centerplane,  as  well  as  the  corresponding  variances 

(  u'^  ,  v'2  )  were  performed.  The  time  averaged 

velocities  and  the  velocity  statistics  were  evaluated  by 
ensemble  averaging,  calculated  from  blocks  containing 
10,000  samples. 

The  velocity  measurements  may  be  affected  by  non- 
turbulent  Doppler  broadening  errors,  due  to  gradients  of 
mean  velocity  across  the  measuring  volume  (see,  e.g.. 
Durst  et  al.^^).  Particles  moving  through  the  scattering 
volume  at  different  lateral  locations  scatter  light  at 
varying  frequencies,  independently  of  the  turbulent 
velocity  fluctuations.  However,  velocity  gradient 
broadening  is  usually  significant  only  near  the  walls. 
The  maximum  error  in  variance  of  the  velocity 
fluctuations  was  estimated  to  be  normally  at  least  five 
orders  of  magnitude  smaller  than  the  bulk  velocity. 
Also,  the  large  number  of  individual  values  used  to  form 
the  averages  indicates  maximum  measurement  errors 
(systematic  plus  random)  below  1%  and  4%, 
respectively  for  the  mean  and  variance  values,  according 
to  the  analysis  referred  by  Yanla  and  Smith^^  for  a  95% 
confidence  level. 


3.  NUMERICAL  METHOD 

3.1  Numerical  Discretization 

The  basic  equations  for  the  incompressible  fluid  flow 
problem  under  study  are  the  unsteady,  three-dimensional 
Navier-Stokes  and  continuity  equations.  These  have 
been  expressed  in  a  Cartesian  reference  frame,  as 

^  =  0  (1) 

axi 

^  +  +  (2) 

at  axj  p  axi 

where  the  summation  convention  applies  and  u,-  is  the 
velocity,  p  is  the  pressure,  v  is  the  kinematic  viscosity, 
as  p  stands  for  the  fluid  density.  Integral  conservation 
relations  for  mass  and  momentum  can  be  derived  by 
integrating  Eqs.  (1)  and  (2)  over  finite  grid  volumes, 
yielding  the  equations  describing  the  resolvable  flow 
quantities 

^  =  0  (3) 

axi 

^  +  (4) 

at  axj  p  ax; 

In  Eqs.  (3)  and  (4)  a  tilde  denotes  an  averaged  quantity 
over  a  grid  volume  or  its  corre.sponding  surface,  which 
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is  equivalent  to  a  filtering  procedure  as  proposed  by 
Shumann.^ 


Afterwards,  the  above  Eqs.  (3)  and  (4)  have  been 
discretized  in  a  staggered  grid  system,  employing  an 
explicit  quadratic  Leith-type  of  temporal 
discretization. jhe  resulting  finite  differences 
equation,  simply  written  here  under  the  assumption  of 

one-dimensional  flow,  with  u,-  >  0,  for  the  sake  of 
simplicity,  is  then 


^  ~n  1  (~n  ~n  t 

Ui=ui  -LC^Ui+i  -upij 

+  c(i.a.ie)fe,-3Jr+3;?.,-S?.2) 

^6  6  ' 

(5) 

p  Ax 

Thus,  each  time  step  has  been  split  into  three  sub-steps. 
Firstly,  the  flowfield  dependent  variable  u;  is  obtained 
explicitly  from  expressions  similar  to  (5),  without 
implicit  pressure  terms,  where  C  is  the  Courant  number 
and  a  denotes  the  non-dimensional  diffusion  coefficient. 
Secondly,  the  pressure  field  is  determined  from  a  three- 
dimensional  Poisson  equation,  by  introducing  the 

quantity  as  in 


72~n+l 


I  _  yN 

=  J-V.ui  , 

At 


(6) 


which  results  from  combining  the  corresponding 
velocity  adjustment  with  the  continuity  equation,  i.e. 


the  inflow  conditions  have  been  sf>ccified  in  order  to 
respect  the  measured  mean  velocity  profile  at  one  step 
height  upstream  of  the  cavity  and  the  corresponding 
turbulence  energy.  At  the  spanwise  boundaries,  jreriodic 
conditions  have  been  implemented,  thus  assuming 
quasi-two-dimensionality  of  the  mean  flow  and 
statistically  homogeneous  turbulence  in  the  so-treated 
direction.  Aiming  to  select  the  periodicity  length, 
previous  computations,  covering  the  whole  domain  and 
using  a  coarser  grid  (32^)  than  the  one  utilized  to 
produce  the  reported  results  have  been  performed.  A 
domain  width  of  w/2i  have  proved  to  contain  the  largest 
scales  of  motion.  To  avoid  undesirable  wave  reflections 
from  the  outlet  region,  a  Sommerfeld-type  of  radiation 
condition  (see,  e.g.,  Kobayashi  et  al.^^)  was  applied  at 
this  location.  At  solid  walls,  a  logarithmic  law-of-the- 
wall  has  been  employed,  similarly  to  Schumann^  and 
Werner^®,  making  use  of  the  concept  of  local 
equilibrium.  This  allowed  to  express  the  volume 
averaged  wall  shear  stress  as 


pZc  K 

"tw - - r - 

In  (E  yc) 


(10) 


where  =  0.09,  K  =  0.41,  £  =  9.79  and  the  index  c 
denotes  the  nearest  grid  volume  center.  Alternatively,  an 
exponential  damping  function  has  been  coupled  to  the 
subgrid-scale  model  to  account  for  the  proximity  of  the 
wall  as 


f(y'')  =  [l  -exp(-  y*  /  A"')]  , 


(11) 


where  y"*"  indicates  the  distance  to  the  wall  in  wall 
coordinates  and  A'^  takes  the  value  of  25.  Concerning 
the  initial  conditions,  these  have  been  obtained  from  a 
standard  k-e  model  calculation. 


'~n-i-l 
Hi _ 


-  Hi 


At 


=  - V(|)i 


and 


v7  ~n-t-l 

V.ui 


-  0  . 


A  mesh  comprising  64x64x48  control  volumes 

(7)  overlapped  the  computational  domain,  extending  up  to 
7h  in  the  streamwise  direction.  The  time  step  was 
chosen  in  order  to  keep  the  Courant  number  C  <  0.5, 

(8)  due  to  accuracy  requirements. 


Finally,  the  divergence-free  velocity  field  at  the  (n+l) 
time  step  is  obtained  by  taking  into  account  the  velocity 
correction 


~IH-1 

Hi 


=  Ui  -t- 


At 
p  Ax 


-4'i-i 


(9) 


3.2  Subgrid-Scale  Modeling 

The  subgrid  scale  velocity  may  be  defined  by 


U;  =  Ui  -  Ui 


(12) 


Further  details  concerning  the  numerical  discretization 
can  be  found  in  Pereira  and  Sousa.  1^  However,  it  should 
still  be  mentioned  that  the  numerical  method  is  fully 
second-order  accurate  in  space  and  in  time. 

It  is  recognized  that  the  specification  of  the  initial  and, 
particularly,  of  the  boundary  conditions  plays  a  very 
important  role  in  LES,  because  the  success  of  the 
calculations  depends  much  upon  it.  In  the  present  case. 


then  resulting  from  the  convective  term  in 
Eq.  (4) 

UjUj  =  UJUj  +  UjUj  +  UjUj  +  UjUj  .  (13) 

The  first  three  terms  on  the  right-hand  side  can  be 
combined  in  such  a  form  (see  Ferziger^^)  that  originates 
one  term  expressing  the  contribution  of  the  large  scales 
of  motion  and  a  few  extra  terms  (including  the  so-called 
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Leonard  term)  which  can  be  included  in  the  finite 
difference  scheme  iruncation  error,  i.e. 

ujuj  +  ujUj  +  uiUj  =  UiUj  +  O(A^)  .  (14) 

For  this  reason,  the  latter  terms  have  been  neglected  in 
the  present  study,  similarly  as  performed  by  Deardorff^ 
and  Shumann.3  However,  the  remaining  term  on  Eq. 
(13)  has  to  be  modeled,  in  a  procedure  resembling  the 
one  usually  adopted  for  the  Reynolds  stress  term 
appearing  in  the  time  averaged  equations.  An 
extensively  used  model  is  that  proposed  by 
Smagorinsky2,  using  the  local  grid  scale  strain-rate 

tensor,  S'ij,  to  approximate  an  assumed  eddy  viscosity 
coefficient,  V;,  as 


4.  RESULTS 

The  calculations  have  that  have  been  performed  in  the 
present  study  are  summarized  in  Table  1. 


Table  1 

Summary  of  Calculations 


Ref. 

Model 

Near-wall 

LESl 

Smagorinsky  (Cs  =  0.20) 

Log.  law 

LES2 

Smagorinsky  (Cs  =  0.10) 

Log.  law 

LES3 

Smagorinsky  (Cs  =  0.20) 

Exp.  damp. 

LES4 

Smagorinsky  (Cs  =  0.20) 

No-slip 

LES5 

Structure-Function 

Log.  law 

k-e 

Standard  k-e  Model 

Log.  law 

-  u-Uj'  +  i6ijUkUk  =  2vt  Sij 
=  2(CsAf  (2SijSijf"Sij 


(15) 


In  any  case,  the  model  implies  the  apriori  specification 
of  the  constant  C^,  for  which  the  values  of  0.10  and 
0.20  have  been  used  in  the  present  study.  Several  studies 
have  been  carried  out  to  determine  an  optimum  value  for 
this  constant^’2^’23,  but  an  universal  value  could  not 
be  obtained.  Various  attempts  have  also  been  made  to 
generalize  the  method  by  computing  a  dynamically 
adjustable  value  for  Q,  as  described  in  Lilly^^  and  more 
recently  in  Germano.^^  Nevertheless,  this  procedure 
will  not  be  followed  in  the  presently  reported 
investigation. 

Another  way  of  modeling  the  eddy  viscosity  coefficient 
for  the  unresolved  scales  was  suggested  by  Metais  and 
Lesieur.^^  The  so-called  structure-function  model  has 
been  derived  in  the  physical  space  by  using  the 
"Batchelor-Orszag  formula",  yielding 


Vt  =  0.063  A  [F2(xi,  A,  t)]^^^  ,  (16) 

where 


F2{xi,  A,  t)  = 

(||ui(xi,  t)  -  ui(xi  -r  ri,  t)||^}||r;||  =  a  •  (IV) 


The  results  include  five  LES  computations,  using  two 
different  values  of  the  Smagorinsky  model  constant, 
three  different  near-wall  treatments,  the  structure- 
function  model  and  a  standard  k-e  model  computation 
using  a  similar  computational  grid.  The  LES  results 
reported  here  have  been  obtained  by  computing  statistics 
over  approximately  70  characteristic  time  units  (Uot/h). 

Our  first  concern  is  to  find  the  most  suitable  value  for 
the  Smagorinsky  model  constant,  C^,  to  be  used  in  the 
present  fluid  flow  problem.  Figures  2a  and  2b  display 
profiles  of  mean  velocity  and  longitudinal  normal  stress, 
respectively,  at  xlh  =  17/10  inside  the  cavity,  calculated 
using  LES  1  and  LES2.  It  can  be  observed  in  Fig.  2a 
that  LESl  allows  to  get  slightly  more  curvature  in  the 
mean  velocity  profile  inside  the  separated  flow  region 
than  LES2  and,  therefore,  it  is  closer  to  the 
measurements.  This  fact  indicates  that  =  0.20  should 
be  used  instead  of  Q  =  0.10.  Also,  the  peak  value  of 
the  longitudinal  normal  stress  (see  Fig.  2b)  is  better 
predicted  with  LESL  In  the  foregoing  calculations,  a 
logarithmic  law-of-the-wall  was  employed  as  near-wall 
treatment.  Figures  3a  and  3b  show  that  this  procedure 
(LESl)  is  in  fact  the  best  compromise,  as  the  flow 
adjacent  to  the  wall  cannot  be  resolved  utilizing  so  few 
grid  nodes.  These  figures  portray  profiles  of  mean 
velocity  and  longitudinal  normal  stress,  at  a  location 
upstream  inside  the  cavity,  xlh  =  3/10.  Both  plots 
clearly  demonstrate  that  the  no-slip  condition  (LES4) 
does  not  allow  to  capture  the  details  of  the  flow  near  the 
wall,  resulting  severe  consequences  for  the  remaining 
recirculating  flow.  Furthermore,  it  can  be  seen  that,  in 
the  present  case,  the  use  of  an  exponential  damping 
function  (LES3)  did  not  produce  clear  improvements  to 
the  implementation  of  a  no-sIip  condition. 


In  the  following  section,  both  Smagorinsky  and  Metais 
and  Lesieur  subgrid  scale  models  will  be  used  in  LES 
calculations  and  its  performance  will  be  investigated.  It 
is  our  purpose  to  compare  the  results  produced  by  these 
two  methods  and  to  assess  the  Improvements  obtained 
with  respect  to  the  predictions  carried  out  using  the 
standard  k-e  model. 


It  is  recognized  that  the  flow  inside  a  cavity  exhibits 
strong  unsteadiness  when  the  Reynolds  number  is  above 
a  certain  threshold  level. For  this  reason,  it  was 
expected  to  obtain  significant  improvements  in  using  a 
LES  formulation  instead  of  a  standard  k-e  model. 
Figures  4a  -  4d  and  5a  -  5d  prove  the  former 
expectations  and  the  statement  applies  for  both  the 
separated  shear  layer  and  the  recirculation  region.  In 
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ihcsc  figures,  the  results  of  LESl,  LESS  (structure- 
function  model)  and  the  k-e  calculation  have  been 
superimposed,  covering  longitudinal  and  transverse 
components  of  mean  velocity  and  normal  stress,  at  two 
locations  inside  the  cavity,  xlh  =  3/10  and  17/10.  The 
results  show  that  the  standard  k-e  model  is  unable  to 
predict  the  curvature  of  the  streamwise  velocity  profile, 
particularly  near  the  wall,  as  can  clearly  be  seen  in  Figs. 
4a  and  5a.  Consequently,  the  best  predictions  of  the 
transverse  velocity  component  have  also  been  obtained 
for  the  LES  computations,  as  shown  in  Figs.  4b  and 
5b,  although  there  is  a  certain  uncertainty  on  the 
experiments  at  the  downstream  location,  due  to  effects 
of  impingement  Again,  better  predictions  were  obtained 
with  LESl  and  LESS  for  the  longitudinal  normal  stress 
at  the  analyzed  stations.  As  shown  in  Figs.  4c  and  5c, 
the  k-e  model  cannot  predict  the  peak  values  on  the 
separated  shear  layer  and,  once  again,  it  is  incapable  of 
producing  a  correct  evolution  inside  the  recirculation 
region.  The  latter  is  also  true  for  the  transverse 
component  of  the  normal  stress  but,  in  this  case,  the 
LES  calculations  show  a  slight  underprediction  in  the 
shear  layer,  patent  at  the  downstream  location,  as  can  be 
confirmed  by  viewing  Figs.  4d  and  5d. 

It  has  been  mentioned  before  but  it  should  be 
emphasized  that  the  better  agreement  with  respect  to  the 
experimental  results  obtained  using  LES  approaches  is 
not  a  surprising  event,  since  roll-up  of  the  separated 
shear  layer  occurs,  as  evidenced  by  Fig.  6.  Instantaneous 
velocity  time-series  indicated  the  presence  of  periodic 
shedding  of  vortical  structures  from  the  separation  comer 
of  the  cavity,  characterized  by  a  Strouhal  number, 
St  =  fh/Uo  =  0.5.  This  value  is  in  agreement  with 
previous  experimental  investigations.^^ 


5.  CONCLUSIONS 

LDV  measurements  of  turbulent  flow  over  a  cavity  at  a 
Reynolds  number  Re  =  63,600  have  been  used  to 
investigate  the  ability  of  LES  to  predict  the  flow  in  the 
separated  shear  layer  and  inside  the  recirculation  region 
as  well.  Two  different  LES  approaches  have  been  used: 
Smagorinsky  and  the  structure-function  model. 
Globally,  both  models  have  proved  to  perform  much 
better  in  the  present  flow  problem  than  the  standard  k-e 
model,  using  a  similar  computational  grid.  Further,  the 
logarithmic  law-of-the-wall  have  demonstrated  to  be  the 
best  compromise  for  near-wall  treatment  in  a  flow  with 
engineering  application. 
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Figure  2a  Longitudinal  velocity  profile  at  x/li  =17/10  predicted  with  the  Smagorinsky  model- 


Figure  2b  Longitudinal  normal  stress  at  x/h  =  17/10  predicted  with  the  Smagorinsky  model 


Figure  3a  Longitudinal  velocity  profile  at  x/h  =  3/10  predicted  using  different  near-wall  treatments 
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Figure  5  Predictions  at  x/h  =  17/10  using  Smagorinsky,  structure-function  and  k-e  models. 
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Figure  6  Instantaneous  vorticity  contours  obtained  using  the  structure-function  model. 
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Summary 

Large-eddy  simulation  of  turbulent  channel  flow  over  an 
one-sided  periodically  ribbed  wall  has  been  performed.  Large- 
scale  nonsteady  structures  have  been  correlated  with  the  stati¬ 
stical  values  of  the  turbulent  flow  field.  It  is  shown,  that  high 
turbulent  kinetic  energy  and  vortex  shedding  appear  at  the 
same  location.  The  shedding  of  vortical  structures  from  the 
edge  of  the  rib  is  the  dominating  turbulent  phenomena  of  the 
flow.  The  instantaneous  behaviour  of  the  large-scale  vortical 
structures  is  visualized  and  their  interaction  with  the  highly 
fluctuating  recirculation  zones  is  observed. 

Nomenclature 

Cj  subgrid  model  constant 

c^  Schumann's  coefficient 

h  channel  half  width 

p  absolute  pressure 

p'  local  periodic  pressure 

Re  Reynolds  number  based  on  u,„  and  channel  half  width  h 

Re,,  Reynolds  number  based  on  u„  and  channel  half  width  h 

S|j  deformation  tensor 

u,  filtered  velocity  component 

U|  filtered  velocity  component  nearest  to  the  wall 

u„,  mean  velocity 

u,(  unknown  reference  velocity 

Xp,  nondimensional  distance  between  the  edge  of  the  rib 
and  the  reattachment  line 
Xj  cartesian  coodinates 

P  fixed  pressure  gradient 

T„  wall  shear  stress 

Vjj  eddy  viscosity 

1.  Introduction 

Many  flows  of  technical  interest  are  turbulent  and  hence 
unsteady  and  vortical.  Simulation  of  such  flows  by  traditional 
Reynolds-averaging  fail  to  model  properly  the  large-scale 
structures  of  the  flow  and  the  associated  momentum  and  ener¬ 
gy  transport.  Franke  &  Rodi  (1991)  tried  to  simulate  vortex 
shedding  behind  a  rectangular  cylinder  with  standard  k-s  mo¬ 
del  and  Reynolds  stress  equation  model.  The  predicted  turbu¬ 
lent  kinetic  energy  was  in  all  presented  cases  too  small  and 
the  Strouhal  number  was  strongly  dependent  on  the  wall  boun¬ 
dary  conditions.  A  more  accurate,  but  more  expensive  techni¬ 
que  is  large-eddy  simulation  (LES),  In  contrast  to  the  Rey¬ 
nolds-averaging  approach  a  filtering  of  the  Navier-Stokes 
equations  is  applied  in  LES.  The  large-scale  structure  of  the 


flow  field  is  simulated  directly,  only  the  small-scales  are  ap¬ 
proximated  by  turbulence  modelling. 

Large-eddy  simulation  of  various  flows  with  separation  have 
been  reported.  Wengle  and  Werner  investigated  a  single  cube 
and  a  single  square  rib  (1989).  They  found  complex  vortex 
structures  around  the  cube,  the  results  were  confirmed  by 
experiments.  For  Reynolds  number  Re=  85,000  the  reattach¬ 
ment  length  Xr  was  7.0.  In  case  of  the  single  rib  they  noticed 
large-scale  structures  over  the  complete  channel  width.  Mura¬ 
kami,  Mochida  and  Hayashi  (1990)  also  calculated  turbulent 
flow  over  a  single  cube.  A  comparison  with  results  of  the 
standard  k-e  model  showed  a  fundamental  shortcoming  of 
Reynolds-averaging;  the  systematie  fluctuations  of  Karman's 
vortex  street  were  eleminated.  Friedrich  and  Amal  (1990) 
simulated  flow  over  a  backward  facing  step.  They  reported  on 
separation  bubbles  and  fluctuating  reattachment  zones.  Aksel- 
voll  &  Moin  (1993)  also  reported  a  LES  of  flow  over  a  back¬ 
ward  facing  step  and  compared  their  results  with  direct  nume¬ 
rical  simulation.  Yang  and  Ferziger  (1993)  calculated  flow 
over  periodically  ribs  with  the  dynamical  subgrid-model  of 
Germano  (1992).  The  periodic  length  was  3  Ih  to  minimize  the 
interaction  between  the  neighboring  ribs.  They  reported  on 
vortex  merging  and  splitting  behind  the  ribs  and  instantaneous 
reattachment  and  separation  zones.  The  Reynolds  number  of 
the  calculations  was  3,300  and  the  reattachment  length  X,^  was 
7.01. 

In  contrast  to  the  results  of  the  Reynolds-averaging,  the 
large-eddy  simulations  show  the  strong  interaction  of  small- 
scale  turbulent  fluctuations  and  large-scale  coherent  structures 
like  periodic  and  non-periodic  vortex  shedding.  These  large- 
scale  effects  are  highly  non-isotropic,  this  explains  the  failure 
of  traditional  turbulence  modelling  in  separated  flow. 

The  purpose  of  the  present  work  is  to  investigate  the  three- 
dimensional  turbulent  flow  in  an  infinitely  wide  duct  with  an 
one-sided  ribbed  wall  by  large-eddy  simulation  for  a  Reynolds 
number,  based  on  channel  half  width  h  and  mean  velocity  u„, 
of  16,000. 

2.  Computational  Domain 

The  computational  domain  is  an  element  of  the  periodically 
ribbed  channel,  see  fig.l.  The  periodic  element  has  a  length  of 
lOh.  The  channel  height  is  2h  and  the  width  is  4h. 

The  height  of  the  rib  is  half  of  the  channel  height.  The  grid 
size  is  162  *  34  *  34  with  variable  mesh  width,  see  fig.  2. 
The  grid  is  equidistant  in  the  homogenous  y-direction.  At  the 
middle  of  the  periodic  element,  there  is  an  equidistant  block  of 
4h  length  with  96  grid  points.  On  both  sides  are  blocks  of  3h 
length  with  variable  grid  size.  In  z-direction  two  variable  grid 
blocks  are  employed  with  grid  refinement  at  the  center  line 
and  near  walls. 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  "Application  of  Direct  and  Large  Eddy 
Simulation  to  Transition  and  Turbulence”  held  at  Chania,  Crete,  Greece,  in  April  1994. 
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2.  Numerical  Method 

The  filtered  nondimensional  momentum  and  mass  conser¬ 
ving  equations  in  index  form  are  given  by  eq.  (1).  All  varia¬ 
bles  are  nondimensionalized  by  the  reference  velocity  u^  and 
the  channel  half  width  h. 


dt 


dx, 


=0 


Sp.  du.Uj  duluj  1  d\  ^ 
dx,  dXj  dXj 


(1) 


The  pressure  gradient  in  streamwise  direction  is  splitted  in  the 
fixed  periodical  gradient  p  and  a  local  part  to  realize  the  peri¬ 
odicity  condition  accurately,  see  eq,  (2). 


IE.  =  Q  ^  (2) 

3jCj 

For  the  calculation  of  turbulent  shear  stresses,  see  eq.  (3),  the 
subgrid  model  of  Smagorinsky  and  Lilly  (1967)  has  been  im¬ 
plemented,  see  eq.  (4).  The  model  constant  is  set  to  0.1. 

-u’u’  =  2  y-S.  -  —  uLuL  d-  (^) 

"i  "7  y  V  3  *  *  it 

^  =  (C,*A)^  ^2^.  (4) 

This  model  is  widely  used  in  meteorological  and  engineering 
applications.  This  simple  model  is  in  good  agreement  with 
experiments  in  recirculating  flows.  In  equation  (3)  and  (4)  the 
filtered  deformation  tensor  is  used  as  defined  in  equation  (5). 


(5) 


The  inflow  and  outflow  conditions  are  of  critical  importance 
when  turbulent  structures  are  calculated  directly.  Turbulent 
fluctuations  have  to  exist  at  the  entrance  of  the  computational 
domain  to  avoid  a  laminar/turbulent  transition  and  they  should 
not  be  damped  at  the  exit.  For  the  present  case  the  geometry 
is  assumed  periodically,  so  that  periodicity  conditions  can  be 
used  in  the  axial  and  lateral  boundaries  of  the  computational 
domain.  Possible  errors  resulting  from  the  in-  and  outflow 
conditions  are  avoided  by  this  way.  For  the  convective  terms 
a  no-slip  boundary  condition  is  used,  for  the  diffusive  terms 
the  formulation  of  Schumann  (1975)  as  given  in  eq.  (6)  is  em¬ 
ployed. 


«iL  “iL 


(6) 


Equation  (6)  implies,  that  the  quotient  of  the  filtered  main¬ 
stream  velocity  nearest  to  the  wall  and  the  filtered  wall  shear 
stress  in  the  main  flow  direction  is  assumed  equal  to  the  quo¬ 
tient  of  the  unsteady  velocity  nearest  to  the  wall  and  the  un¬ 
steady  wall  shear  stress. 


The  present  computational  scheme  is  similar  to  the  fractional 
step  method  of  Kim  and  Moin  (1985).  The  spatial  arrangement 
of  the  variables  is  cell-centered.  The  discretization  scheme  in 
space  is  second  order.  The  convective  terms  have  been  discre¬ 
tized  by  the  Adams-Bashforth  scheme  and  the  Crank-Nichol- 
son  scheme  has  been  used  for  viscous  terms,  so  that  the  di¬ 
scretization  in  time  is  also  of  second  order.  For  the  solution  of 
the  resulting  Poisson  equation  for  pressure  a  SIP  solver  is  em¬ 
ployed. 

For  the  calculations  the  periodic  pressure  gradient  and  p  the 
reference  Reynolds  number  Re„  are  fixed,  so  that  the  flow 
field  adjusts  to  a  mean  mass  flow.  After  a  calculation  the 
results  are  normalized  with  the  mean  velocity  u,„. 

The  calculations  were  performed  on  an  IBM  RS6000/580H 
workstation. 


4.  Statistical  Results 

For  the  statistical  evaluation  of  the  turbulent  flow  field  331 
samples  of  the  instantaneous  flow  field  are  accumulated  over 
100000  time  steps,  i.e.  approximately  500  dimensionless  time 
units.  The  statistics  are  carried  out  with  ensemble-averaging 
respectively  in  time  and  in  y-direction.  The  samples  are  stored 
on  a  hard-disk.  During  the  calculations  the  statistical  evalua¬ 
tion  is  used  to  check  the  convergence  of  the  solution.  The 
ensemble-averaged  results  presented  in  this  paper  are  deter¬ 
mined  from  6800  samples  per  grid  point. 

The  streamlines  of  the  time-averaged  two-dimensional  flow 
field  and  the  distribution  of  wall  shear  stress  at  the  lower  and 
upper  wall  are  presented  in  fig.  3.  The  streamlines  disclose 
comer  eddies  (cef  and  ceb)  on  both  sides  of  the  rib  and  a 
large  separation  vortex  (sv)  behind  the  rib.  The  distribution  of 
wall  shear  stress  on  the  lower  wall  shows  two  minimum  valu¬ 
es,  which  correspond  to  the  locations  of  the  clockwise  rotating 
vortices,  these  are  the  comer  eddy  in  front  of  the  rib  and  the 
large  separation  vortex  behind  the  rib.  Only  the  primaiy  comer 
eddy  behind  the  rib  is  rotating  counter-clockwise.  At  the  upper 
wall  a  maximum  of  wall  shear  stress  appears  approximately 
1.3h  behind  the  rib.  The  shift  of  1.3h  behind  the  rib  can  be 
explained  from  the  development  of  the  velocity  profile,  see 
fig.4.  In  the  rib  cross  section  the  time-averaged  velocity  profi¬ 
le  is  nearly  uniform,  the  turbulent  kinetic  energy  k  has  a  maxi¬ 
mum  close  to  the  rib,  see  fig.  5,  The  strong  fluctuations  on  the 
centerline  lead  to  a  high  turbulent  momentum  diffusion  in 
normal  direction,  so  that  the  u-velocity  is  decreased  on  the 
centerline  of  the  channel  and  it  is  increased  near  the  upper 
wall  because  of  the  mass  conservation. 

The  location  of  the  time-averaged  reattachment  line  is 
6.01h  behind  the  rib.  The  value  of  Werner  &  Wengle  (1989) 
with  a  single  rib  was  Ih  larger,  the  periodic  ribs  of  Yang  & 
Ferziger  have  also  a  reattachment  length  X^  of  7h.  This  reduc¬ 
tion  of  Xr^  is  caused  by  the  interaction  of  the  periodic  ribs.  In 
contrast  to  the  single  rib  and  to  the  periodic  ribs  with  a  perio¬ 
dic  distance  of  31h  an  upstream  influence  from  obstacles 
downstream  exists  for  the  present  geometry.  The  flow  at  the 
lower  channel  half  is  slowed  down  through  the  repeated  blok- 
kage. 

The  contour  lines  of  equal  rms-values  of  the  large-scales  are 
interesting  with  respect  to  the  stmcture  of  the  instantaneous 
flow  field.  Areas  of  high  u^^^-values  appear  near  the  edge  of 
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the  rib  and  spread  out  in  normal  direction  downstream,  see  fig. 
5.  This  is  an  indication  of  a  fluctuating  shear  layer  similar  to 
those  of  the  turbulent  backward-facing  step.  This  area  reaches 
approximately  2.5h  downstream  from  the  rib.  With  the  sprea¬ 
ding  the  fluctuations  decay  downstream  and  are  reinforced  at 
the  edge  of  the  next  rib.  The  distributions  of  and  Wn^^are 
similar  to  the  one  of  the  u„,s-values.  There  is  also  a  spreading 
area  which  is  2.5-3h  long.  The  location  of  origin  is  different, 
which  is  indicated  by  the  maximum  rms-value.  The  v-fluc- 
tuations  develop  in  front  of  the  rib.  Observations  of  the  inst¬ 
antaneous  flow  field  show  a  splashing  of  vortical  structures  on 
the  front  side  of  the  rib,  which  result  in  large  lateral  and  nor¬ 
mal  velocity-components.  The  maxima  of  the  w„„5-values 
support  this  observation,  they  appear  at  the  upper  half  of  the 
rib.  Due  to  the  change  of  the  local  flow  direction  from  xz-di- 
rection  to  x-direction  at  the  edge  of  the  rib  the  v-  and  w-fluc- 
tuations  are  transfered  into  u-fluctuations.  Secondary  maxima 
of  the  v-  und  w-fluctuations  occur  2.5h  behind  the  rib,  where¬ 
as  the  u-fluctuations  decay.  Owing  to  instabilities  of  the  shear 
layer  turbulent  kinetic  energy  of  the  u-velocity  components  is 
transfered  into  the  v-  and  w-velocity  components. 

The  distribution  of  turbulent  kinetic  energy  of  the  large- 
scale  fluctuations  is  presented  in  fig.  5.  It  gives  an  overview 
of  local  intensity  of  fluctuations.  Furthermore  the  stretched 
area  of  maximum  values  supports  the  conjecture  of  turbulent 
energy  transfer  between  the  velocity  components,  because  the 
extension  of  the  area  encloses  the  maximum  areas  of  Un„s,  v^^ 


5.  Instantaneous  flow  field 

It  is  not  possible  to  present  a  comprehensive  view  of  the 
instantaneous  large-scale  flow  field,  because  only  a  small 
coherent  time  record  of  the  instantaneous  flow  field  informa¬ 
tion  is  stored  on  hard  disks.  For  this  reason  the  investigation 
of  the  instantaneous  flow  field  presented  in  this  paper  is  a 
brief  survey  of  the  unsteady  flow  characteristics. 

The  distributions  of  the  rms-values  show,  that  the  fluctua¬ 
tions  of  the  large-scale  field  are  generated  at  the  rib  and  decay 
downstream.  The  fluctuations  are  caused  by  non-periodically 
shedding  vortices,  which  separate  from  the  edge  of  the  rib. 
After  a  short  growing  time,  which  corresponds  approximately 
to  a  length  of2.5h  behind  the  rib,  the  vortical  structures  begin 
to  decay  downstream.  Fig.  6  shows  a  typical  snapshot  of  pres¬ 
sure  minima  in  the  vicinity  of  the  rib.  They  indicate  the  vortex 
cores  of  the  shedding  vortices.  At  the  edge  of  the  rib  a  new 
transverse  vortex  develops,  downstream  there  are  two  vortices 
with  a  double-core.  Video  animations  of  the  instantaneous 
pressure  field  have  shown,  that  these  double-cores  are  typical 
before  vortex  division.  The  spreading  of  the  u^^-values 
downstream  to  the  lower  wall  can  be  explained  by  the  effect 
of  vortex  division  and  decaying  from  large-scale  structures  to 
small-scale  structures. 

In  fig.  7  a  top  view  on  the  u-velocity  components  on  the 
mesh  cells  nearest  to  the  walls  is  presented,  the  dashed  lines 
indicate  areas  of  back  flow.  In  contrast  to  the  time-averaged 
results  no  linear  reattachment  lines  appear.  The  different  areas 
of  forward  and  backward  flows  are  characterized  by  highly 
fluctuating  separation  lines.  The  area  of  dashed  lines  in  front 
of  the  rib  is  the  comer  eddy  "cef,  the  area  of  solid  lines  be¬ 


hind  the  rib  is  the  comer  eddy  "ceb".  Compared  with  the  two- 
dimensional  time-averaged  results  of  fig.  3,  it  is  conspicuous, 
that  the  range  of  both  comer  eddies  fluctuates  from  O.Oh  to 
1.5h  in  this  snapshot.  Whereas  the  area  of  "cef  is  nearly  clo¬ 
sed,  the  areas  of  "ceb"  and  of  the  separation  vortex  "sv"  over¬ 
lap.  Isolated  small  areas  of  forward  flow  are  found  inside  the 
back  flow  areas  of  the  separation  vortex.  The  same  effect 
exists  in  the  main  reattachment  area  in  the  vicinity  of  Xj,.  The 
maximum  extension  of  the  reattachment  line  ean  not  be  deter¬ 
mined,  because  in  special  cases  the  areas  of  back  flow  of 
"cef  and  "sv"  grow  together. 

Fig.  8  presents  three-dimensional  snapshots  of  surfaees  of 
equal  pressure,  which  wrap  the  vortical  structures  behind  the 
rib.  The  shedding  of  the  vortices  is  clearly  structured  during 
the  growing  time,  in  some  cases  the  axes  of  the  vortices  are 
nearly  parallel  to  the  ribs.  Downstream  the  axes  develop  into 
three-dimensional  threads  or  worm-like  structures,  whieh  break 
up  into  small  vortieal  stmchires.  The  views  of  three  different 
time  steps  suggest  the  considerable  changes  of  the  instantane¬ 
ous  flow  field  and  the  transfer  of  turbulent  kinetic  energy  from 
large-scale  to  small-scale  structures. 

6.  Conclusions 

The  large-eddy  simulation  of  turbulent  channel  flow  over  a 
one-sided  periodically  ribbed  wall  gives  the  instantaneous  lar¬ 
ge-scale  structure  of  the  flow  field.  Non-periodical  shedding  of 
transverse  vortices  at  the  edge  of  the  ribs  occurs.  The  vortices 
pass  through  a  growing  phase  as  they  move  downstream. 
Approximately  2.5h  behind  the  ribs  they  begin  to  decay  and 
break  up  into  small-scale  vortical  stmctures.  The  shedding 
appears  two-  or  three-dimensional,  the  axes  of  the  vortices  are 
not  always  parallel  to  the  ribs.  During  the  growing  phase  they 
roll  up  and  form  worm-like  structures.  The  reattachment  lines 
at  the  lower  wall  are  highly  fluctuating  and  the  areas  of  back 
flow  enclose  isolated  areas  of  forward  flow. 
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ABSTRACT 

Direct  and  large  eddy  simulations  of  forced  and  decaying  iso¬ 
tropic  turbulence  have  been  performed  using  a  pseudospectral 
and  a  finite-difference  code.  Subgrid  models  that  include  a 
one-equation  subgrid  kinetic  energy  model  with  and  without  a 
stochastic  backscatter  forcing  term  and  a  new  scale  similarity 
model  have  been  analyzed  in  both  Fourier  space  and  physical 
space.  The  Fourier  space  analysis  showed  that  the  energy 
transfer  across  the  cutoff  wavenumber  is  dominated  by 
local  interaction.  The  correlation  between  the  exact  and  the 
modeled  (by  a  spectral  eddy  viscosity)  nonlinear  terms  and 
the  subgrid  energy  transfer  in  physical  space  was  found  to  be 
quite  low.  In  physical  space,  a  similar  correlation  analysis 
was  carried  out  using  top  hat  filtering.  Results  show  that  the 
subgrid  stress  and  the  energy  flux  predicted  by  the  subgrid 
models  correlates  very  well  with  the  exact  data.  The  scale 
similarity  model  showed  very  high  correlation  for  reasonable 
grid  resolution.  However,  with  decrease  in  grid  resolution,  the 
scale  similarity  model  became  more  uncorrelated  when  com¬ 
pared  to  the  kinetic  energy  subgrid  model.  The  subgrid 
models  were  then  used  for  large-eddy  simulations  for  a  range 
of  Reynolds  number.  It  was  determined  that  the  dissipation 
was  modeled  poorly  and  that  the  correlation  with  the  exact 
results  was  quite  low  for  all  the  models.  In  general,  for  coarse 
grid  resolution,  the  scale  similarity  model  consistently  showed 
very  low  correlation  while  the  kinetic  energy  model  showed  a 
relatively  higher  correlation.  These  results  suggest  that  to  use 
the  scale  similarity  model  relatively  fine  grid  resolution  may 
be  required,  whereas,  the  kinetic  energy  model  could  be  used 
even  in  coarse  grids. 

1.  INTRODUCTION 

For  large-eddy  simulation  (LES)  methods  to  become  a  viable 
tool  for  simulating  high  Reynolds  number  flows  in  complex 
geometries,  models  that  faithfully  represent  the  effects  of  the 
unresolved  scales  of  motion  on  the  resolved  motion  have  to  be 
developed  and  validated.  The  unresolved  scales  act  on  the 
resolved  field  as  new  unknown  stresses  that  must  be  modeled 
(by  the  so-called  subgrid  models).  The  most  popular  subgrid 
model  used  for  LES  is  the  eddy  viscosity  model,  first  pro¬ 
posed  by  Smagorinsky  in  1963.  Inherent  limitations  of  this 
model  were  identified  quite  early  and  methods  were 
developted  to  address  these  limitations.  Key  modifications 
involved  the  adjustment  of  the  "constant"  (the  Smagorinsky 
constant)  for  different  flows  [e.g.,  1]  and  the  use  of  damping 
functions  to  model  near-wall  effects  [2]. 

Although  LES  using  these  models  has  provided  fairly  accept¬ 
able  results,  recently,  more  serious  limitations  have  been 
identified.  For  example,  backscatter  of  energy  from  the 
unresolved  to  the  resolved  scales  has  been  observed  to  occur 
in  direct  numerical  simulations  (DNS)  data  [3]  demonstrating 


that  the  subgrid  processes  cannot  be  modeled  by  a  purely  dis¬ 
sipative  mechanism.  Recent  attempts  to  improve  the  eddy 
viscosity  model  include  the  application  of  the  dynamic  pro¬ 
cedure  to  evaluate  the  model  constant  [4],  and,  an  explicit 
modeling  of  the  subgrid  backscatter  process  [5,6].  The 
dynamic  model  has  proven  quite  versatile  and  results  show 
that  it  can  model  correctly  the  behavior  of  the  subgrid  stresses 
both  near  and  away  from  the  wall,  and  has  a  capability  to 
model  backscatter  [4,7].  However,  it  is  not  yet  clear  if  alge¬ 
braic  subgrid  models  are  adequate  for  LES  of  high  Reynolds 
(Re)  number  flows,  especially  when  coarse  grid  resolutions 
are  employed.  This  is  due  to  the  possibility  that  the 
unresolved  scales  could  contain  significant  amount  of  tur¬ 
bulent  kinetic  energy  resulting  in  significant  backscatter. 
Furthermore,  anisotropy  effects  in  the  unresolved  scales  may 
have  to  be  taken  into  account. 

To  evaluate  subgrid  models,  a  priori  evaluation  of  the 
model(s)  using  DNS  data  (obtained  in  simple,  low-Re  flows) 
is  typically  carried  out.  Then,  the  subgrid  model  is  used  in  an 
LES  using  coarse  grid  resolution  and  comparisons  with  DNS 
predictions  are  used  to  determine  the  validity  of  the  subgrid 
model.  However,  models  validated  using  a  priori  analysis  of 
low-Re  DNS  data  appear  to  have  problems  when  used  for 
LES  of  high  Re  flows.  High  Reynolds  number  DNS  cannot 
be  carried  out  and,  therefore,  a  priori  analysis  is  not  possible. 
The  a  priori  methods  also  have  some  limitations,  since,  such 
analysis  is  typically  carried  out  in  Fourier  space  which  is  only 
possible  for  flows  in  configurations  that  employ  periodic 
boundary  conditions.  Thus,  for  high-Re  flows  in  complex 
domains,  new  methods  to  investigate  the  applicability  and 
validity  of  the  chosen  subgrid  model  have  to  developed  in 
physical  space.  Furthermore,  such  analysis  has  to  be  carried 
out  using  only  LES.  Of  course,  comparison  with  experimental 
data  will  remain  the  final  test  of  the  model,  but  if  the  agree¬ 
ment  is  poor,  methods  are  needed  that  wOl  allow  the  modeler 
an  avenue  for  improving  the  subgrid  model. 

In  this  paper,  the  ability  of  the  chosen  subgrid  model  to 
predict  accurately  the  energy  transfer  between  the  resolved 
and  unresolved  scales  in  LES,  will  be  investigated.  We  wiU 
address  this  issue  by  carrying  out  DNS  and  LES  of  both 
decaying  and  forced,  incompressible,  isotropic  turbulence  and 
analyze  the  data  in  both  physical  and  spectral  space.  In  the 
Fourier  space,  an  earlier  developed  technique  [8]  was  used, 
whOe  in  the  physical  space,  methods  such  as  correlation 
analysis  [9]  was  used.  The  results  of  these  studies  are 
described  below. 

2.  NUMERICAL  METHODS 

Two  simulation  methods  have  been  used  in  this  research.  The 
first  method  is  a  well  known  pseudo-spectral  method  [10]  and 
has  been  primarily  used  to  obtain  high  resolution  DNS  data. 
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No  LES  has  been  performed  with  this  code.  The  second  code 
is  a  new  finite-difference  Navier-Stokes  solver  that  is  fifth- 
order  accurate  in  space  and  second-order  accurate  in  time. 
This  code  has  been  developted  in  a  very  general  manner  and  is 
used  for  both  LES  and  DNS.  Both  simple,  (e.g,,  isotropic 
turbulence)  and  relatively  complex  (e.g.,  rearward  facing 
steps)  flows  have  been  simulated  using  this  code.  The  numeri¬ 
cal  algorithm  is  based  on  the  artificial  compressibility  method. 
To  obtain  time-accuracy  at  each  time  step,  iterations  in  pseu¬ 
dotime  are  carried  out  using  a  multigrid  technique  until  the 
incompressibility  condition  has  been  met.  This  code  has  been 
validated  by  comparing  its  predictions  to  those  of  the  spectral 
DNS  code. 

2.1.  DNS  using  the  Pseudo-Spectral  Method 

Direct  simulations  of  both  (a)  naturally  decaying  isotropic  tur¬ 
bulence  and,  (b)  statistically  stationary  isotropic  turbulence  in 
which  the  turbulent  kinetic  energy  is  maintained  by  stochastic 
forcing  of  the  large  scales  [11],  have  been  performed  with 
both  64^  and  128^  grid  resolution. 

Decaying  isotropic  turbulence  has  been  simulated  by  begin¬ 
ning  with  an  isotropic  Gaussian  random  field  with  a  specified 
initial  energy  spectrum,  and  then  allowing  the  hydrodynamic 
field  to  evolve  until  a  "realistic"  self-similar  state  has  been 
reached  [12].  This  developed  isotropic  state  is  characterized 
by  Kolmogorov  similarity  in  the  high  wavenumber  energy 
spectrum,  power  law  decay  of  energy,  and  non-Gaussian  velo¬ 
city  gradients.  DNS  data  used  for  analysis  in  this  paper  is 
approximately  at  a  Taylor-scale  Reynolds  number  Rej,  of  20. 
A  higher  Reynolds  number  can  be  reached  by  forcing  the 
large  scales  [11].  The  limitation  is  that  the  energy  transfer 
characteristics  at  the  large  scales  are  distorted  as  a  result  of 
artificial  forcing.  However,  the  structure  of  the  small  scales  is 
not  directly  affected.  The  parameters  of  the  forcing  scheme 
are  chosen  to  reproduce  one  realization  of  the  stationary  iso¬ 
tropic  turbulence  at  a  Re^  =  90. 

The  energy  spectra  for  both  decaying  and  forced  isotropic  tur¬ 
bulence,  is  shown  in  Fig.  la,  with  Kolmogorov  scaling  of  the 
variables.  It  is  clearly  seen  that  the  energy  in  the  large  scales 
is  greatly  increased  by  the  forcing.  On  the  other  hand,  the 
spectral  shapes  at  the  small  scales  are  very  similar.  The  small 
spectral  turn-ups  at  the  high  wavenumber  end  are  caused  by 
impterfect  resolution  with  a  finite  number  of  grid  points.  A 
nondimensional  measure  of  the  numerical  resolution  is  given 
by  AtnaiTi,  where  is  the  highest  wavenumber  (60)  reached 
in  the  simulations,  and  T]  is  the  Kolmogorov  length  scale.  It 
may  be  seen  from  the  figure  that  in  both  data  sets,  fcniixTi  is 
about  1,6,  which  is  sufficiently  high  for  adequate  resolution  of 
the  small-scale  motions  in  the  simulations. 

2.2.  DNS  using  Finite-Difference  Method 

Decaying  and  forced  isotropic  turbulence  was  also  simulated 
using  the  finite-difference  code.  The  forced  simulation 
employed  a  forcing  method  [13]  that  differed  from  the  sto¬ 
chastic  forcing  employed  for  DNS  in  spectral  space.  There¬ 
fore,  direct  comparison  of  the  predictions  could  not  be  carried 
out.  However,  using  identical  initialization,  decaying  isotro¬ 
pic  turbulence  was  simulated  using  both  the  codes  in  a  64^ 
grid  resolution.  Figure  lb  shows  the  Kolmogorov-scaled 
energy  and  the  dissipation  spectra  from  the  DNS  results 
obtained  using  both  the  psuedospectral  and  finite-difference 
codes.  The  results  are  shown  after  nearly  the  same  time  of 
evolution  (/  =  12,  Rej,  =  10).  Good  agreement  is  obtained  in 


nearly  the  entire  wavenumber  space  except  near  the  very  low 
wave  numbers.  More  detailed  evaluations  of  the  various  sta¬ 
tistical  quantities  (such  as  the  dissipation  rate  skewness,  etc.) 
showed  that  the  physical  space  code  is  capable  of  reproducing 
statistics  very  similar  to  those  obtained  by  the  spectral  code. 

3.  SUBGRID  ENERGY  TRANSFER  AND  MODELS 

Two  different  methodologies  have  been  employed  to  analyze 
the  results  of  the  simulations.  The  first,  relies  entirely  on  the 
Fourier  space  information  and  closely  follows  the  method 
developed  earlier  by  Domaradzld  et  al.[8].  The  second,  relies 
entirely  on  the  physical  space  information  and,  employs 
correlation  analysis  to  characterize  the  behavior  of  the 
models. 


3.1.  Subgrid  Transfer  and  Modeling  In  Fourier  Space 


The  Fourier  space  representation  of  the  Navier-Stokes  equa¬ 
tions  may  be  written  as: 


u„(k)  =  N„(k) 


(1) 


where  u„(k)  is  the  velocity  field  in  the  Fourier  space  at  a 
wavenumber  mode  k  (of  magnitude  k),  v  is  the  kinematic 
viscosity,  and  N„(k)  is  the  nonlinear  term  which  includes  the 
effects  of  advection,  pressure  and  incompressibility  and  is 
given  by 

N„ik)  =  -y/>,,„(k)Ju,(p)n„(k-p)dp  (2) 

where  P„i„(k)  =  k,i5„„-k„k„/k^)  +k„{?)„,-k„k,/k^),  and 
6y  is  the  Kronecker  delta  tensor,  A  triad  in  wavenumber 
space  is  a  closed  triangle  formed  by  the  modes  k,  p,  and  k-p. 
The  integral  above  is  taken  over  all  possible  triads  that  may 
be  formed  with  the  mode  k  as  a  member. 

Domaradzki  et  al.  [8]  introduced  a  technique  in  Fourier  space 
which  involves  a  decomposition  of  the  various  terms  into 
"resolved"  and  "subgrid"  components.  This  is  accomplished 
by  introducing  a  wavenumber  cutoff  at  k^  and  then,  for  exam¬ 
ple,  the  nonlinear  term  may  be  decomposed  into: 

N„(k)  =  N„(k\k,)  +  N„’(klk,)  (k^k,)  (3) 

The  resolved  nonlinear  term,  N„(k\k^),  represents  contribu¬ 
tions  from  those  triad  interactions  that  couple  a  resolved  mode 
k  i  k^  to  two  other  resolved  modes  (i.e.,  with  both  p  and  k-p 
in  the  resolved  range  below  k^).  On  the  other  hand,  the  rest  of 
the  triad  interactions,  which  couple  the  resolved  modes  to 
subgrid  modes  (with  at  least  one  of  p  and  k  — p  in  the  subgrid 
range  k  >  k^),  are  represented  by  the  subgrid  nonlinear  term, 
N/(kl*,). 

Energy  transfer  between  different  scales  is  represented  by 
triadic  interactions.  The  total  (rate  of)  energy  transfer  to  a 
Fourier  mode  k,  due  to  its  interactions  with  the  subgrid  scales, 
is  given  by  r’(k  H:,.)  =  Rej^Un'fklNnfklifccj  ,  where  the  aster¬ 
isk  denotes  complex  conjugate  and  Re  indicates  the  real  part. 
The  subgrid  transfer  spectrum  function  is  then  given  by: 

r(klk,)=  X  r{k'\k,)  (4) 


Here,  T'!!:  life,,)  is  a  function  of  wavenumber  magnitude  k 
only,  and  the  shell  thickness  M,  is  taken  as  unity  for  conveni- 
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ence.  Summation  over  spectral  shells,  denoted  by  ^  for 

short,  is  also  used  in  the  formation  of  the  energy  sjjectrum 
function  Eik)  from  the  energy  of  discrete  Fourier  modes: 

E(k)  =  — 2^«„(k')  The  energy  spectrum  E’-ik)  of  the 

2  a* 

resolved  scales  (i.e.,  for  k^k^,  signified  by  superscript  L)  at 
wavenumber  k  evolves  by; 

^E^(k)  =  -2\k^  E‘-{k)  +  T(k  life,)  -i-  r(k  life,)  (5) 
oi 

where  r(ifelJt,)  represents  energy  transfer  from  interactions 
with  resolved  scales  only,  and  T‘{k\k^)  represents  interac¬ 
tions  with  subgrid  modes  which  must  be  modeled  in  an  LES. 

A  subgrid  eddy  viscosity  is  often  used  to  parametrize  the 
subgrid  motions,  with  the  spectral  subgrid  scale  (SGS)  eddy 
viscosity  defined  as  [8]: 


The  goal  of  SGS  modeling  is  to  represent  the  SGS  stress  ijj  in 
terms  of  the  resolved  field  u,(x,  t)  in  such  a  manner  that  the 
modeled  SGS  stresses  represent  as  much  as  possible  the  exact 
stresses.  In  addition,  the  energy  flux  to  the  unresolved  scales 
given  by  E(A)  =  must  also  be  modeled  reasonably  well 
by  the  subgrid  model.  These  issues  will  be  addressed  in  this 
study. 

Various  models  have  been  proposed,  the  most  popular  one 
being  the  Smagorinsky’s  model: 

V  = -2(QA)^l5l5y  (9) 


where,  the  superscript  S  indicates  the  model,  Q  is  the 
Smagorinsky’s  constant  and 


1  duj 


(10) 


V,{k\k,) 


T’jkik,) 

Ik^E^-ik)' 


k<.k. 


(6) 


The  corresponding  modeled  subgrid  nonlinear  term  is  given 
by:  V„'"(k  lit,)  = -v,(lfe  l/fe,)lfe^  u„(k),  and  the  modeled 
subgrid  transfer  is  T^Cklk,)  =  Re^u„*(k)V„'"(kl/:,j  .  A 
straightforward  substitution  of  the  definitions  presented  above 
leads  to  the  relation: 

r""(kli:,)  1  u„(k)u„'(k) 

-  = - ; - .  k<k,  (7) 

rc/tlyfe,)  2  E‘-{k) 


A  further  summation  over  the  spectral  shell  k  would  yield 
unity  on  the  right  hand  side,  which  indicates  that  the  spectral 
eddy  viscosity  model  accounts  for  the  total  energy  transfer  to 
a  spectral  shell  correctly.  However,  it  may  be  seen  that  this 
model  assumes  that  energy  and  energy  transfer  have  the  same 
form  of  distribution  within  a  given  spectral  shell.  In  other 
words,  energy  and  energy  transfer  are  assumed  to  be  entirely 
in  phase  with  each  other  in  wavenumber  space.  This  assump¬ 
tion,  of  course,  deviates  from  the  exact  spectral  equations. 

The  exact  and  modeled  subgrid  nonlinear  terms  and  energy 
transfers  obtained  from  DNS  and  LES  have  been  analyzed  for 
a  range  of  /t,.  These  results  will  be  discussed  in  Section  4. 


is  the  resolved  rate-of-strain  tensor,  where  lAI  =  1 25ySy- 1 
The  dynamic  modeling  apjjroach  [4,7]  can  be  used  to  compute 
the  constant  C5  as  a  part  of  the  solution,  as  described  else¬ 
where.  At  present,  we  have  not  implemented  the  dynamic 
model  in  the  LES  but  will  consider  it  in  the  near  future. 

Here,  in  addition  to  the  Smagorinsky’s  model,  two  new  SGS 
models  are  considered.  The  first  is  a  one-equation  model  for 

the  subgrid  kinetic  energy  k^g,  =  y  ^  j  •  The  motiva¬ 

tion  behind  the  choice  of  this  model  is  two-fold.  First,  as 
noted  earlier,  it  is  conceivable  that  in  high  Reynolds  number 
flows  (or  when  very  coarse  grids  are  employed),  the 
unresolved  scales  may  contain  energy-containing  scales.  In 
this  case,  the  contribution  of  the  subgrid  energy  to  the 
resolved  SGS  stresses  may  have  to  be  explicitly  computed. 
Second,  we  are  also  interested  in  LES  of  reacting  flows.  For 
LES  of  premixed  combustion  using  a  thin  flame  model,  the 
turbulent  flame  sj>eed  must  be  determined  as  a  function  of  the 
laminar  flame  speed  and  the  resolved  subgrid  kinetic  energy 
[15].  In  such  a  case,  explicit  evaluation  of  the  SGS  kinetic 
energy  is  required.  A  compressible  version  of  the  k,g,  model 
is  currently  being  used  for  LES  of  premixed  combustion  in  a 
ramjet  [15],  One-equation  models  have  been  also  used  earlier 
for  channel  flows  [17,18],  and  it  was  shown  that  it  gave  more 
accurate  results  when  very  coarse  grids  were  used  [18]. 


3.2.  Subgrid  Transfer  and  Modeling  in  Physical  Space 
In  physical  space,  the  incompressible  Navier-Stokes  equations 
are  filtered  using  a  spatial  filter  of  characteristic  width  A  (typi¬ 
cally,  the  grid  resolution)  resulting  in  the  filtered  LES  equa¬ 
tions: 

dui 

— =  0  (8a) 

ox, 


The  exact  equation  for  k,g,  is  first  derived  by  filtering  the 
exact  equations  for  the  kinetic  energy  «,^/2  and  subtracting 
from  it  the  exact  equation  for  the  resolved  kinetic  energy 
K,  /2.  A  possible  closure  for  the  terms  in  the  k,g,  equation  is 
considered  in  the  following  form; 

dkjg,  _  Sk,gj  ^  g  duj  ^  k,g,  d 

dt  dx,  ”  dxy  "  A  dx,  a*  dx, 


du,  _  du, 

'dT 
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(8b) 


where  i7,(x,  f)  is  the  resolved  velocity  field  and  the  subgrid 
scale  (SGS)  stress  tensor  T,;,- is  defined  as:  ijj  =  UjUj-UiUj.  It 
has  been  shown  that  proper  choice  of  the  filtering  process  is 
essential  to  maintain  model  consistency  [14].  Various  types 
of  filtering  processes  have  been  studied  in  the  past,  such  as  the 
top  bat,  the  Gaussian,  and  the  Fourier  cut  off  filters  [9,14].  In 
the  present  study,  we  employ  the  top  hat  filter  which  is  con¬ 
sidered  appropriate  for  finite-difference  methods. 


where  the  three  terms  on  the  right-hand-side  of  Equation  (11) 
represent,  respectively,  the  production,  dissipation  and  tran¬ 
sport  processes.  Here,  the  subgrid  stresses  Ty*  (considered 
equivalent  to  Xij)  are  modeled  in  terms  of  the  SGS  eddy 
viscosity  Vj  as: 

X,./  = -2v*S,.;+|l:,,,6^  (12) 

where  the  SGS  eddy  viscosity  is  v*  =  Q  A.  The  model 
constants  are  chosen  based  on  earlier  study  [16]  to  be 
Q  =  0.09,  Cg  =0.916  and  a*  =  1.0.  It  has  not  yet  been  esta- 
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blished  if  these  constants  or  the  form  of  the  terms  in  Eq.  11 
are  appropriate  for  high-Re  LES.  For  example,  it  has  been 
noted  using  a  a  priori  study  in  channel  flow,  that  the  dissipa¬ 
tion  model  in  equation  (1 1)  is  extremely  poor  [19], 

To  investigate  the  behavior  of  the  k,g,  model,  the  production, 
the  dissipation  and  the  transport  terms  in  the  exact  equation 
were  computed  by  filtering  the  DNS  data  and  then  correlated 
with  the  model  terms  in  Equation  (11).  The  results  (not 
shown)  suggests  that  the  transport  and  production  terms  in  the 
model  equation  are  correlated  quite  well  with  the  exact  terms 
(with  a  correlation  greater  that  0.6).  However,  the  dissipation 
term  was  poorly  correlated.  This  result  agrees  with  the  earlier 
observation  that  the  dissipation  model  needs  to  be  further 
improvement.  This  will  be  addressed  in  a  future  study  by 
using  the  dynamic  procedure  to  evaluate  the  constants  in  the 
k,g,  model. 

If  subgrid  scales  contain  energy-containing  eddies,  then  there 
is  a  good  chance  for  backscatter  of  energy  from  the  subgrid 
scales  to  the  resolved  scales.  Furthermore,  earher  studies 
[5,6]  have  shown  that  forward  scatter  (by  the  eddy  viscosity 
term)  and  backscatter  are  two  distinct  processes.  Therefore, 
these  two  effects  must  be  modeled  separately.  Using  the 
results  of  Chasnov  [5],  a  phenomenological  model  for  sto¬ 
chastic  backscatter  was  derived  earlier  [15]  by  assuming  that 
the  backscatter  effect  can  be  modeled  by  a  random  force 
which  satisfies  certain  constraints.  The  resulting  form  of  the 
backscatter  contribution  to  the  subgrid  stress  model  can  be 
written  as: 

V' =  (13) 

Here,  Q,  is  a  constant  of  order  unity.  A/  is  the  time  step  of  the 
LES,  and  J~I  is  a  random  number  with  zero  mean  and  unit 
variance.  Then,  the  modeled  SGS  stresses  become 

X,/  =  -2v*S,;  +  -|/:,„6,.;-fx>  (14) 

The  second  model  used  is  a  modified  scale  similarity  model 
proposed  by  Liu  et  al.  [9].  This  model  was  derived  using  a 
priori  analysis  of  high  Re^  (=  310)  experimental  data 

obtained  from  a  turbulent  jet  and  is  of  the  form: 

-Ci;'"  =  CLf(Iis)Uj  (15) 

where  the  stress  =  upij  -  ujij  can  be  computed  entirely 
from  the  resolved  velocity  field.  Here,  the  tilde  indicates 
filtering  at  a  scale  2A  and  is  reminiscent  of  the  Germano  iden¬ 
tity  [4].  The  constant  Ci  was  determined  in  [9]  to  be  around 
0.45  at  high  Rex.  This  model  is  similar  to  the  scale  similarity 
model  proposed  earher  [20];  and  it  can  be  shown  that  the 
energy  flux  to  the  subgrid  scale  Ei  =  -Lij  Sij  will  exhibit  both 
pwsitive  (forward  scatter)  and  negative  (backscatter)  in  the 
flow.  However,  it  was  noted  earher  [9,20],  and  in  the  present 
study,  that  this  backscatter  (which  may  not  be  real)  can  result 
in  numerical  instabihty.  Hence,  to  control  the  backscatter,  a 
scalar  function  /Uls)  is  used  in  terms  of  4;,  a  dimensionless 
invariant: 

= - (16) 

Here,  represents  the  alignment  between  Lij  and  Sjj  [9]. 
Various  forms  of  the  scalar  function  /(/^s)  were  proposed  in 


[9]  but  their  validity  in  LES  have  not  been  investigated. 
Furthermore,  the  experimental  data  was  a  two-dimensional 
slice  of  the  flow  field  and  Liu  et  al.  [9]  had  to  make  some 
assumptions  to  determine  the  contribution  from  the  third 
dimension.  Therefore,  to  evaluate  this  subgrid  model,  both  a 
priori  analysis  using  DNS  results  and  LES,  were  carried  out. 
Various  forms  of  backscatter  control  were  studied.  However, 
for  LES, /(4s)  was  chosen  following  the  suggestion  by  Liu  et 
al.  [9]  such  that  fUis)  =  |^1 -exp(-10/u^)j  ,  if  4s^0, 
and/(/Ls)  =  0,  UIlsKO. 

To  carry  out  analysis  in  physical  space,  methods  that  rely 
entirely  on  physical  space  information  have  been  employed. 
To  obtain  a  measure  of  the  accuracy  of  the  model,  correlation 
coefficient  (defined  in  the  usual  manner)  has  been  used  to 
quantify  the  results.  These  results  are  discussed  below. 

4.  RESULTS  AND  DISCUSSIONS 

In  this  section,  we  describe  the  results  of  our  analysis  of  the 
subgrid  models  described  above. 

4.1.  Spectral  Space  Analysis 

Energy  transfer  information  extracted  from  the  DNS  data  was 
analyzed  to  determine  the  effect  of  a  variable  cutoff 
wavenumber  k^,  on  energy  transfer  between  the  resolved  (in 
an  LES  sense,  k  S  4)  and  subgrid  (k  S  4)  scale  ranges.  The 
SGS  eddy  viscosity,  the  subgrid  and  the  resolved  energy 
transfer  defined  earlier  in  Section  3.1,  are  shown  in  Fig.  2 
(a,b,c)  for  decaying  isotropic  turbulence  (at  Rex  =  20).  It  can 
be  seen  that  the  SGS  eddy  viscosity  takes  negative,  albeit, 
small  values  at  low  k/k^  for  relatively  high  values  of  the  cut¬ 
off  wavenumber.  This  indicates  that  the  SGS  energy  transfer 
T'{k\kc)  takes  on  positive  values  -  representing  a  non- 
negligible  backscatter  of  energy  from  the  subgrid  scales  to  the 
resolved  scales.  The  eddy  viscosity  displays  a  cusp-like 
behavior  at  resolved  wavenumbers  approaching  4-  consistent 
with  the  results  of  Domaradzki  et  al.  [8]  at  higher  Reynolds 
number.  The  formation  of  these  cusps  may  be  understood  in 
terms  of  the  local  nature  of  energy  transfer  in  turbulence.  An 
active  forward-cascading  transfer  of  energy  occurring 
between  scales  close  to  4  causes  a  large  and  negative  value 
of  T‘{k\kc),  and,  hence,  a  large  and  positive  SGS  eddy 
viscosity.  The  strength  of  this  local  transfer,  which  is  evident 
in  Fig.  2(b),  depends,  of  course,  on  the  energy  in  scales  of  size 
in  the  order  of  1  /k^,  and,  hence,  weakens  with  increasing  k^. 

In  Fig.  2(a)  it  may  be  seen  that  the  SGS  eddy  viscosity  at  the 
lowest  cutoff  wavenumber  kc=\0.5  (line  A)  has  a  much 
greater  value  than  the  data  at  higher  spectral  cutoffs.  This  is  a 
consequence  of  the  subgrid  transfer  taking  on  a  more  local 
character  as  the  spectral  cutoff  is  moved  to  lower 
wavenumbers.  That  is,  energy  transfer  between  the  largest 
scales  and  the  subgrid  scales  becomes  much  more  significant 
if  the  subgrid  range  is  expanded  to  include  intermediate  scales 
that  are  closer  to  the  largest  scales.  The  upturn  in  line  A  at  the 
low  wavenumber  end  is  partly  a  result  of  the  fall-off  in  the 
energy  spectrum  (see  Fig.  la)  as  the  low  wavenumber  limit  is 
approached. 

The  behavior  of  the  resolved  energy  transfer  (T(k  14),  in  Fig. 
2(c)),  which  represents  interactions  wholly  among  the 
resolved  scales,  is  also  of  interest.  The  signs  of  this  transfer 
indicate  it  is  consistently  a  forward  cascade,  drawing  energy 
from  lower  to  higher  wavenumber  modes.  At  large  4  the 
resolved  interactions  close  to  Ar=4  takes  on  a  nonlocal  charac- 
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ter,  and  is  much  weaker  than  the  more  local  transfer  that  take  distorting  effect  on  energy  transfer,  especially  at  the  large 

place  at  lower  values  of  k^-  scales,  which  generally  dominate  the  correlation  coefficients. 


It  is  of  interest  to  compare  the  spectral  properties  of  stationary 
forced  turbulence  (at  Re^  =  90)  with  turbulence  in  viscous 
decay.  Because  of  space  limitations,  we  show  only  the  eddy 
viscosity  for,  stationary  forced  turbulence,  in  Fig.  2(d), 
although,  the  resolved  and  subgrid  energy  transfers  have  also 
been  calculated.  The  cusp-like  behavior  of  the  SGS  eddy 
viscosity  near  k^  is  preserved,  although,  more  pronounced 
than  for  decaying  turbulence.  The  influence  of  k^  on  the  mag¬ 
nitudes  of  the  SGS  eddy  viscosity  and  subgrid  transfer  near  k^ 
is  qualitatively  similar  to  decaying  isotropic  turbulence.  A 
qualitative  difference  is  observed  for  k,.=15.5,  with  back- 
scatter  and  negative  eddy  viscosity  found  in  the  forced  tur¬ 
bulence  data.  For  the  lowest  spectral  cutoff  kc=l0.5  (line  A), 
the  subgrid  viscosity  is  also  much  larger  than  that  for  higher 
cutoffs,  as  in  the  case  of  decaying  turbulence.  On  the  other 
hand,  no  upturn  at  the  low  wavenumber  end  is  observed;  this 
can  be  understood  by  noting  that  in  the  expression  for  eddy 
viscosity,  the  energy  spectrum  appears  in  the  denominator  and 
in  the  low  wavenumber  range,  the  spectrum  is  nearly  flat  (see 
Fig.  la). 

Since  the  lowest  wavenumber  modes  are  forced  in  stationary 
turbulence,  the  resolved  energy  transfer  is  greatly  distorted. 
In  this  forced  turbulent  flow,  the  peak  in  the  energy  spectrum 
occurs  at  the  lowest  nonzero  wavenumber  shell  in  the  simula¬ 
tions,  While  the  nature  of  a  forward  cascade  remains 
unchanged,  these  forced  modes,  being  highly  energetic,  lose  a 
large  amount  of  energy  to  other  resolved  modes  (and,  for  low 
spectral  cutoffs,  to  the  subgrid  scales  as  well). 

To  assess  the  performance  of  the  SGS  eddy  viscosity  model 
(Eq.  6),  an  important  criterion  is  how  well  the  energy  transfer 
is  predicted  in  physical  space.  The  Fourier  space  considera¬ 
tions  illustrated  by  Eq.  8  indicates,  in  homogeneous  tur¬ 
bulence,  the  space  average  of  the  energy  transfer  is  repro¬ 
duced  exactly  by  this  model.  However,  incorrect  phase  infor¬ 
mation  in  Fourier  space  translates  to  deviations  from  exact 
values  at  each  grid  point  in  physical  space.  A  quantitative 
measure  of  model  accuracy  is  the  correlation  coefficient 
between  the  exact  and  modeled  SGS  transfer  in  physical 
space,  denoted  by  T’ixlk^)  and  7'”"(xlkc).  respectively.  This 
correlation  coefficient,  p(r',r”'),  which  is  computed  over  all 
grid  points  in  physical  space,  is  shown  in  Fig.  3  as  a  function 
of  the  cutoff  wavenumber  k^.  Also  shown,  is  the  correspond¬ 
ing  correlation  coefficient,  averaged  over  the  coordinate  com¬ 
ponents,  between  the  exact  and  modeled  SGS  nonlinear  terms, 
denoted  by  p(A',A”"). 

Several  observations  may  be  made  in  Fig.  4,  First,  for  all  of 
the  quantities  considered,  model  performance  improves 
steadily  with  ihciieasing  cutoff  wavenumber.  This  is  clearly 
consistent  with  the  general  expectation  ^that  SGS  models 
should  improve  if '  a  wider  ran^e  of  scales  are  resolved  . in,,  an 
LES  by  increasing  the  number  of  grid  points,  leaving  only  the 
smallest  scales  to  be  modeled.  Second,  except  at  low  cutoff 
wavenumbers,  the  nonlinear  term  is  predicted  more  accurately 
than  the  energy  transfer.  Since  in  physical  space  this 
(subgrid)  transfer  is  given  by  the  dot  product  between  the 
resolved  velocity  vector  and  the  subgrid  nonlinear  vector,  we 
may  conclude  that  the  alignment  between  these  vectors  is  not 
well  predicted.  Third,  the  model  produces  better  agreement 
with  DNS  data  in  the  decaying  case  compared  to  the  forced 
case.  This  is  not  surprising,  since  the  artificial  forcing  has  a 


As  discussed  above,  one  of  the  weaknesses  of  the  SGS  spec¬ 
tral  eddy  viscosity  model  is  that  it  is  based  on  quantities 
summed  over  spectral  shells.  As  a  result,  v,  is  represented  as 
an  isotropic  function  of  the  wavenumber  magnitude  k  in 
Fourier  space.  A  modification  can  be  made  to  accommodate 
the  phase  variations  inside  spectral  shells  by  using  the  modal 
transfer  and  energy  instead.  We  define  the  modified  SGS 
spectral  eddy  viscosity  by 


v',(klk,) 


rckifc,) 

n„(k)u„*(k) 


k^kc 


(17) 


The  modeled  SGS  nonlinear  term  becomes 
Re[n„‘(k)A'„'(k  I  !:,,)]/«„  *(k),  which  is,  clearly,  still  not  exact. 
This  modified  model  requires  too  much  information  -  the 
energy  and  SGS  transfer  at  individual  Fourier  modes  -  to  be 
useful  in  practice.  However,  because  it  accounts  for  phase 
variations  within  spectrals  shells,  this  modified  model  does 
give  better  agreement  with  DNS  data.  The  correlation 
coefficients  in  physical  space  discussed  above,  but  computed 
from  the  modified  model,  are  shown  as  lines  E  and  F  in  Fig.  4 
for  the  decaying  turbulence  case.  As  may  be  seen,  these  corre¬ 
lation  coefficients  are  consistently  higher  than  those  obtained 
from  the  conventional  model. 


The  spectral  space  analysis  method  was  then  used  to  analyze 
the  behavior  of  the  subgrid  models  described  in  Section  3.2. 
Figure  4a  shows  the  Kolmogorov  scaled  energy  spectra  for 
the  64^  DNS  (at  a  Re  =  10),  and  for  the  32^  and  16’  LES 
using  the  k,g,  model  with  stochastic  backscatter  (Eq.  14),  and 
the  scale-similarity  model  (Eq.  15).  These  results  are  shown 
at  a  time,  r  =  12  which  corresponds  to  around  21.7  large-eddy 
turnover  time.  By  this  time,  the  flow  field  has  evolved  into 
realistic  isotropic  turbulence.  The  flow  field  for  the  LES  was 
initialized  by  filtering  the  64’  initial  (i.e.,  at  t  =  0)  flow  field  in 
physical  space.  Thus,  at  f  =  0,  the  initial  fields  for  the  DNS 
and  the  LES  were  highly  correlated  in  the  physical  space. 
(Results  of  the  physical  space  analysis  will  be  discussed  in  the 
next  section).  However,  in  Fourier  space,  due  to  the  form  of 
the  transfer  function  for  the  top  hat  filter,  the  initial  energy 
spjectra  will  be  quite  different.  This  would  show  up  in  the 
eventual  evolution  of  the  flow  field  when  analyzed  in  the 
Fourier  space.  However,  if  the  simulations  are  self  consistent, 
the  Kolmogorov  scaled  spectra  should  exhibit  similarity,  as 
seen  in  Fig.  4a. 

Figure  4b  and  4c  show,  respectively,  the  energy  spectra  (nor¬ 
malized  by  the  kinetic  energy)  and  disspation  spectra  (normal¬ 
ized  by  the  dissipation  rate)  as  a  function  of  wavenumber. 
The  disagreement  between  the  DNS  and  LES  results  is  more 
apparent  in  these  figures.  The  normalized  energy  spectra 
shows  that  aU  the  LES  data  predict  higher  peak  energy  at  a 
lower  wavenumber  than  predicted  by  DNS.  Both  the  k,f,  and 
similarity  models  predict  nearly  the  same  peak  value  (about 
25  percent  higher  than  exact)  and  location  with  32’  resolu¬ 
tion,  However,  as  the  grid  is  coarsened,  the  k,,,  model  shows 
a  much  larger  peak  energy  than  the  similarity  model.  Further, 
near  k=k^,  the  energy  in  the  high  wavenumbers  is  much 
lower  for  the  LES.  The  dissipation  spectra  peaks  at  larger 
wavenumbers  (by  a  factor  of  2)  and  aU  the  data  shows  similar 
trends.  However,  since  energy  is  lower  near  k-.^aax<  Ike  LES 
results  predict  lower  dissipation  when  compared  to  the  DNS 
results.  These  results  suggest  that  the  dissipation  modeled  by 


the  subgrid  models  is  insufficient  and  needs  to  be  improved. 

The  energy  transfer  in  the  spectral  space  was  also 
analyzed  using  these  LES  data.  Using  the  DNS  and  LES 
fields  shown  in  Fig.  4,  the  spectral  eddy  viscosity  and  the 
subgrid  transfer  at  a  cutoff  wavenumber  =  10  was  com¬ 
puted  and  are  shown  in  Figs.  5a  and  5b,  respectively.  Note 
that,  for  the  DNS,  -  30.  while  for  the  LES,  -  15. 
Therefore,  a  of  10  is  in  the  range  of  resolved  scales  for  all 
the  simulations.  Figure  5a  shows  that  the  spectral  eddy 
viscosity  behavior  in  all  cases  is  nearly  identical  suggesting 
that  the  LES  models  are  behaving  quite  well.  However,  this 
is  somewhat  misleading.  Figure  5b  shows  that  at  k/k^  ^1 
both  the  scale  similarity  model  and  the  k,g,  model  predict 
lower  negative  values  for  the  subgrid  transfer  T‘(k  Ik^).  A  low 
value  for  the  transfer  would  result  in  a  lower  peak  in  the  eddy 
viscosity.  However,  less  energy  is  being  transferred  to  the 
subgrid  scales,  as  seen  in  Fig.  4.  Therefore,  the  combination 
of  low  (negative)  value  of  T‘(k  IZ:^)  and  lower  E‘^ik)  near  k^y 
results  in  an  eddy  viscosity  (from  Eq.  6)  that  appears  to  agree 
with  the  a  priori  results. 

In  summary,  the  a  priori  analysis  of  the  DNS  data  showed 
that  the  eddy  viscosity  model  in  spectral  space  has  a  distinct 
cusp  at  the  wavenumber  cutoff  kc,  suggesting  that  the  energy 
transfer  across  kc  is  dominated  by  interaction  of  scales  (both 
resolved  and  unresolved)  in  the  neighborhood  of  kc-  The 
spectral  subgrid  transfer  was  found  to  be  quite  dependent  on 
kc  and  inverse  transfer  (backscatter)  was  found  to  occur  for 
relatively  high  values  of  Z:^.  Correlation  analysis  of  the  non¬ 
linear  terms  and  SGS  energy  transfer  in  physical  space 
showed  very  low  values  (around  0.3-0. 4)  which  increased 
with  kc-  The  correlation  of  the  nonlinear  term  was  higher  than 
for  the  energy  transfer  indicating  that  the  resolved  velocity 
field  and  the  nonlinear  term  were  not  correlated  very  well. 

The  analysis  of  the  LES  data  using  a  similar  method  showed 
that  there  were  significant  differences  in  the  energy  and  dissi¬ 
pation  spectra  for  all  the  cases  studied.  This  is  understandable 
since  the  initial  spectra  for  the  LES  and  the  DNS  was  dif¬ 
ferent  due  to  the  initialization  that  maintained  high  correlation 
in  the  physical  space.  All  the  SGS  models  appear  to  model 
dissipation  very  poorly  and,  also,  predict  much  higher  energy 
in  lower  wavenumbers  than  predicted  by  the  DNS  data. 
Using  a  spectral  cutoff  at  kc  =  10,  it  was  shown  that  the  spec¬ 
tral  eddy  viscosity  computed  using  the  LES  data  agrees  rea¬ 
sonably  well  with  the  eddy  viscosity  computed  using  DNS 
data.  However,  it  was  shown  that  this  agreement  was  due  to  a 
combination  of  lower  energy  at  kc,  and  a  lower  (negative) 
value  for  the  subgrid  transfer. 

4.2.  Physical  Space  Analysis 

The  analysis  in  the  physical  space  was  carried  out  using 
methods  that  attempted  to  quantify  the  behavior  of  the  models 
in  terms  of  the  resolution  of  the  large-scale  structures  and,  the 
correlation  between  the  exact  and  the  modeled  stresses  and 
energy  flux  to  the  subgrid  scales.  The  a  priori  analysis  was 
carried  out  on  all  the  DNS  data  sets.  Here,  we  will  discuss 
only  representative  results. 

Figure  6a  shows  contours  of  the  energy  flux  (^(A)  = -T,j^) 
to  the  subgrid  scales  on  a  32^  grid  obtained  by  filtering  of  the 
128^  DNS  data  for  forced  stationary  turbulence.  This  result  is 
compared  to  the  prediction  by  the  k,g,  model  without  back¬ 
scatter  (Fig.  fib),  and  the  scale  similarity  model  without  back¬ 
scatter  control  (Fig.  6c),  and  with  backscatter  control  (Fig. 


fid).  The  contour  interval  is  the  same  for  all  figures,  and  an 
arbitrary  (but  same)  slice  of  the  3D  field  is  shown.  Com¬ 
parison  with  the  exact  results  (Fig.  6a)  shows  that  there  is 
significant  similarity  in  regions  with  high  positive  transfer. 
However,  only  the  similarity  model  without  backscatter  con¬ 
trol  (Fig.  6c)  is  capable  of  resolving  regions  with  backscatter, 
although,  the  peak  negative  value  is  around  35%  lower  than  in 
the  exact  case.  The  peak  positive  value  is,  also,  not  predicted 
very  well,  with  the  k,g,  model  predicting  a  maximum  level 
that  is  nearly  60%  lower  than  the  exact  value  while  the  simi¬ 
larity  model  predicting  peak  level  around  35  %  lower  without 
backscatter  control.  With  backscatter  control,  the  similarity 
model  predicts  a  peak  level  around  42%  lower. 

To  further  quantify  the  differences  and  similarity  between  the 
model  predictions  and  the  exact  values.  Figure  7a  shows  the 
correlation  between  the  exact  and  the  modeled  stresses  for  the 
forced  128^  DNS  data.  The  correlation  shown  in  Fig.  7a  is  an 
average  of  the  correlation  coefficient  of  the  three  stress  com¬ 
ponents  (tj^,  "tyy,  "Ch).  The  data  shows  that  the  correlation 
decreases  with  an  increase  in  filter  width  for  all  cases,  with 
the  similarity  model  showing  the  largest  decrease.  The  simi¬ 
larity  model  with  backscatter  control  has  lower  correlation 
when  compared  to  the  same  model  without  backscatter  con¬ 
trol.  This  is  consistent  with  the  results  shown  by  Liu  et  al. 
[9].  The  eddy  viscosity  model  of  Smagorinsky  consistently 
shows  the  lowest  correlation.  This  result  is  also  consistent 
with  observations  made  in  earlier  studies.  The  k,g,  model 
shows  quite  high  correlation  for  these  stresses  with  only  a 
weak  dependence  on  the  filter  width.  The  correlation  for  the 
stresses  i  *  j  (not  shown)  was  lower  than  the  correlation 

shown  here;  however,  they  too  showed  only  a  weak  depen¬ 
dence  on  the  filter  width.  This  suggests  that  as  the  grid  reso¬ 
lution  becomes  coarse,  the  k,g,  model  should  behave  much 
better  than  the  other  models  shown  in  Fig.  7a. 

Figure  7b  shows  the  stress  correlation  for  the  subgrid  models 
for  two  different  Reynolds  number.  The  k,g,  model  con¬ 
sistently  shows  higher  correlation  than  the  similarity  model 
(with  backscatter  control)  which  shows  a  decrease  in  the 
correlation  with  decrease  in  Re^,.  The  decrease  in  the  stress 
correlation  for  the  similarity  model  with  increase  in  filter 
width  and  with  decrease  in  Re^  can  be  understood  by  noting 
that  this  model  was  developed  based  on  analysis  of  very  high 
Rex  experimental  data  with  at  least  a  decade  of  wavenumbers 
in  the  inertial  range.  For  the  present  DNS  data,  there  is  no 
appreciable  inertial  range  and  this  situation  is  even  worse  for 
the  low  Rex  case.  Furthermore,  the  model  assumes  that  there 
is  similarity  between  the  stresses  resolved  at  2A  grid  and  the 
stresses  resolved  at  the  A  grid.  In  the  present  case,  as  the  filter 
width  increases  (or  as  the  grid  coarsens),  this  assumption 
breaks  down. 

Figure  8a  shows  the  energy  flux  correlation  for  Rex  of  90  for 
the  models  shown  in  Fig.  7  and  Fig.  8b  shows  the  energy  flux 
correlation  for  the  models  for  two  different  Reynolds 
numbers.  As  noted  earlier,  the  energy  flux  to  the  unresolved 
scales  is  defined  as  £(A)  =  -X,jSfj  for  a  filter  width  A.  For  the 
subgrid  models,  Xjj  is  replaced  by  the  appropriate  model  (e.g., 
Eqns.  12  or  15).  For  small  values  of  A/T|,  where  T)  is  the  Kol¬ 
mogorov  scale,  the  correlation  for  the  scale  similarity  model 
is  much  higher  than  for  the  other  models.  In  all  cases,  the 
correlation  decreases  with  decrease  in  Reynolds  number  with 
the  largest  decrease  seen  for  the  similarity  model. 

Since  the  ensemble-averaged  value  of  the  energy  flux  <£'(A)> 
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should  be  of  the  order  of  the  dissipation  rate  E,  a  comparison 
was  carried  out  for  all  the  models  studied  here.  The  results 
(not  shown)  indicate  that  all  models  predicted  values  lower 
than  the  dissipation  rate  computed  from  the  exact  field.  How¬ 
ever,  the  predicted  <E{A)>  was  of  the  same  order  as  the  dissi¬ 
pation  rate.  This  agreed  with  the  observations  by  Liu  et  al. 
[9],  The  energy  flux  at  scales  larger  than  A  is  also  of  interest. 
For  example,  it  was  shown  [9]  that  the  energy  flux  at  a  scale 
2A  can  be  represented  by  contributions  from  the  ’local’  and 
’nol-so-local’  contributions.  Using  the  Germano  identity,  the 
energy  flux  at  2A  can  be  written  as: 
EiZA)  =  -{EijSij  -I-  XijSjj),  where  as  before,  the  tilde  filter 
indicates  filtering  at  the  2A  scale.  The  first  term  represents  the 
’local’  transfer  of  energy  flux  from  large  scales  to  scales 
between  A  and  2  A,  while  the  second  term  represents  the 
energy  transfer  to  the  scales  smaller  than  A  [9].  A  correlation 
between  these  two  terms  was  computed  for  various  filter 
width.  The  results  (again,  not  shown  for  brevity)  indicates  a 
very  high  correlation  in  the  range  of  0.8,  and  since  £'(2A)  was 
always  positive,  this  suggests  that  both  the  energy  fluxes  were 
forward  scattered.  A  similar  high  correlation  and  behavior 
was  noted  by  Liu  et  al.  [9]  in  their  a  priori  analysis  of  the 
experimental  data. 

The  coefficient  Ci_  in  Eq.  15  was  determined  by  Liu  et  al.  [9] 
by  assuming  that  the  correct  amount  of  ^dissipation  mus^be 
predicted  by  the  model.  Thus,  ci  =  <ZijSij>/<f(Iis)LijSij> 
where  <  >  denotes  ensemble  averaging.  A  value  of  around 
0.45±0.15  was  estimated  for  the  high  Reynolds  number  exper¬ 
imental  data  [9],  For  the  correlation  analysis  shown  in  Figs.  7 
and  8,  Ci_  =0.45  was  employed.  However,  in  the  present 
study  a  significant  variation  in  the  correlation  was  observed  as 
a  function  of  both  the  filter  width  and  Re^.  Therefore,  this 
coefficient  was  recomputed  using  the  above  noted  relation. 
Figure  9  shows  the  variation  of  Cj,  as  a  function  of  filter  width 
and  Rex.  The  results  suggest  that  this  coefficient  increases 
with  increase  in  filter  width  and  decrease  in  Rex.  However, 
for  small  filter  widths,  the  predicted  value  is  in  the  range  of 
the  value  determined  by  Liu  et  al.  [9]  from  the  high  Rex  data. 
The  large  variation  in  the  value  of  may  be  an  artifact  of  the 
limited  range  of  scales  resolved  in  the  present  DNS  data  and 
the  problems  with  the  similarity  model  (discussed  above) 
when  the  grid  is  coarsened.  This  issue  needs  further  study. 

A  priori  analysis  of  the  DNS  data  at  Rex  =  10  was  also  carried 
out  since  this  data  is  used  for  comparison  with  LES  predic¬ 
tions  (as  discussed  in  Fig.  4).  Comparison  of  the  flow  struc¬ 
tures,  and,  the  stress  and  energy  flux  correlations  showed  a 
picture  very  simOar  to  that  seen  at  the  higher  Rex  (and  there¬ 
fore,  not  shown).  The  scale  similarity  model  consistently 
showed  a  much  better  correlation  for  both  stresses  and  the 
energy  flux  when  compared  to  the  k,^,  model  while  the 
Smagorinsky’s  model  consistently  gave  very  low  correlation. 
In  all  cases,  the  correlation  decreased  with  increase  in  the 
filter  width.  The  scale  similarity  model  again  showed  the  larg¬ 
est  decrease  in  correlation. 

Large-eddy  simulations  were  then  carried  out  using  32’  and 
16’  grid  resolutions.  As  noted  above,  for  LES,  the  flow  field 
was  initialized  by  filtering  the  initial  field  used  for  the  64’ 
DNS.  Hence,  at  r  =  0  the  physical  space  fields  were  highly 
correlated  (although,  in  the  Fourier  space  there  was  quite  a  bit 
of  discrepancy,  see  Fig,  4).  However,  the  results  showed  that 
as  time  evolved,  the  DNS  and  LES  became  highly  uncorre¬ 
lated. 


To  determine  the  behavior  of  the  subgrid  models,  the  correla¬ 
tion  analysis  was  carried  out  as  done  earlier  for  the  a  priori 
study.  To  analyze  the  LES  results,  the  DNS  data  obtained  on 
the  64’  grid  resolution,  and  the  LES  data  obtained  on  the  32’ 
grid  were  filtered  to  the  16’  grid.  Then,  the  energy  flux 
predicted  from  these  two  simulations  at  the  16’  grid  resolu¬ 
tion  was  compared  to  the  model  prediction  in  the  actual  16’ 
grid  LES.  The  results  showed  that  all  the  models  predicted 
very  poor  correlation  (less  than  0.1)  when  the  16’  grid  LES 
was  compared  to  the  filtered  DNS  data  set  at  the  same  grid 
level.  The  comparison  between  the  two  LES  showed  that  the 
energy  flux  correlation  for  the  scale  similarity  model  was  very 
low  (around  0.12)  while  the  model  predicted  a  relatively 
higher  value  of  around  0.35.  This  again  suggests  that  when 
coarse  grids  are  employed  in  an  LES,  the  k,^,  model  appears 
to  behave  much  better.  At  this  juncture,  however,  the  scale 
similarity  model  cannot  be  disregarded  since,  as  noted  above, 
even  the  a  priori  estimates  showed  that,  in  coarse  grids  the 
scale  similarity  assumptions  may  be  breaking  down.  It  is, 
therefore,  necessary  to  revisit  this  analysis  using  LES  at  much 
higher  Rex  with  a  reasonable  resolution  of  the  inertial  range. 
This  has  not  yet  been  attempted  since  it  would  require  exces¬ 
sive  grid  resolution  and  computational  resources. 

A  series  of  simulations  were  also  carried  out  using  the  32’ 
and  16’  grid  resolution  for  an  initial  Rex  =  lO’.  The  results  of 
this  study  are  qualitatively  analyzed  by  carrying  out  relative 
comparison  of  the  behavior  of  the  subgrid  models.  However, 
note  that,  in  high  Reynolds  number  flows,  the  grid  resolution 
that  is  economically  practical  is  likely  to  be  too  coarse  to 
resolve  the  inertial  range. 

Figure  10  shows  the  energy  spectra  for  these  high  Reynolds 
number  simulations  at  a  time  of  t  =  12.  It  was  found  that  the 
scale  similarity  model  did  not  contain  sufficient  dissipation 
and  therefore,  for  these  simulations,  the  Eq.  15  (with 
fiJis)=l.)  was  supplemented  by  a  Smagorinsky’s  eddy 
viscosity  model,  in  effect,  making  this  model  a  modified  ver¬ 
sion  of  the  mixed  model  proposed  earlier  [20].  The  spectra 
shows  that  both  the  modified  similarity  model  and  the  k,,, 
model  behaves  in  a  similar  manner.  The  spectra  for  all  cases 
appears  to  be  leveling  off  at  around  the  same  location  and  it  is 
clear  that  the  cutoff  occurs  at  a  wavenumber  at  which 
significant  energy  containing  scales  remain  unresolved.  This 
is  as  expected  for  such  high  Reynolds  number  simulations. 

The  stress  and  energy  flux  correlation  between  the  32’  grid 
and  the  16’  grid  LES  was  carried  out  for  this  case.  Figures 
11a  and  11b  show,  respectively,  the  stress  and  energy  flux 
correlations  (obtained  in  the  16’  grid)  as  a  function  of  the  ini¬ 
tial  Rex.  As  discussed  before,  the  computed  correlation  in  the 
LES  is  much  lower  that  in  the  a  priori  analysis.  Furthermore, 
with  increase  in  Rex,  the  correlation  for  all  the  models 
decrease  indicating  a  serious  problem  with  the  dissipation 
modeling.  The  model  without  the  stochastic  backscatter 
model  (Eq.  13)  showed  a  slightly  lower  correlation  indicating 
that  the  backscatter  model  (although  not  very  effective)  does 
result  in  a  higher  correlation.  More  importantly,  for  all  the 
cases  studied  here,  the  k,^,  model  showed  a  much  higher 
correlation  at  this  grid  resolution.  This  suggests  that  although 
the  k,g,  model  needs  improvements,  it  warrants  further  inves¬ 
tigation  for  application  in  high  Reynolds  number  flows. 
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5.  CONCLUSIONS 

Direct  and  large  eddy  simulations  of  forced  and  decaying  iso¬ 
tropic  turbulence  have  been  performed  using  a  pseudospectral 
and  a  finite-difference  code.  Subgrid  models  that  include  a 
one-equation  subgrid  kinetic  energy  model  with  and  without  a 
stochastic  backscatter  forcing  term  and  a  new  scale  similarity 
model  have  been  analyzed  in  both  the  Fourier  space  and  the 
physical  space  using  high  resolution  DNS  data.  The  spectral 
space  analysis  showed  that  energy  transfer  across  the  cutoff 
wavenumber  is  dominated  by  local  interaction.  Correlation 
analysis  of  the  modeled  and  exact  nonlinear  terms  and  the 
subgrid  energy  transfer  in  physical  space  showed  very  low 
values. 

In  physical  space,  a  priori  analysis  of  the  stress  and  energy 
transfer  correlation  between  the  exact  value  and  the  modeled 
terms  was  carried  out  for  a  range  of  Rej^.  Results  show  that 
the  stress  and  energy  flux  predicted  by  both  the  subgrid 
models  correlates  very  well  with  the  DNS  data  with  the  scale 
similarity  model  showing  very  high  correlation  for  reasonable 
grid  resolution.  However,  with  decrease  in  grid  resolution,  the 
scale  similarity  model  becomes  more  uncorrelated  when  com¬ 
pared  to  the  kinetic  energy  model. 

When  the  subgrid  models  were  used  for  LES,  correlation  with 
the  DNS  results  was  very  low.  This  was  in  spite  of  keeping 
the  initial  flow  field  for  all  the  simulations  highly  correlated. 
This  suggests  that  the  results  of  a  priori  analysis  cannot  be 
used  to  predict  the  behavior  of  the  subgrid  models  in  actual 
LES.  The  analysis  of  the  LES  data  obtained  on  very  coarse 
grids  showed  that  the  scale  similarity  model  behaves  very 
poorly  when  compared  to  the  k,g,  model  which  consistently 
showed  higher  correlation.  These  results  suggest  that  the 
scale  similarity  model  can  be  used  only  for  relatively  fine  grid 
resolution,  whereas,  the  kinetic  energy  model  can  be  used 
even  in  coarse  grids.  This  was  further  demonstrated  by  carry¬ 
ing  out  LES  at  a  very  high  Re^  for  which  the  scale  similarity 
model  had  nearly  zero  correlation  while  the  k,^,  model  still 
had  (albeit)  finite  value.  It  is  expected  that  the  application  of 
the  dynamic  procedure  (to  be  carried  out  in  the  future)  will 
improve  the  disspation  and  production  models  in  the  k^, 
model. 
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(a)  Energy  spectra  for  128’  DNS  of  forced  stationary  iso¬ 
tropic  turbulence  at  Re^  =  90  (dashed  line)  and  decaying  (»>)  En'fgy  dissipation  spectra  for  64’  DNS. 

turbulence  at  Re^  ~  20  (solid  line). 

Figure  1.  Kolmogorov  scaled  energy  and  disspation  spectra  for  decaying  and  forced  isotropic  turbulence. 


Figure  2.  (a)  SGS  eddy  viscosity,  (b)  subgrid  energy  transfer,  and  (c)  resolved  energy  transfer, 

computed  from  decaying  isotropic  turbulence  DNS  data  for  different  k,:  Curves  A-D  are  10.5,  15.S,  30.5  and  48.5 

respectively,  (d)  SGS  eddy  viscosity  for  forced  stationary  isotropic  turbulence. 


Correlation  Coefficient 
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Figure  3.  CoirelatioD  coeOicieDts  between  exact  and 
modeled  quantities  cwnputed  in  {^ysical  space.  Lines  A, 
£,  and  F  are  for  the  decaying  case  and  lines  C  and  D  are 
for  the  forced  case.  Also,  lines  A,  C  and  E  are  for  the  non¬ 
linear  term  whUe  lines  B,  D  and  F  are  for  energy  transfer. 


(a)  Kolmogorov  scaled  energy  spectra 


Dm 

<€> 


Figure  4.  Comparison  of  the  energy  and  dissipation  spectra  for  the  DNS  and  LES  with  various  models  at  t  =  12 


(Rex  =  10). 


Figure  S.  Subgrid  eddy  viscosity,  V,(k  1^,.)  and  subgrid  energy  transfer,  T'(k  for  kc  =  10.5  for  the  DNS  and 
LES  data.  Curve  A:  32^  LES  with  Eq.  14,  Curve  B:  32’  LEIS  with  Eq.  15,  Curve  C:  64’  DNS. 


(c)  Energy  transfer  predicted  by  Eq.  15  with/(/Ls)—  1.  (d)  Energy  transfer  predicted  by  Eq.  15 

Figure  6.  Comparison  of  the  contours  of  the  energy  transfer  for  the  forced  DNS  case  and  the  SGS  models 
resolved  on  32^  grid.  Same  contour  interval  and  location  for  all  cases.  Solid  contours  indicate  forward  scatter 
and  negative  contours  indicate  backscatter. 


(a)  Correlation  at  Rej,  =  90  (b)  Correlation  at  Rei.  -  90  and  20 

Figure  7.  Correlation  between  the  exact  stresses  from  the  128^  DNS  data  and  the  stresses  computed  from  the 
SGS  models  as  a  function  of  filter  width. 
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(b)  Correlation  at  Rex  =  90  and  20 


Figure  8.  Correlation  between  the  exact  energy  transfer  from  the  128^  DNS  data  and  the  energy  transfer 
computed  from  the  SGS  models  as  a  function  of  filter  width. 


Figure  9.  Variation  of  the  coefficient  Ci  in  the  scale 
similarity  model  (Eq.  15)  with  filter  width  and  Rex 


Figure  10.  The  Kolmogorov  scaled  energy  spectra 
for  Rex  =  10^. 
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•  Scale  Similarity  Model.  Eq.  15  with /(G)  =  1. 
□  Mixed  Similarity  Model 
A  model.  Eq.  12 
model,  Eq.  14 


-i- 


(a)  Stress  correlation 


lO" 


10’ 


Rex 


0  Scale  Similahiy  Model,  Eq.  15  with/C/^)  =  1. 
□  Mixed  Similarity  Model 
A  model.  Eq.  12 
kjg,  model,  Eq-  14 


(b)  Energy  flux  correlation 

*1?  io‘ 

Rex 


Figure  11.  The  variation  of  the  stress  and  energy  flux  correlations  as  a  function  of  Rex  at  t  =  0.  Correlations 
computed  in  the  16^  grid. 
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1.  SUMMARY 

The  Narrow  Channel  (NC)  assumption,  together  with  a 
simple  although  efficient  numerical  scheme  are  adopted  in 
order  to  perform  the  Direct  Numerical  Simulation  (DNS)  of 
turbulent  channel  flows  at  moderate  Reynolds  numbers  with 
extremely  reduced  computational  resources. 

Typical  results  are  presented  for  a  constant  property  fluid, 
which  certify  the  reliability  of  the  numerical  tool  and  the 
quality  of  the  simulations. 

The  closure  problem  of  turbulence  modelling  is  then 
considered  and  the  transport  equations  for  the  Reynolds 
stresses  and  for  the  dissipation  rate  of  the  turbulence  kinetic 
energy  are  solved  on  the  basis  of  the  Narrow  Channel  data. 
The  comparison  of  the  distributions  of  the  various  terms  in 
the  transport  equations  with  published  full  channel  DNS  data 
confirms  that,  although  the  NC  assumption  substantially 
reduces  the  computational  cost  of  the  simulations,  it  does  not 
affect  the  accuracy  of  the  numerical  predictions. 

Finally,  as  an  example  of  the  use  that  can  be  done  of  the 
numerical  tool,  an  algebraic  stress  model  and  a  one-equation 
model  for  the  dissipation  rate  tensor  for  low  Reynolds  number 
flows  are  considered,  and  the  modelled  quantities  are 
compared  with  their  directly  computed  counterparts. 

2.  INTRODUCTION 

In  recent  years,  the  advancement  of  large-scale  computers 
made  the  Direct  Numerical  Simulation  of  turbulence  an 
affordable  task.  The  DNS  of  turbulent  flows,  although  still 
limited  to  relatively  simple  geometries  and  moderate 
Reynolds  numbers,  is  nevertheless  producing  a  dramatic 
impact  on  many  turbulence-related  fields,  ranging  from 
fundamental  research  to  routine  simulation  of  industrial  and 
atmospheric  flows. 

hi  basic  turbulence  research,  the  DNS  provides  the  scientists 
with  an  unparalleled  tool  for  the  comprehension  of  tliose 
complicated  mechanisms  through  which  turbulent  structures 
interact  mutually  and  with  the  solid  boundaries  of  the  flow 
domain,  so  that  a  much  deeper  insight  is  currently  being 
gained  into  the  dynamics  of  those  basic  events  and  structures 
that  for  many  years  since  have  been  identified  as  the  essential 
components  of  the  bursting  cycle  in  near-wall  turbulence. 

On  the  other  hand,  nowadays  satisfactory  predictions  of  a 
number  of  industrial  and  natural  turbulent  flows  can  be 
obtained  by  using  simplified  mathematical  models  of  the 
flow,  such  as  tlie  Large  Eddy  Simulation  technique  or  tlie 
averaged  or  Reynolds  form  of  the  Navier-Stokes  equations. 
Although  the  DNS  will  probably  never  become  an 
engineering  tool  itself,  it  can  incomparably  help  in  developing 
those  turbulence  models  which  the  solution  of  any  simplified 
form  of  the  Navier-Stokes  equations  is  based  on. 


All  of  the  work  on  the  development  of  turbulence  modelling 
makes  recourse  to  indirect  procedures  to  test  the  various 
closure  models.  So  far,  the  only  source  of  physical 
comparative  data  was  in  fact  of  experimental  nature,  but 
difficulties  in  measuring  pressure  and  velocity  with  a 
sufficient  spatial  accuracy  always  prevented  from  the 
possibility  of  a  direct  comparison  of  the  closure  models  with 
experiments. 

As  a  result  of  a  DNS,  on  the  contrary,  the  instantaneous 
values  of  the  primitive  variables  are  known  with  such  a 
spatial  resolution,  that  each  term  in  the  budget  of  the 
Reynolds  stresses  can  be  accurately  computed.  It  is  then 
immediate  to  test  the  closure  models  by  direct  comparison  of 
the  closure  formula  with  the  term  being  modelled.  This 
procedure  has  been  adopted  by  Mansour,  Kim  and  Moin  in  a 
paper  appeared  in  the  Journal  of  Fluid  Mechanics  in  1 988, 
where  the  Authors  presented  outstanding  results  obtained  by 
using  DNS  data  for  a  charmel  flow. 

However,  a  DNS  of  a  channel  flow  is  so  expensive  from  a 
computational  point  of  view  that  it  still  remains  beyond  the 
computing  power  of  most  research  laboratories.  This  is  why 
in  the  present  work  an  attempt  is  made  aimed  at  preserving 
all  of  the  advantages  intrinsic  in  the  use  of  DNS  data,  while 
reducing  the  computational  cost  of  their  production.  Two 
strategies  are  adopted:  the  Narrow  Channel  assumption 
(Jimenez  and  Moin,  1991)  is  applied  in  order  to  abate  the 
size  of  the  computational  domain  and  an  extremely  simple, 
although  efficient,  numerical  scheme  is  used  for  the 
integration  of  the  complete  Navier-Stokes  equations. 

The  transport  equations  for  the  Reynolds  stresses  and  for  the 
scalar  trace  of  the  turbulence  kinetic  energy  dissipation-rate 
tensor  provide  the  essential  information  for  the  development 
and  testing  of  many  turbulence  models.  In  the  present  paper 
these  equations  are  considered,  their  terms  are  evaluated  by 
using  the  Narrow  Channel  flow  fields,  and  used  for  a  direct 
comparison  witli  quantities  modelled  by  an  algebraic  and  a 
one-equation  turbulence  model. 

It  might  be  objected  that,  since  exhaustive  and  well 
documented  DNS  data  for  the  distribution  of  each  single  term 
in  the  transport  equations  are  public  domain,  researchers 
involved  in  the  development  of  turbulence  models  might  not 
be  interested  in  producing  these  data  themselves.  However 
new  closure  procedures  could  be  envisaged,  requiring  the 
evaluation  of  terms  different  from  those  considered  so  far 
(e.g.  terms  involving  correlations  of  fluctuating  vorticity 
components).  In  that  case,  the  capability  of  exactly 
computing,  through  a  cheap  DNS  tool,  the  quantities  to  be 
modelled,  seems  to  be  an  extremely  attractive  one. 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  “Application  of  Direct  and  Large  Eddy 
Simulation  to  Transition  and  Turbulence"  held  at  Chania,  Crete,  Greece,  in  April  1994. 
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3.  MATHEMATICAL  FORMULATION  AND 
COMPUTATIONAL  ALGORITHMS 

The  turbulent  flow  of  a  constant  property  fluid  is  governed  by 
the  Navier-Stokes  equations,  which  express  the  momentum 
equation  and  the  mass  conservation  principle.  For  a  plane 
channel  flow,  the  Navier-Stokes  equations  can  be  written  as: 


St  dxj  '  dxi  Re  SxjSxj 


(1) 


dXi 


=  0 


In  these  equations,  velocities  and  lengths  are  made 
dimensionless  with  the  friction  velocity  and  the 

chamiel  half-height  h.  The  dimensionless  form  of  pressure 
and  stresses  is  consequently  obtained  by  dividing  the  physical 
quantities  by  pwj .  Re  denotes  the  Reynolds  number,  defined 
throughout  this  paper  as  Re  =  u^hjv,  where  v  is  the 

kinematic  viscosity  of  the  fluid,  f.  denotes  the  dimensionless 
forcing  term,  which  represents  the  pressure  gradient 
necessary,  in  a  plane  channel,  to  drive  the  flow  by  balancing 
the  viscous  losses.  In  the  present  numerical  scheme,  the 
forcing  term  is  kept  constant  and  equal  to  one,  so  that  the 
volume  flux  through  the  chaimel  is  allowed  to  vary  in  time. 

Spatial  derivatives  are  evaluated  by  using  a  second-order 
accurate  central  finite  difference  scheme.  The  non-linear 
terms  are  written  in  the  Arakawa  form  (Horiuti,  1987),  so 
that  conservation  of  momentum  is  preserved  also  in  the 
discrete  sense. 


Time  integration  of  the  momentum  equations  is  performed  by 
using  an  efficient,  low-storage,  partially  implicit  scheme, 
witlr  an  iterative  Crank-Nicholson  method  for  the  diffusive 
terms  and  a  third-order  self-starting  Runge-Kutta  method  for 
the  remaining  terms.  The  algorithm  is  discussed  in  detail  in 
Rai  and  Moin  (1991),  and  is  divided  in  3  substeps  (see 
Annex  A).  Each  single  substep  of  the  algorithm  closely 
resembles  the  fractional  step  scheme  used  by  Kim  and  Moin 
(1985),  to  which  the  reader  is  referred  for  a  detailed 
description. 

Although  this  scheme  is  shown  to  be  stable  for  CFL  numbers 
up  to  V3  on  uniform  grids  and  1.45  for  smoothly  stretched 
grids,  the  results  presented  in  the  following  are  obtained  by 
keeping  the  CFL  number  around  1 ,  since  it  brings  to  the  use 
of  time  steps  of  the  order  of  the  inner  viscous  time  scale 
t*  =tullv,  which  are  essential  to  sample  the  time  evolution 
of  the  physical  quantities  governed  by  equation  (1).  This 
means  in  practice  that  the  limitation  in  the  time  step  is 
mainly  due  to  physical  requirements,  rather  than  to  stability 
problems. 

Continuity  is  enforced  at  every  siibstep  by  solving  a  Poisson 
equation  for  the  pressure-related  scalar  variable  O.  A  spectral 
method  based  on  Fast  Fourier  Transforms  is  used  in  this 
section  of  the  code  (Sclimidt  et  al,  1 984),  thanks  to  the  simple 
geometiy'  of  the  computational  domain. 

The  no-slip  condition  is  imposed  on  the  solid  walls,  and  the 
usual  periodic  conditions  are  used  in  the  streamwise  and 
spanwise  (homogeneous)  directions. 

Grid  spacing  is  unifomr  in  the  homogeneity  directions,  while 
a  smooth  stretching  (from  a  geometrical  2%  stretching  near 
the  solid  walls  to  an  approximately  constant  spacing  in  the 


central  portion  of  the  channel,  according  to  the  local 
turbulence  length  scales)  is  used  in  the  direction  normal  to 
the  walls.  The  dimensions  of  the  computational  domain  are 
discussed  in  the  following  paragraph. 

4.  THE  NARROW  CHANNEL  ASSUMPTION 
An  interesting  computational  technique  has  been  suggested  in 
1991  by  Jimenez  and  Moin.  In  this  technique,  all  of  the 
beneficial  features  of  the  DNS  of  channel  flows  in  terms  of 
both  space  and  time  resolution  are  retained,  while  the 
computational  effort  is  consistently  reduced.  They  called  this 
new  approach  to  the  Direct  Numerical  Simulation  of 
turbulence  the  Narrow  Channel  assumption. 

It  basically  consists  in  performing  a  DNS  with  space  and  time 
discretizations  adequate  for  resolving  all  of  the  essential 
turbulence  scales  (so  that  no  turbulence  model  is  required), 
but  over  a  computational  domain  of  very  limited  size  in  the 
spanwise  and  streamwise  directions.  This  allows  a  reduction 
of  almost  two  orders  of  magnitude  in  the  number  of  the 
required  grid  points  (and  computational  resources),  with 
respect  to  a  standard  DNS  performed  over  a  full-size  channel, 
at  the  same  Reynolds  number. 


As  mentioned  in  section  3,  periodic  boundary  conditions  are 
imposed  in  the  homogeneous  streamwise  {x)  and  spanwise  (z) 
directions.  In  a  full  chamiel  flow',  the  dimensions  and  X^. 
of  the  computational  domain  have  to  be  such  that  all  of  the 
computed  two-point  spatial  autocorrelation  functions  along  x 
and  z  decay  sufficiently  at  half  the  streamwise  and  spanwise 
extents  of  the  domain,  which  are  usually  fixed  at  1^=4 tc/i  and 
X=2Tih  respectively  (Kim  and  Moin,  1982).  When  assuming 
the  Narrow  Channel  hypothesis,  on  the  contrary  (Fig.l),  the 
dimensions  of  the  domain  in  the  homogeneity  directions  are 
kept  much  smaller  than  those  usually  suggested  for  the  full 
channel  case.  The  size  of  the  computational  box,  however, 
cannot  be  reduced  arbitrarily  since  minimal  values  for  Xx  and 
X2  are  found  to  exist,  below  which  turbulence  caimot  self- 
sustain.  Self-sustained  turbulence  here  means  that  each 
fluctuating  quantity,  computed  for  a  time  interval  long  enough 
for  establishing  its  asymptotic  behaviour,  does  not  show  to  be 
damped  to  a  non-fluctuating,  laminar  value. 

Incidentally  we  can  notice  that,  when  the  dimensions  of  the 
computational  box  are  close  to  the  minimal  ones,  the 
interesting  phenomenon  of  one-walled  turbulence  naturally 
appears.  This  peculiar  feature  of  the  flow  can  be  monitored, 
for  instance,  through  the  spatially  averaged  instantaneous 
wall  shear  Q,  defined  as: 

= ixf 
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wliich  is  a  physical  quantity  strictly  related  to  turbulent 
activity.  If  we  examine  (Fig. 2)  the  time  evolution  of  tire  ratio 
between  Q  and  its  laminar  value,  computed  for  Rei=  145,  in 
four  different  simulations  in  which  the  channel  span  is 
progressively  reduced,  we  can  observe  that  the  flow  moves 
from  a  two-walled  turbulent  situation  (Fig. 2a)  to  a  decaying 
one  (Fig.2d),  through  a  series  of  one-sided  conditions. 


Fig. 2  -  Time  evolution  of  the  wall-averaged  Instantaneous  shear 
stress,  divided  by  its  laminar  value,  for  Re,  =  145  .  Continuous 
and  dotted  lines  refer  to  the  lower  and  upper  wall,  respectively. 
Dimensions  of  the  computational  domain:  X^=Q.85h  (a), 

A=0.a0h  (b).  A=0.75h  (c),  A=0.70h  (d). 


Although  the  initial  conditions  are  the  same  for  all  of  the  four 
simulations,  nevertheless,  turbulent  activity  is  observed  to 
switch  randomly  between  the  upper  and  the  lower  wall  of  the 
channel.  While  in  Fig.2b,  for  instance,  turbulence  mainly 
resides  near  the  upper  wall.  Fig. 2c,  on  the  contrary,  clearly 
shows  a  quiescent  flow  on  the  upper  wall  of  the  channel  and 
an  intense  turbulent  activity  near  the  lower  one. 

Provided  the  dimensions  of  the  computational  domain  are  not 
reduced  below  some  critical  threshold  values,  recourse  to  the 
Narrow  Channel  hypothesis  proves  to  produce  no  imdue 
effect  on  the  mean  flow,  the  main  turbulent  quantities  and 
low-order  statistical  moments,  neither  in  the  logarithmic  nor 
in  the  near-wall  region  of  the  flow.  Otherwise,  on  the 
contrary,  not  only  the  turbulent  structures  are  affected,  but 
also  the  mean  velocity  distribution  is  found  to  deviate  from 
the  usual  law-of-the-wall  behaviour,  due  to  the  unrealistic 
constraining  effect  of  a  too  small  computational  domain. 

From  a  physical  point  of  view,  chaimel  dimensions  must  be 
such  to  contain  at  least  a  complete  hierarchy  of  turbulent 
structures,  so  that  the  complete  dynamic  cycle  of  turbulence 
can  be  correctly  reproduced  within  the  computational  domain. 
The  existence  of  minimal  dimensions  can  also  be  interpreted 
in  terms  of  energetic  considerations.  The  well-known  energy 
cascade  theory  of  turbulence  states  that  the  large-scale 
structures  extract  their  turbulent  kinetic  energy  from  the 
mean  flow,  while  intermediate  scales  simply  transfer  energy 
to  the  smaller  ones  which  have  a  predominant  dissipative 
nature.  Reduced  dimensions  of  the  computational  domain 
obviously  limit  the  maximum  size  of  the  large-scale 
structures  contained  in  the  flow,  while  leaving  the  dissipative 
action  of  the  small  scales  unaffected.  This  produces  a  lack  of 
turbulent  kinetic  energy  production  with  respect  to 
dissipation,  and  forces  turbulence  to  a  natural  decay. 

The  parametric  study  performed  by  Jimenez  and  Moin 
(1991),  aimed  at  determining  the  influence  of  the  Reynolds 
number  of  the  flow  on  the  minimal  dimensions  of  the 
computational  domain,  has  been  repeated  with  the  present 
numerical  scheme  (Baron  and  Quadrio,  1993),  finding  full 
support  to  their  results.  In  particular,  the  parametric  analysis 
confirmed  that  the  minimal  dimensions  of  tlie  computational 
domain  are  roughly  constant  when  expressed  in  wall  units. 
This  is  especially  true  for  the  spanwise  dimension  of  the 
channel,  for  which  this  approximately  constant  value  has  an 
evident  physical  meaning,  since  it  turns  out  to  be  very  close 
to  the  mean  spanwise  spacing  (around  100  wall  imits)  of  the 
low  speed  streaks,  which  are  a  characteristic  feature  of  near¬ 
wall  turbulent  flows,  as  reported  by  a  number  of  experimental 
observations  (see  for  instance  Smith  and  Metzler,  1983). 

Althougli  the  volume  of  the  computational  domain  cannot  be 
reduced  indefinitely,  nevertheless  its  minimal  dimensions  are 
so  small  compared  to  those  usually  required  for  a  full-size 
chaimel  flow,  that  a  substantial  reduction  of  the 
computational  resources  is  achieved. 

For  the  Reynolds  number  Re^  equal  to  180  considered  in  the 
following  of  the  present  work,  for  instance,  it  turns  out  that  a 
streamwise  extent  of  the  flow  domain  equal  to  three  times 
the  half  height  of  the  channel  h  and  a  spanwise  one  X2  equal 
to  h  are  sufficient,  not  only  to  preserve  self-sustained 
turbulence,  but  also  to  avoid  any  undue  effect  on  both 
fluctuating  and  mean  flow  variables.  This  allows  a  very 
realistic  and  accurate  DNS  of  turbulence  to  be  performed  on  a 
computational  mesh  of  only  32x32x120  grid  points  in  the 
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streamwise,  spanwise  and  normal-to-the-wall  directions 
respectively. 

It  should  be  noted  that  the  amount  of  grid  points  in  the 
spanwise  direction  could  be  further  reduced  to  approximately 
a  half  the  number  here  adopted,  with  but  negligible  effects  on 
the  results.  However  the  finer  grid  has  been  preferred,  since 
it  brings  to  a  spatial  resolution  which  is  approximately 
proportional  to  the  gradients  of  the  solutions  along  each 
spatial  coordinate,  which  are  strongly  non-isotropic  in  the 
near- wall  region  of  a  turbulent  flow.  Despite  of  this,  the  CPU 
time  for  a  single  time  step  is  only  25  seconds  on  a  HP  715 
workstation  (a  small  machine  capable  of  approximately  15 
MFlops  peak  performance),  while  the  typical  integration  time 
required  to  obtain  stable  and  accurate  low-order  statistics  is 
of  the  order  of  24  hours. 

A  Navier-Stokes  solver,  used  under  fae  Nanvw  Channel 
assumption,  can  be  consequently  considered  as  an  extremely 
efficient  tool  for  performing  realistic  DNS  of  turbulent 
channel  flows  with  a  reduced  computational  effort. 

5.  TYPICAL  RESULTS 

Prior  to  using  the  DNS  data  to  evaluate  the  capabilities  of 
turbulence  models,  the  mean  flow  and  complete  turbulence 
statistics  have  been  computed.  Some  of  the  results  are 
reported  in  this  section,  aimed  at  assessing  the  quality  and  the 
reliability  of  the  present  numerical  tool. 

Results  concern  Re^  =  180,  a  value  chosen  because  it  allows  a 
direct  comparison  with  the  results  of  Mansour  et  al  (1988)  in 
terms  of  Reynolds-stress  budgets.  The  computations  have 
been  carried  out  for  box  dimensions  of  X,:=?>h  and  by 
using  32x32x120  grid  points  in  the  spanwise,  streamwise  and 


Fig. 3  -  Two-point  spatial  autocorrelation  function  aiong  (a)  the 
streamwise  and  (b)  the  spanwise  directions,  at  y'^=15.  In  both 
cases  the  plot  spans  half  of  the  computational  domain. 


Fig.  4  -  Mean  velocity  distribution  in  law-of-the-waii  form. 


Fig.  5  -  RMS  values  of  (a)  velocity  and  (b)  vorticity  fluctuations, 
across  the  channel,  in  global  coordinates. 


normd  to  the  wall  directions  respectively.  An  integration 
time  T  =  T  u^jh  =  20  has  been  used,  which  is  approximately 
twice  the  minimum  time  necessary  to  obtain  stable  statistics. 
Examples  of  two-point  spatial  autocorrelation  functions  are 
shown  in  Fig.3  and,  as  expected,  they  do  not  fall  down  to  zero 
at  half  the  streamwise  and  spanwise  dimensions  of  the 
computational  domain.  This  implies  that  the  effect  of  the 
larger  turbulence  structures  will  probably  not  be  accurately 
accounted  for  and  suggests  that  the  Narrow  Channel  data  are 
a  preferred  choice  when  testing  subgrid  or  near  wall 
turbulence  models. 

The  mean  velocity  distribution,  in  the  form  of  the  law  of  the 
wall,  is  reported  in  Fig.4,  and  it  closely  agrees  with 
experimental  data  and  results  from  other  DNS.  The  perfect 
agreement  of  the  computed  mean  velocity  distribution  with 
the  universal  law  of  the  wall  confirms  the  adequacy  of  both 
the  sample  size  and  the  integration  time  adopted  in  the 
numerical  simulations. 

The  RMS  values  of  the  velocity  and  vorticity  components  are 
shown  in  Fig.  5.  Their  agreement  with  published  narrow  and 
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full  channel  DNS  results,  can  be  considered  excellent,  both  in 
terms  of  general  spatial  distribution  and  wall  values. 

As  a  result  of  a  Direct  Numerical  Simulation,  the 
instantaneous  velocity,  vorticity  and  pressure  fields  are 
completely  known,  so  that  the  spatial  distribution  of  each 
fluid  dynamic  variable  can  be  visualized  and  followed  in 
time,  much  better  than  any  experimental  technique  can  do. 

A  sample  is  given  in  Figg.6-8  of  the  physical  insight  which 
can  be  gained  even  through  the  analysis  of  simple  cross- 
sections  of  a  computed  flowfield. 


Fig. 6  -  Horizontal  (x.zj  section  in  the  wall  region  of  the  flow,  y^=15 
below  the  upper  wall.  Flow  is  from  left  to  right,  \=3/7;  A^=h.  Solid 
iines  denote  positive  instantaneous  values  of  the  observed 
variable,  dotted  lines  negative  ones.  All  the  variables  are 
nondimensionalized  in  waii  units,  (a)  Streamwise  component  of 
velocity,  isoiines  increment  =  0.5.  (b)  Vorticity  component  normai 
to  the  wall,  isolines  increment  0.05.  (c)  Pressure  contours,  isoiines 
increment  =  0.5. 


Contours  of  the  instantaneous  fluctuating  component  u  of  the 
velocity  vector  (the  mean  velocity  distribution  has  been 
detracted)  are  shown  in  Fig.6a,  in  a  plane  parallel  to  the  solid 
walls  of  the  channel,  15  w'all  units  below  the  upper  wall. 
Flow'  is  from  left  to  right,  contour  increment  is  A  «  =  0.5  and 
solid  lines  denote  positive  values,  dotted  lines  negative  ones. 
In  the  same  plane  (Fig. 6b)  the  contour  plot  for  the 
instantaneous  vorticity  component  normal  to  the  wall  cOy  is 
reported  (contour  increment  0.05).  The  distinctive  feature  in 
both  the  velocity  and  vorticity  contour  plots  is  the  existence  of 
those  well-known  elongated  streaks  of  low  speed  fluid 
adjacent  to  high  speed  fluid  regions.  The  instantaneous 
distribution  of  the  associated  fluctuating  pressure  (contour 
increment  0.5)  is  also  shown  in  Fig.6c. 

hi  Fig.  7  contour  plots  of  «  and  are  reported  in  a  plane 
normal  to  the  w'alls  of  the  channel  and  to  the  direction  of  the 
mean  flow',  located  at  approximately  half  the  channel  length 
(the  trace  of  this  plane  is  represented  by  the  vertical  line 


Fig.7  -  Transversal  (y,z)  section  of  the  flow,  at  x=1.27h.  Flow 
enters  the  page.  Symbols  as  in  Fig.6.  (Left)  Streamwise 
component  of  velocity,  isoiines  increment  =  0.5.  (Right) 
Streamwise  component  of  vorticity,  isoiines  increment  0.05. 


0.0  1.0  2.0  0.0 


Fig. 8  -  Contour  piot  of  the  instantaneous  spanwise  component  of 
vorticity,  in  a  vertical  (x,y)  section  of  the  flow,  at  z=0.67/7.  Fiow  is 
from  ieft  to  right,  isoiines  increment  0.05. 

superimposed  to  the  pressure  field  of  Fig. 6c).  It  is  quite 
interesting  to  observe  how  multiple  vorticity  regions  of 
opposite  sign  can  be  contained  in  the  same  low  speed  streak. 

Finally,  the  typical  structure  of  the  shear  layers  in  the  near¬ 
wall  region  is  clearly  evidenced  by  the  contour  plot  of  the 
instantaneous  spanwise  component  of  vorticity  co^  (the  mean 
shear  has  been  detracted),  shown  in  Fig. 8,  in  a  plane  normal 
to  the  solid  walls  and  aligned  with  the  mean  flow,  whose 
trace  is  represented  by  the  horizontal  line  in  Fig. 6c. 

The  capability  of  capturing  all  of  the  essential  features  of  the 
near-wall  turbulent  structures  and  reproducing  in  a  realistic 
way  their  dynamics  ensures  that  a  DNS  tool  based  on, the 
Narrow  Channel  assumption  can  be  reliably  used  in  the 
development  and  testing  of  turbulence  models. 

6.  THE  CLOSURE  PROBLEM 

In  most  engineering  problems  there  is  no  need  to  consider  the 
finer  details  of  turbulence  and  reliable  predictions  of 
turbulent  flows  can  be  obtained  by  only  accounting  for  the 
time-averaged  properties  of  turbulence,  even  if  the  mean  flow 
is  unsteady.  Tire  time-averaging  process  of  the  Navier-Stokes 
equations,  however,  causes  statistical  correlations  involving 
fluctuating  quantities  to  appear  in  the  momentum  and  energy 
equations.  As  we  have  no  direct  way  to  know  the  magnitude 
of  these  terms,  their  effects  must  be  approximated  tlmough 
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turbulence  models,  namely  sets  of  assumptions  and  equations 
which,  when  solved  with  the  mean  flow  equations,  allow  to 
determine  the  relevant  correlations  involving  the  fluctuating 
quantities. 

In  single-point  closures,  turbulent  fluxes  and  stresses  can  be 
expressed  in  terms  of  effective  turbulent  diffusion  coefficients 
for  momentum,  heat,  chemical  species,  etc.  In  one-  and  multi¬ 
equation  models,  these  effective  diffusion  coefficients  are 
determined  from  local  values  of  one  or  more  turbulent 
quantities  which,  in  turn,  are  obtained  from  exact  transport 
equations  similar  to  those  describing  the  mean  flow  quantities 
and  educed  by  manipulating  the  Navier-Stokes  equations. 
These  transport  equations,  however,  are  still  unclosed,  as 
they  contain  correlations  that  are  not  exactly  determinable 
and  which  must  therefore  be  approximated,  i.e.  modelled,  in 
terms  of  quantities  that  are. 

6.1-  The  transport  equation  for  the  Reynolds  stresses 

Turbulence  models  at  the  second-moment  level  require  the 
solution  of  a  transport  equation  for  the  Reynolds  stresses, 
which  can  be  derived  by  ensemble  averaging  the  Navier- 
Stokes  equations,  then  deriving  equations  for  the  fluctuating 
stresses  and  ensemble  averaging  these  equations. 

In  general,  as  the  Reynolds  stress  tensor  is  symmetric,  there 
are  six  independent  Reynolds  stress  components.  However,  in 
a  fulty  d^eloped  channel  flow,  the  relevant  non-zero  stresses 
are  uu ,  vv  ,  vm'  and  uv ,  because  of  the  reflection  properties 
of  the  Navier-Stokes  equations  in  the  spanwise  (z)  direction. 

If  lengths  and  primitive  variables  are  expressed  in  wall  units, 
i.e.  made  dimensionless  with  the  friction  velocity  and  the 
kinematic  viscosity  of  the  fluid,  for  the  turbulent  flow  of  a 
constant  property  fluid,  one  obtains; 

-^UiUj  =  Bj  +Tij  +  Dij  +  fly'  —  Sij  (2) 

where  Djut  =  d jdt +Ukd jdxk  and  the  tenus  on  the  right 
hand  side  are  listed  below  and  denote  production,  turbulent 
transport,  viscous  diffusion,  velocity  pressure-gradient  and 
dissipation  rates  respectively: 


-dUi 


■dU: 


Tii  =  - 


dxk 


mjUk 


n,  =  - 


V  A  SXk  1 


In  equation  (2),  tensor  notation  is  used,  with  repeated  suffices 
indicating  summation.  Lower  and  upper  case  m's  denote 
fluctuating  and  time  averaged  velocity  components 


respectively,  p  is  the  fluctuating  pressure  and  overbars 
indicate  the  usual  time  average  operator. 


stresses,  in  wall  coordinates,  (a)  im ;  (b)  imi  \  (c)  imti ;  (d)  um 
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timescale.  Such  a  timescale,  in  the  case  of  isotropic 
turbulence,  can  be  expressed  as  a  function  of  the  turbulence 
kinetic  energy  K,  defined  as  a  half  of  the  sum  of  the  squares 
of  the  fluctuating  velocities  [u'^ +v'^ +w'^),  and  the 
dissipation-rate  tensor  Sy.  The  latter,  in  turn,  can  be  modelled 
in  terms  of  its  scalar  trace  e,  which  is  twice  the  dissipation- 
rate  of  the  turbulence  kinetic  energy  (i.e.  the  scalar  trace  of 
the  Reynolds  stress  tensor),  and  the  Reynolds  stresses 
themselves. 

Closure  is  therefore  obtained  by  solving  the  following 
transport  equation  for  the  scalar  quantity  e,  derived  from  the 
Navier-Stokes  equations  by  differentiating  the  equation  of 
motion  for  u.  with  respect  to  x.  and  multiplying  through  by 
2  vdutjdxj : 

■^s=  PI  +  4- P^  +  P^  +  Te+De  +  lh-Y  (3) 


where: 


^  X  i  u X  j 


P2  —  CT 

‘  dxj  ^Xk 


7?  =  -2uk 


diij 

dxj  dxjdxk 


P4  = 

‘  dxk  dxj  dxj 


Fig. 10  -  Terms  in  the  budget  of  the  turbuience  kinetic  energy,  in 
waii  coordinates,  (a)  present  NC  based  resuits;  (b)  fuil  ohannel 
results  of  Mansour,  Kim  and  Moin. 


The  five  tenns  in  the  right  hand  side  of  equation  (2)  have 
been  computed  by  using  the  instantaneous  and  average  values 
of  velocity  and  pressure  supplied  by  the  direct  solution  of  the 
Navier-Stokes  equations  in  the  Narrow  Channel,  and  their 
distribution  is  shown  in  Fig.9,  for  the  four  non-zero 
components  of  the  Reynolds-stress  tensor. 

The  present  results  perfectly  match  the  ones  obtained  by 
Mansour  et  al  (1988)  for  the  full  channel  flow,  and  those  of 
Spalart  (1988),  for  the  turbulent  boundary  layer  on  a  flat 
plate,  which  is  very  similar  to  the  channel  flow  as  far  as  the 
wall  region  is  concerned. 

The  terms  in  the  budget  for  the  turbulence  kinetic  energy, 
defined  as  half  the  trace  of  the  Reynolds  stress  tensor,  are 
shown  in  Fig.  10a.  In  order  to  assess  the  quality  of  the  present 
NC  based  predictions,  they  are  compared  with  the  analogous 
ones  obtained  by  Mansour  et  al  (1988)  for  the  full  channel 
case. 

6.2-  The  transport  equation  for  the  dissipation  rate  of  the 
turbulence  kinetic  energy 

In  the  transport  equation  for  the  Reynolds  stresses,  the 
production-rate  term  P.j  is  a  function  of  the  mean  velocity  and 
the  Reynolds-stresses  themselves,  so  that  it  does  not  need 
modelling.  For  tire  remaining  terms,  however,  closure 
requires  modelling  of  the  dissipation-rate  tensor  z..  in  terms 
of  the  Reynolds  stresses  and  a  turbulence  lengtliscale  or 


T,  =  - 


d  duj  duj 

dxk  Sxj  dxj 


Dc=  V- 


dxkPxk 


n.  =  - 


2  d  dp  duk 
p  dxk  dxj  dxj 


T  =  2v 


d'^Uj  dhtj 
dx^j  dx^j 


Sy  =  \ll[dUildxj  +  dUjjd  jp]  is  the  mean  strain  rate,  and  the 
terms  listed  above  denote  the  mixed  production,  the 
production  by  mean  velocity  gradient,  the  gradient 
production,  the  turbulent  production,  the  turbulent  transport, 
the  viscous  diffusion,  the  pressure  transport  and  the 
dissipation  rate  terms  respectively. 

All  of  the  terms  in  the  budget  for  the  dissipation  rate  of  the 
turbulence  kinetic  energy  are  shown  in  Fig.  11  a,  where  the 
sum  of  7),  and  Tk  is  reported,  instead  of  the  single  terms,  for 
comparison  purposes.  Again  the  comparison  between  the  NC 
data  and  the  full  channel  ones  (Fig.  11b)  obtained  by  Mansour 
et  al  (1988)  is  extremely  satisfactory.  However,  the 
distribution  of  the  dissipation  rate  term  Y  shows  to  be  poorly 
resolved  by  the  present  scheme.  This  is  only  due  to  the 
relatively  low  number  of  grid  points  in  the  near-wall  region, 
and  must  not  be  ascribed  to  a  limitation  of  the  Narrow 
Channel  itself 


11-8 


Fig. 11  -  Terms  in  the  budget  of  the  dissipation  rate  of  the 
turbulence  kinetic  energy,  in  wali  coordinates,  (a)  present  NC 
resuits;  (b)  fuil  channel  results  of  Mansour,  Kim  and  Moin. 


7.  SOME  EXAMPLES  OF  TURBULENCE  MODEL 
TESTING 

An  exhaustive  review  of  the  performances  of  the  various 
turbulence  models  is  beyond  the  scope  of  the  present  work. 
As  an  example  of  the  use  which  can  be  done  of  the  NC  data, 
however,  tw^o  turbulence  models  are  considered  in  this 
section  and  their  performances  are  assessed  by  comparing  the 
modelled  quantities  with  DNS.  This  kind  of  analysis  is  not 
innovative  in  itself:  the  aspect  which  has  to  be  emphasised  is 
the  use  of  relatively  inexpensive  comparative  DNS  data 
computed  under  the  Narrow  Channel  assumption. 

Model  testing  is  carried  out  by  simply  computing  the  terms 
which  appear  in  the  expressions  for  the  model  on  tlie  basis  of 
the  DNS  results. 

In  the  choice  of  the  particular  models  to  be  tested,  the  work  of 
Mansour,  Moin  and  Kim  (1988)  has  been  followed  and, 
because  of  the  peculiar  properties  of  the  Narrow  Channel 
technique,  attention  has  been  focused  on  low  Reynolds 
number  closures. 

7.1.  Algebraic  stress  models 

The  main  hypotheses  underlying  the  development  of  algebraic 
stress  models  are  based  on  the  following  physical 
considerations  on  the  dissipation-rate  tensor  (Rotta,  1951).  In 
the  limit  of  Re^oo,  the  dissipation  rate  tensor  tends  to 
isotropy,  according  to  the  essentially  isotropic  structure  of 
turbulence.  This  implies  that 


.  dtiidtij  _  2 

dx^dx^  ~  3 


SijE 


On  the  other  hand,  in  the  limit  of  Re— >0  the  energy 
containing  scales  and  the  dissipative  ones  tend  to  coincide. 
The  relationship  between  the  two  tensors  can  be  consequently 
written  as: 

£ij  = 

with  the  possible  addition  (see  for  instance  Hanjalic  and 
Launder,  1976)  of  an  empirical  function  of  the  turbulence 
Reynolds  number  which  drives  the  shift  between  the  two 
above  mentioned  expressions. 

In  Fig.  12  the  distributions  along  the  coordinate  normal  to  the 
wall  are  shown  of  the  four  non-zero  components  of  the 
dissipation  rate  tensor,  compared  to  the  ones  predicted  by  a 
typical  algebraic  model.  The  diagonal  terms  are  quite  well 
predicted  by  the  algebraic  model,  even  if  an  empirical 
function  different  for  each  component  of  the  dissipation  rate 
tensor  would  probably  further  improve  the  performances  of 


of  the  turbulence  kinetic  energy  dissipation-rate  tensor,  compared 
with  the  model  £ij=elKmj-  (a)  z-n;  (b)  £-22;  (c)  £33;  (d)  £,3. 
Solid  line:  model.  Symbols:  NC  data. 


the  model.  The  off-diagonal  component,  on  the  contrary, 
shows  poor  agreement  with  the  computed  data. 

In  addition  to  these  considerations  on  the  model  itself,  what  is 
interesting  is  again  the  fact  that  no  substantial  differences 
exist  between  the  present  plots  and  those  reported  in 
Mansour  et  al  (1988). 

7.2  Transport  models  for  e 

The  equation  describing  the  transport  of  e,  defined  as  twice 
the  trace  of  the  dissipation  rate  tensor,  is  often  used  in 
turbulence  modelling.  Models  for  this  equation  usually 
incorporate  the  sum  of  a  term  of  production,  a  term  of 
dissipation  and  a  term  of  turbulent  transport,  in  addition  to  a 
term  of  viscous  diffusion  which  does  not  need  modelling.  For 
the  equation: 


■Cs\-^Pk-  Cej 4^ 


the  various  coefficients  can  be  considered  as  constants  or 
functions  of  the  turbulence  Reynolds  number.  In  various 
models  the  terms  in  the  right  hand  side  are  associated  with 
the  terms  of  the  transport  equation  for  s„.  Following  for 
instance  Hanjalic  and  Launder  (1976),  the  sum  of  P)  and 
is  considered  and  modelled  as: 


n+pi=c,i^Pk 

being  the  production  term  in  the  K  equation,  and 
Q,  =  1.275. 
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Fig. 15  -  Distribution  of  the  turbulent  transport  term  7^,  in  the 
budget  of  s,  across  the  channel.  Solid  line:  model.  Symbols:  NC 
data. 

matched.  Similar  observations  have  been  drawn  by  Mansour 
et  al,  on  the  basis  of  the  full  channel  data. 

The  dissipative  term  is  often  modelled  introducing  a  modified 
dissipation  rate  ~e ,  in  order  to  get,  when  approaching  the 
wall,  a  correct  behaviour  of  the  ratio  e'siK,  which  would 
otherwise  be  unbounded.  This  modified  dissipation  rate  is 
defined  by  Hanjalic  and  Launder  as: 


The  same  Authors  also  introduce  a  dependence  on  the 
turbulence  Reynolds  number,  on  the  basis  of  experimental 
information,  so  that  the  modelled  terms  can  be  written  as: 


Fig.  13  shows  the  comparison  between  the  modelled  term  and 
the  exact  term  computed  from  the  Narrrow  Channel  data:  the 
near-wall  peak  of  the  production  tenn  is  underpredicted  by 
the  model,  while  the  behaviour  in  the  outer  region  is  perfectly 
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Fig.13  -  Distribution  of  the  production  term  P^  +P^  in  the  budget 
of  E,  across  the  channel.  Solid  line:  model.  Symbols:  NC  data. 
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Fig.  14  -  Distribution  of  the  dissipation  term  -P^ +Y  in  the 
budget  of  s,  across  the  channel.  Solid  line:  model.  Symbols:  NC 
data. 


-P/+T  =  C,,/,^ 

where  Qj  =  1.8  and  /^  =  1  -  -^exp  1. 

1.8  L  J 

Again,  Fig.  14  shows  the  model  compared  with  the  DNS  data. 
It  can  be  observed,  as  in  Mansour  et  al,  tliat  the  model 
underpredicts  the  data  in  the  near-wall  region.  It  has  to  be 
noted,  in  addition,  that  steep  gradients  in  the  normal  direction 
in  the  very-near  wall  region  are  present.  The  inadequacy  of 
the  results  for  say  should  anyway  be  attributed  to  the 
poor  resolution  allowed  by  the  present  numerical  method 
(finite  differences  with  geometrical  stretching),  and  not  to  the 
Narrow  Channel  hypothesis  itself 

The  last  term  of  the  s  equation  which  is  usually  modelled  is 
the  turbulent  transport  term: 


with  Q  =  0.15. 

From  Fig.  15  it  is  quite  evident  that  this  term  is  so  small 
everywhere  in  the  channel,  that  modelling  errors  can  but 
negligibly  affect  the  accuracy  of  the  results. 

Quite  often  the  terms  P/  and  fl,,  are  ignored  in  the  models, 
on  the  basis  of  order-of-magnitude  considerations  (Temiekes 
and  Lumley,  1972).  The  results  in  Fig.  11,  however,  indicate, 
as  observed  by  Mansour  et  al,  that  in  the  near  wall  region 
they  may  become  significant,  and  that  their  inclusion  in  the 
models  could  be  useful. 


8.  CONCLUSIONS 
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Numerical  data  obtained  through  the  Direct  Numerical 
Simulation  of  Narrow  Channel  flows  have  been  used  to 
compute  the  various  terms  in  the  transport  equations  for  the 
Rejriolds  stresses  and  for  the  dissipation  rate  of  the 
turbulence  kinetic  energy. 

The  efficiency  of  the  numerical  scheme  here  presented  is 
remarkable,  although  its  accuracy,  in  terms  of  spatial 
resolution  in  the  near-wall  region  of  the  flow  should  be 
improved.  Nevertheless,  an  illustrative  application  of  the 
code  to  the  evaluation  of  an  algebraic  and  a  one-equation 
turbulence  model  has  been  presented,  which  produced 
satisfactory  results. 

Despite  of  the  reduced  size  of  the  computational  domain, 
which  is  essential  to  reduce  the  computational  cost  of  the 
numerical  simulations,  the  Narrow  Channel  assumption 
surprisingly  does  not  seem  to  affect  the  quality  of  the 
predictions,  in  terms  of  production,  transport  and  dissipation 
of  turbulent  quantities,  as  clearly  demonstrated  by  the 
comparisons  with  published  results  based  on  the  DNS  of  full 
channel  flows. 

It  can  be  concluded  that,  although  still  limited  to  relatively 
low  Reynolds  numbers,  the  Narrow  Channel  assumption 
makes  tlie  DNS  of  chamtel  flows  affordable  with  limited 
computational  resources  and  offers  the  researchers  involved 
in  the  numerical  simulation  of  turbulent  flows  a  cheap  and 
unparalleled  tool  for  testing  the  performances  of  various 
existing  or  newly  formulated  turbulence  models. 
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ANNEX  A 

The  numerical  scheme  for  advancing  the  solution  of  equation 
(1)  from  the  time  level  n  to  the  time  level  n+7  is  described  by 
the  three  following  substeps,  which  constitute  an  explicit 
Runge-Kutta  scheme  of  third  order  accuracy  for  the 
convective  terms  and  an  implicit  Cranck  Nicholson  scheme  of 
second  order  accuracy  for  the  viscous  ones. 

For  each  substep,  an  intermediate  velocity  field  (»(,“,  wf  and 


ul  respectively)  is  computed,  which  does  not  satisfy  the  mass 
conservation  equation.  This  last  condition  is  accounted  for  by 
solving  a  related  Poisson  equation  which  yields  the  correction 
necessary  to  get  tire  solenoidal  fields  i7,-,  and  eventually 
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In  these  equations,  G  and  D  stand  for  the  gradient  and 
divergence  operators  respectively,  5  is  the  finite  difference 
operator,  H  denotes  the  discrete  counterpart  of  convective 
terms  and  tt>  is  a  pressure-related  scalar. 

Tire  coefficients  assume  the  following  values: 
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Abstract 

The  data  base  from  a  direct  numerical  simulation 
of  turbulent  flow  in  a  square  duct  is  used  to  calcu¬ 
late  all  the  terms  in  the  Reynolds  stress  transport 
equations.  The  simulation  of  this  complex  turbu¬ 
lent  flow  was  performed  at  a  Reynolds  number  of 
600  based  on  the  friction  velocity  and  the  duct  width. 
The  distributions  of  the  Reynolds  stress  budget  terms 
along  the  wall  bisector  show  similar  dynamics  to  wall- 
bounded  turbulent  flows  with  one  inhomogeneous  di¬ 
rection.  Budget  terms  in  the  vicinity  of  the  corner 
demonstrate  how  transport  and  redistribution  of  en¬ 
ergy  and  shear  stresses  between  the  Reynolds  stress 
components  takes  place,  promoting  the  turbulence 
characteristics  of  secondary  flows  of  the  second  kind. 
The  redistribution  of  energy  by  pressure  velocity  cor¬ 
relations  can  be  explained  by  the  low  pressures  at 
the  cores  of  streamwise  vortices.  The  data  base  is 
also  used  to  evaluate  a  nonlinear  turbulence  model 
in  its  ability  to  accommodate  the  anisotropy  of  the 
Reynolds  stress  tensor  in  this  flow.  This  anisotropy 
is  known  to  be  entirely  responsible  for  the  formation 
of  the  secondary  flow  in  noncircular  ducts  and  cannot 
be  captured  by  linear  models. 

1  Introduction 

The  development  of  transport  equations  for  turbu¬ 
lence,  such  as  for  the  turbulent  kinetic  energy  and  dis¬ 
sipation  rate  (i.e.,  first-order  closures)  and  Reynolds 
stresses  and  dissipation  rate  (i.e.,  second-order  clo¬ 
sures),  has  received  wide  attention  (see  Speziale^, 
Launder^  and  Rodi^  for  reviews).  Recent  studies 
indicate  that  “mild”  inhomogeneities  may  be  ad¬ 
equately  resolved  by  first-order  closures  (Yakhot, 
Thangam,  Gatski,  Orszag  &  Speziale'*).  Second- 
order  closures  are  more  likely  to  be  effective  for  tur¬ 
bulent  flows  with  strong  inhomogeneities.  Demuren 


&  Rodi®  and  Speziale^  demonstrated  that  an  alge¬ 
braic  Reynolds  stress  model  (first-order  closure)  is 
able  to  predict  mean  secondary  flows  in  a  square 
duct,  confirming  that  the  inhomogeneities  are  rel¬ 
atively  mild.  However,  such  models  can  only  pre¬ 
dict  trends  in  the  mean  flow  properties,  and  lack  the 
ability  to  predict  Reynolds  stress  distributions  with 
sufficient  accuracy.  The  first-  and  second-order  tur¬ 
bulence  closures  are  usually  derived  by  considering 
homogeneous  turbulence  and  consequently  have  to 
be  modified  when  used  near  solid  boundaries.  Typ¬ 
ically,  the  “law  of  the  wall”  together  with  damping 
functions  are  used  to  bridge  the  solution  down  to  the 
wall.  These  wall-boundary  corrections  use  a  length 
scale  proportional  to  the  wall  distance.  In  the  square 
duct  flow,  the  ambiguity  of  the  wall  distance  when  the 
corner  is  approached  creates  difficulties,  and  the  def¬ 
inition  of  a  length  scale  independent  of  the  wall  dis¬ 
tance  becomes  critical.  Michelassi  &  Shih®  compared 
a  length-scale  model  that  is  independent  of  the  wall 
distance  with  other  existing  length-scale  models  when 
calculating  flow  over  a  backward-facing  step,  provid¬ 
ing  good  agreement  with  existing  models.  Demuren^ 
derived  a  useful  algebraic  stress  model  for  calculat¬ 
ing  secondary  flows  in  ducts  with  arbitrary  cross  sec¬ 
tion,  but  the  model  cannot  predict  shear  stresses  ac¬ 
curately.  Consequently,  at  the  present  time  there  is 
no  turbulence  model  that  is  completely  capable  of 
predicting  the  turbulence  characteristics  of  Prandtl’s 
secondary  flows  of  the  second  kind. 

The  most  important  connection  between 
Reynolds  stresses  and  the  driving  mechanisms  for 
the  secondary  flow  is  in  the  velocity-pressure  interac¬ 
tion  terms  in  the  full  Reynolds  stress  transport  equa¬ 
tions.  However,  these  equations  have  not  been  inves¬ 
tigated  in  experimental  studies  or  in  direct  numerical 
simulations  (DNS)  for  the  present  flow  configuration 
and  closure  approximations  for  the  high-order  corre¬ 
lations  (e.g.  the  pressure  strain  terms)  are  obtained 
only  by  physical  arguments  and  order-of-magnitude 
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analyses.  By  calculating  all  the  terms  in  the  Reynold 
stress  budget  directly,  the  dynamics  of  the  system  of 
equations  can  be  displayed  and  the  fundamental  con¬ 
cepts  used  in  the  development  of  second-order  tur¬ 
bulence  models  can  be  tested  and  assessed.  Along 
these  lines,  Mansour,  Kim  &  Moin®  showed  that  in 
turbulent  channel  flow,  all  the  terms  in  the  turbu¬ 
lence  budgets  become  important  near  the  wall  and 
that  existing  turbulence  models  behave  poorly  in  this 
region.  Moser  &  Moin®  studied  the  effects  of  a  mild 
curvature  on  Reynolds  stress  budgets  in  curved  chan¬ 
nel  flow,  demonstrating  that  DNS  results  of  channel 
flows  can  give  valuable  insight  into  the  dynamics  of 
the  turbulent  transport  equations  over  a  solid  wall 
in  the  presence  of  a  centrifugal  force.  In  the  present 
work,  the  effects  of  two  intersecting  walls  are  consid¬ 
ered  which  requires  the  inclusion  of  a  greater  num¬ 
ber  of  terms  in  the  transport  equations,  resulting  in 
transport  and  redistribution  effects  that  do  not  exist 
in  channel  and  boundary  layer  flows. 

The  main  purpose  of  the  present  work  is  to 
obtain  a  detailed  description  of  turbulent  flow  in  a 
square  duct  with  emphasis  on  the  origin  of  the  sec¬ 
ondary  flows.  Our  earlier  work  (Huser  &  Biringen^°) 
revealed  that  the  location  of  and  the  interaction  be¬ 
tween  bursts  from  both  walls  near  the  corner  are 
responsible  for  the  turbulence  characteristics  of  the 
square  duct  flow.  Also  the  instantaneous  stream- 
wise  vortices  are  associated  with  low  pressure  regions 
(Kim^^);  this  has  a  significant  effect  on  pressure  ve¬ 
locity  correlations.  Of  particular  interest  in  this  pa¬ 
per  is  the  high-order  terms  involving  pressure  veloc¬ 
ity  correlations,  which  contribute  significantly  to  the 
Reynolds  stress  balance.  We  also  provide  an  assess¬ 
ment  of  a  nonlinear  k  —  e  model  using  the  present 
data  base  in  an  attempt  to  uncover  why  such  models 
fail  to  predict  the  strength  of  secondary  flows  of  the 
second  kind. 

2  Solution  Procedure 

The  present  results  are  generated  from  a  DNS  of 
turbulent  flow  in  a  square  duct  (see  Huser^^  and 
Huser  &  Biringen’-®).  The  numerical  solution  of  the 
Navier-Stokes  equations  incorporates  a  time-splitting 
method  and  the  decoupled  equations  are  solved  semi- 
implicitly  by  a  Runge  Kutta  procedure.  Spatial  dis¬ 
cretization  is  done  by  high-order  finite  differences  and 
by  the  Fourier  pseudo-spectral  method. 

The  calculations  were  performed  in  the  fully- 
developed  turbulence  regime  at  a  Reynolds  number 
Rcr  =  UrDjv  =  600,  where  Ur  is  the  mean  friction 
velocity  and  D  is  the  duct  width;  the  bulk  Reynolds 


number  was  Rcb  =  UbD/^  =  10320,  where  Ub 
is  the  bulk  velocity.  The  computational  mesh  con¬ 
sisted  of  96  X  101  X  101  grid  points  in  the  x,  y,  z  di¬ 
rections,  respectively,  where  x  is  the  streamwise  di¬ 
rection  and  y,  z  are  the  wall  normal  directions;  the 
computational  box  length  was  Lx/D  =  6.4.  Statis¬ 
tics  presented  in  this  paper  were  collected  during  a 
period  of  t  =  Tut/D  =  10  time  units  (T  is  the  di¬ 
mensional  time)  after  the  flow  reached  a  statistically 
steady  state. 

3  Reynolds  stress  budget 


Transport  equations  for  the  Reynolds  stresses  are 
given  by: 


5  Til  dra  _ 

— h  Uk  =  Pij  -k  n,j  -k  Tij  —  Cij  -k  Dij , 

(1) 

where  r,y  =  u'-u'-  is  the  Reynolds  stress  tensor. 

The 

terms  in  this  equation  represent  the  following  pro- 

cesses: 

Pij  =  -Tik^- 
dxk 

dui 

dxfc’ 
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TT  ' 

dxj 

,  dp' 
dxi  ’ 
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rr-t  ^  /  / 
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_  Mdu'. 
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Dij  =  V'^Tij, 

(6) 

where  Pij,  n,y,  Tij,  €ij,  and  Dij  denote  the  produc- 

tion,  velocity-pressure  gradient,  turbulent  transport 
(diffusion),  the  dissipation  rate,  and  viscous  diffusion, 
respectively.  Equations  (2-6),  are  written  in  {}■•■  vari¬ 
ables,  which  involves  using  Ut  and  v/ux  as  velocity 
and  length  scale,  respectively.  When  presenting  dis¬ 
tributions  of  these  terms,  both  y  —  Y/D  (Y  is  a  di¬ 
mensional  coordinate)  and  y"*"  coordinates  are  con¬ 
sidered.  The  coordinate  notation  y"*"  is  given  by, 

y+  =  yRcr-  (7) 

The  velocity-pressure  gradient  correlation,  Eq. 
(3),  is  usually  split  into  a  pressure  strain  correla¬ 
tion  and  a  pressure  diffusion  correlation  (by  the  chain 
rule), 

n,y  =  $.y  +  7;^  (8) 

and  each  term  is  written, 

=  2^.  (9) 

(10) 
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where  is  the  pressure  strain,  is  the  pressure 
diffusion,  s'^j  =  {du'Jdxj  +  5u'  /5x,)/2  is  the  fluc¬ 
tuating  strain  rate,  and  5ij  is  the  Kronecker  delta. 
The  pressure-strain  correlation  is  modeled  directly, 
and  the  pressure-diffusion  term  is  modeled  together 
with  the  turbulent  transport  term,  Eq.  (4).  Results 
from  DNS  of  turbulent  channel  flow  indicate  that  n,y 
should  be  modeled  directly  instead  of  because 
near  the  wall,  and  are  opposite-valued  and 
cancel  each  other  when  added®. 

Moser  k  Moin®  demonstrated  the  importance  of 
all  the  terms  in  the  Reynolds  stress  equations  in  the 
presence  of  a  wall,  and  consequently  in  the  present 
work,  these  terms  are  considered  when  presenting 
the  budgets  along  the  wall  bisector.  In  the  square 
duct  flow,  the  additional  Reynolds  stress  equations 
are  those  for  u'w'  and  v'w']  the  u'w'  equation  is  sim¬ 
ilar  to  the  u'v'  equation,  and  the  effect  of  the  vertical 
wall  on  the  u'v'  equation  is  the  same  as  the  effect 
of  the  horizontal  wall  on  the  u'w'  equation.  There¬ 
fore  only  the  u'v'  equation  is  presented  here,  and  the 
terms  in  the  u'w'  equation  can  be  obtained  by  rotat¬ 
ing  the  distribution  of  the  terms  in  the  u'v'  equation 
by  90°  in  the  transverse  plane.  The  same  argument 
is  valid  for  the  w'"^  and  the  equations  and  a  pre¬ 
sentation  of  the  v'^  equation  in  the  transverse  plane 
also  describes  the  w'^  equation. 

Mean  convection  occurs  in  the  Reynolds  stress 
budgets  describing  the  square  duct  flow,  but  does 
not  occur  in  budgets  describing  channel  flow.  All 
the  other  processes  noted  in  Eq.  (1)  also  occur  in 
channel  flow,  but,  due  to  the  intersecting  walls  in 
the  square  duct  flow,  each  term  will  contain  spatial 
derivatives  of  the  mean  quantities  in  two  directions; 
the  mean  quantities  contain  two-dimensional  distri¬ 
butions  of  the  three  velocity  components,  the  pres¬ 
sure  field,  and  the  full  Reynolds  stress  tensor. 

The  terms  in  Eq.  (1)  are  ensemble- averaged  over 
the  eight  similar  triangles,  and  line  plots  and  contour 
diagrams  are  presented  to  show  their  distributions  in 
the  lower  left  quadrant  of  the  duct,  highlighting  the 
effect  of  the  corner  and  the  interaction  between  the 
terms. 


3.1  Primary  normal  stress  equation 

The  transport  equation  for  u'"^  is  obtained  from  Eq. 
(1)  after  averaging  in  x  and  t, 
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Figure  1:  Primary  normal  stress  (u'^)  budget  distri¬ 
butions  at  different  locations:  (a)  wall  bisector;  (b) 
corner  bisector. 
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Along  the  wall  bisector  (Fig.  la),  the  peak  in  pro¬ 
duction  at  y'*'  =  12  is  diffused  both  toward  the  wall 
and  toward  the  core  of  the  duct  by  viscous  and  turbu¬ 
lent  diffusion.  Dissipation  also  increases  in  the  high 
production  area  indicated  by  an  inflection  point  on 
each  side  of  y"*"  =  12.  At  the  wall,  viscous  effects  are 
dominant,  and  viscous  diffusion  balances  dissipation. 
The  pressure  strain  correlation  is  a  relatively  small 
term  in  the  u'’^  budget  (note  that  $ii  =  flu),  how¬ 
ever,  this  term  is  important  because  it  is  the  source 
of  energy  to  v'"^  and  w''^  via  1122  and  Has. 

Both  Dll  and  en  must  be  zero  in  the  corner 
(origin),  and  the  maximum  value  of  en  on  the  corner 
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Figure  2:  Secondary  normal  stress  budget  distribu- 
tions  at  the  wall  bisector,  z  =  O.Sfz"*"  =  300):  (a) 

(b)  w'^. 
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Figure  3:  Secondary  normal  stress  budget  distribu- 
tions  near  the  vertical  wall  at  z"*"  =  38(z  =  0.064): 
(a)  (b)  w'^. 
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bisector  is  caused  by  the  production  there  (with  a 
saddle  point  at  y  =  z  =  0.037,  Fig.  lb);  this  is  the 
same  effect  that  causes  the  “hump”  in  dissipation  at 
the  wall  bisector  (at  j/"*"  =  12,  Fig.  la). 

The  imbalance  in  the  budget  reaches  10%  at  the 
high  production  areas  which  may  be  attributed  the 
slow  convergence  to  statistically  steady  state.  The 
turbulent  diffusion  term  requires  the  longest  integra¬ 
tion  time  in  order  to  converge  because  these  terms  in¬ 
volves  derivatives  of  third-order  moments,  therefore, 
in  general,  the  balance  in  the  budgets  is  added  to  the 
turbulent  diffusion,  i.e.  T)*-  =  Tij  -f-  balance. 


3.2  Secondary  normal  stress  equation 

The  transport  equation  for  is  obtained  from  Eq. 
(1)  after  averaging  in  x  and  t  and  reads. 
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First,  considering  the  distributions  of  the  terms  in 
both  v'"^  and  budgets  along  the  wall  bisector,  z  = 
0.5  (Figs.  2a,b),  it  can  be  observed  that  the  energy  is 
gained  by  the  velocity-pressure  gradient  terms  (1122 
and  Has  provide  energy  to  and  respectively, 
and  Hu  redistributes  energy  from  u'"^),  transported 
by  the  diffusion  terms  and  lost  by  dissipation;  this 
process  is  similar  to  the  scenario  in  turbulent  chan¬ 
nel  flow®.  When  considering  the  budget  distribu¬ 
tions  near  the  vertical  wall  at  z+  =  34(z  =  0.064), 
a  strong  reduction  in  1122  is  observed  at  low  t/-values 
(Fig.  3a).  The  negative  velocity-pressure  gradient 
correlation,  1122,  near  the  corner  below  the  corner 
bisector,  is  associated  with  a  gain  in  the  budget 
through  Has  at  the  same  location^®  (Figs-  3  a  and  b). 
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Figure  4:  Primary  shear  stress  {u'v')  budget  distri¬ 
butions  at  the  wall  bisector,  z'^  =  300(^  =  0.5). 


This  effect  is  called  the  “corner  effect”  and  is  caused 
by  the  upward  motion  of  ejections  from  the  horizontal 
wall  directed  toward  the  vertical  wall,  thus  causing  a 
transport  from  to  w'^  (vice  versa  above  the  corner 
bisector) 


3.3  Primary  shear  stress  equation 

Turbulent  energy  is  produced  by  the  interaction  of 
the  mean  velocity  gradient  with  the  primary  shear 
stress^^ ,  and  this  interaction  determines  the  mean  ve¬ 
locity  profile.  Therefore,  an  accurate  representation 
of  the  primary  shear  stress  is  the  key  to  turbulence 
modeling,  where  usually  the  mean  velocity  profile  is 
of  primary  concern  (for  the  calculation  of  drag  or  of 
any  mean  flux  quantity  through  the  boundary  layer) . 
Convection  of  fi  in  the  transverse  directions  is  caused 
by  primary  shear  stress  gradients  as  evident  from 
the  u  transport  equation^  °,  and  in  the  present  flow 
it  is  promoted  by  a  strong  difference  in  turbulence 
production  between  the  corner  bisector  and  the  wall 
bisector’-'^.  The  effect  which  is  responsible  for  the  u 
convection  is  therefore  also  indirectly  responsible  for 
the  secondary  flow,  thus  indicating  the  significance  of 
the  u'v'  (and  u'w')  equations. 

Averaging  Eq.  (1)  in  x  and  t  for  the  u'v'  shear 
stress,  a  connection  between  primary  and  secondary 
shear  stresses  is  seen  (in  the  Pn  term): 
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Figure  5:  Primary  shear  stress  budget  distributions 
near  the  vertical  wall,  z'^  =  114{z  =  0.19):  (a)  u'v'', 
(b)  u'w'. 


-612  +'^lyv'. 

Di2 

The  shear  stresses  can  be  both  positive  and  neg¬ 
ative  as  opposed  to  the  normal  stresses  which  must 
be  positive;  a  gain  to  the  u'v'  budget  is  positive  (neg¬ 
ative)  on  the  right-hand-side  of  Eq.  (13)  if  u'v'  itself 
is  positive  (negative);  a  loss  to  the  u'v'  budget  is  pos¬ 
itive  (negative)  on  the  right-hand-side  of  Eq.  (13)  if 
u'v'  itself  is  negative  (positive). 

Considering  first  the  effects  that  also  occur  in 
channel  flow,  we  investigate  the  flow  field  along  the 
wall  bisector  at  z  =  0.5  (Fig.  4).  The  distributions 
compare  qualitatively  well  with  data  from  Mansour 
et  al.^  (not  shown  in  Fig.  4).  For  z  <  0.3,  the  effect 
of  the  corner  becomes  pronounced,  and  the  budget 
distributions  at  z"*"  =  114(z  =  0.19)  (Fig.  5a)  show 
that  the  maximum  value  in  ni2  is  reduced  from  53% 
to  36%  of  the  maximum  local  production  value.  The 
reduction  of  ni2  appears  as  a  gain  to  the  u'w'  budget 
through  Ilia  for  j/+  <  40  (Fig.  5b),  which  is  one  of 
the  mechanisms  by  which  positive  u'w'  shear  stress 
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Figure  6:  Ensemble- averaged  contour  plots  of  terms 
in  the  u'v'  transport  equation.  Increment=0.005; 
negative  (nonzero)  contour  levels  are  dotted:  (a)  pro¬ 
duction;  (b)  velocity-pressure  gradient;  (c)  pressure 
strain. 


is  produced^®.  The  other  source  of  the  positive  pri¬ 
mary  shear  stress  near  the  corner  is  the  production 
term,  represented  by  P13  in  Fig.  5(b).  Positive  u'v' 
is  produced  above  the  corner  bisector  similar  to  the 
production  of  u'w'  below  the  corner  bisector,  and  the 
main  contributors  are  P12  and  ni2  (Figs.  6  a  and  b). 

The  pressure-strain  term,  $12,  which  is  the  term 
usually  modeled,  behaves  similar  to  the  ni2  term 
near  the  corner,  but  the  gain  in  #12  along  the  ver¬ 
tical  wall  for  y  <  0.2  is  much  less  than  the  gain  in 
ni2  (Figs.  6  b  and  c).  Also,  due  to  the  “splatting” 
effect^®,  the  pressure  strain  term,  $12,  has  a  local 
minimum  value  near  the  wall  in  channel  flow,  mak¬ 
ing  it  more  complicated  to  model  than  the  velocity- 
pressure  gradient  term.  As  implied  by  Mansour  et 
al.^,  modeling  of  11, j  may  be  easier  than  modeling  of 
^ij  because  the  pressure  transport  term  acts  differ¬ 
ently  than  the  turbulent  transport  term  and  lumping 
them  in  a  model  for  (T12  -|-  Tj^)  requires  the  model 
to  describe  two  different  effects. 


3.4  Secondary  shear  stress  equation 

This  is  perhaps  the  most  interesting  equation  among 
the  turbulent  transport  equations  considered  in  this 
work  because  it  does  not  exist  in  simple  turbulent 
shear  flows,  and  little  is  known  about  this  equation 
from  experimental  or  numerical  studies.  Modelling 
of  this  equation  is  reviewed  by  Demuren  &  Rodi®, 
indicating  that  present  turbulence  models  are  not  ca¬ 
pable  of  capturing  the  turbulence  characteristics  of 
this  stress  component.  The  significance  of  the  sec¬ 
ondary  shear  stress  is  manifested  in  its  appearance  in 
the  production  term  in  the  mean  streamwise  vorticity 
equation.  The  secondary  shear  stress  also  appears  in 
the  v'"^  and  the  u'v'  budgets  in  the  production  terms. 

The  transport  equation  for  v'w'  is  obtained  from 
Eq.  (1)  after  averaging  in  x  and  t, 

_dv'w'  _dv'w' 


12-7 


Figure  7:  Ensemble- averaged  contour  plots  of  the 
terms  in  the  v'w'  transport  equation.  Incre- 
ment=0.001;  negative  (nonzero)  contour  levels  are 
dotted:  (a)  turbulent  transport  -|-  balance;  (b)  pro¬ 
duction;  (c)  velocity-pressure  gradient;  (d)  pressure 
strain. 

Contour  plots  of  the  three  dominant  terms  in  Eq. 
(14),  and  contour  plot  of  $23,  reveal  that  transport 
processes  are  concentrated  near  the  corner  and  along 
the  walls  (Fig.  7).  Along  the  wall  bisectors,  all  the 
terms  in  Eq.  (14)  are  zero.  In  §3.5,  the  interaction 
between  velocity-pressure  gradient  terms  are  consid¬ 
ered  together  with  the  typical  turbulence  structure 
in  order  to  olfer  an  explanation  of  the  particular  ar¬ 
rangement  of  1123. 

The  imbalance  of  this  budget  is  small  for  y,  z 
<  0.3  (less  than  10%)  and  therefore  the  transport 
processes  are  truly  represented  by  T23.  Along  both 
walls,  there  is  a  positive  production  of  v'w'  (Fig.  7b) 
caused  by  the  secondary  Reynolds  stresses,  and  this 
P23  balances  part  of  the  negative  contribution  from 
1123.  The  turbulent  diffusion  term,  T23,  is  negative 
along  the  corner  bisector  for  y  and  z  >  0.06  (Fig. 
7a);  hence,  parts  of  the  production  of  negative  v'w' 
by  1123  along  the  walls  (for  z  >  0.12  at  the  horizontal 
wall)  is  diffused  to  the  corner  bisector  by  T23  (Fig. 
7a). 

Also  for  the  secondary  shear  stress  equation,  1123 
appears  to  be  easier  to  model  than  $23  because  the 
wall  behavior  is  simpler  in  the  former  (compare  Figs. 
7c  and  d). 

3.5  Shear  stress  interactions 

The  coupling  between  the  shear  stress  budgets  is 
a  troublesome  issue  for  turbulence  modelers  both 
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Figure  8:  Schematic  division  of  counter-clockwise  ro¬ 
tating  streamwise  vortex  in  four  sectors  by  the  sign 
of  1123  =  —w'dp'  jdy  —  v'dp'jdz.  The  straight  arrows 
indicates  the  direction  of  the  pressure  gradients. 

in  deriving  the  models  and  in  solving  the  coupled 
equations  numerically^.  Interactions  and  the  interac¬ 
tion  mechanisms  between  shear  stresses  must  be  ad¬ 
dressed  to  resolve  the  first  issue  and  this  is  attempted 
here. 

Returning  to  the  secondary  shear  stress  budget, 
Figure  7(c)  illustrates  that  1123  is  the  main  source  of 
negative  secondary  shear  stress  with  a  rather  compli¬ 
cated  arrangement  of  the  contours  in  the  transverse 
plane.  The  particular  arrangement  of  the  1123  con¬ 
tours  (Fig.  7c)  can  be  explained  by  a  model  of  the 
two  mean  streamwise  vortices  near  the  corner.  Con¬ 
sidering  only  the  counter-clockwise  rotating  stream- 
wise  vortex  near  the  corner,  below  the  corner  bisec¬ 
tor,  this  vortex  can  be  divided  in  four  sectors,  as  dis¬ 
played  schematically  in  Fig.  8.  By  determining  the 
sign  of  the  1123  term  in  each  of  these  sectors,  it  can  be 
seen  that  the  combined  effects  of  low  pressure  in  the 
center  of  the  vortex  and  the  sense  of  rotation  of  the 
vortex  result  in  positive  1123  in  the  upper  and  lower 
sectors  and  negative  1123  in  the  left  and  right  sec¬ 
tors.  This  pattern  is  clearly  observed  in  the  contour 
plot  of  1123  (Fig.  7c)  where  the  center  of  the  stream- 
wise  vortex  below  the  corner  bisector  is  located  at 
(y,  z)  =  (0.05,0.11),  close  to  the  local  minimum  in 
mean  streamwise  vorticity. 

These  effects  on  the  v'w'  budget  are  observed 
to  occur  concurrently  with  similar  effects  on  the  pri¬ 
mary  shear  stress  budgets.  Near  the  corner  there 
is  an  interaction  between  the  secondary  shear  stress 
and  the  primary  shear  stresses;  this  interaction  be¬ 
comes  one  of  the  source  of  —v'w' .  Considering  the 
u'v'  budget,  ni2  is  positive  in  the  triangle  near  the 
vertical  wall,  above  the  corner  bisector  (Fig.  6b)  for 
y  <  0.1,2  <  0.05.  This  “gain”  in  the  u'v'  bud¬ 
get  does  not  appear  as  an  increase  in  u'v'  itself  at 


this  location,  but  is  redistributed  to  —v'w'  by  1123 
(explaining  the  strong  —v'w'  at  this  location).  The 
off-diagonal  velocity-pressure  gradient  terms  together 
with  the  simplified  model  of  the  ejection  structure 
near  the  corner  (Fig.  8),  can  provide  an  explanation 
of  this  co-occurrence  of  high  ni2  and  —1123  above 
the  corner  bisector.  The  same  mechanism  is  present 
below  the  corner  bisector  with  co-occurrence  of  ITis 
and  -1123  (considering  ejections  from  the  horizontal 

wall).  Assuming  that  the  main  contributions  to  TIis 
is  from  —u'dp'/dz  (w'dpf  jdx  is  small),  it  can  be  de¬ 
duced  that  this  term  has  positive  maximum  values  at 
the  corner  (below  the  corner  bisector)  because  neg¬ 
ative  instantaneous  transverse  pressure  gradients  are 
most  frequently  correlated  with  positive  u'  in  this  re¬ 
gion  as  a  result  of  the  occurrence  of  a  streamwise 
vortex  during  an  ejection.  The  left  side  of  the  vor¬ 
tex  belonging  to  an  ejection  from  the  horizontal  wall 
that  can  occur  close  to  the  left  corner  has  a  negative 
dp' /dz  associated  with  a  positive  u' .  Again,  this  may 
be  explained  by  the  low  pressure  at  the  vortex  core 
and  the  transfer  of  high  momentum  fluid  towards  the 
corner  by  the  same  vortex. 

In  this  section  we  have  discussed  how  the  co¬ 
occurrence  the  off-diagonal  velocity-pressure  gradi¬ 
ent  correlations  can  explain  connections  between  the 
three  shear  stresses.  Also  it  is  implied  that  these 
connections  may  interchange  shear  forces,  and  that 
this  redistribution  can  proceed  in  both  directions  de¬ 
pending  on  the  rotational  sense  of  the  vortex  in  an 
ejection.  In  channel  flow,  the  redistribution  effects 
cancel  out  in  the  mean  since  the  streamwise  vortices 
do  not  have  any  preferred  location.  In  other  geome¬ 
tries  which  experience  turbulence  driven  secondary 
flows,  such  observations  may  be  applied  towards  a 
general  model. 

4  Evaluation  of  a  Nonlinear  Closure  Model 
4.1  Model  Description 

Nonlinear  eddy-viscosity  models  comprise  the  sim¬ 
plest  closure  set  to  predict  secondary  flows  and  in¬ 
clude  nonlinear  strain-dependent  terms  in  addition 
to  the  Newtonian  stress  terms.  Nonlinearity  and 
anisotropy  are  therefore  introduced  in  the  closure  set 
without  adding  new  closure  equations.  The  nonlin¬ 
ear  k  —  e  model  of  Speziale^®  is  based  on  arguments 
from  continuum  mechanics  whereas  Yoshizawa^^  for¬ 
mulated  a  similar  model  by  exploiting  the  two-scale 
Direct-Interaction  Approximation  (DIA)  theory  of 
Kraichnan^®.  Rubinstein  and  Barton^®  obtained  a 
nonlinear  model  through  renormalization  group  for- 
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mulation  of  Yakhot  and  Orszag^° . 

In  this  section,  we  will  examine  the  nonlinear 
turbulence  model  of  Speziale^®  in  its  capability  to 
represent  the  anisotropy  induced  by  the  intersecting 
walls  of  the  square  duct  flow.  This  particular  model 
differs  from  other  k  —  c  models  in  only  the  specified 
model  constants;  therefore,  the  following  evaluation 
is  qualitatively  valid  for  the  other  models  referenced 
above^’^’^®. 

The  evaluation  of  the  Speziale  modeT®  will  be 
based  on  the  results  from  the  present  data  base  using 
ensemble-averaged  mean  flow  quantities,  mean  strain 
rate,  turbulent  kinetic  energy,  and  turbulent  dissipa¬ 
tion  rate.  These  quantities  are  used  in  the  model  to 
make  estimates  of  the  Reynolds  stress  distributions  in 
the  cross-flow  plane.  The  model  predictions  are  then 
directly  compared  with  the  results  from  the  DNS. 

In  the  present  problem,  the  formation  of  the  sec¬ 
ondary  flow  is  directly  associated  with  the  generation 
of  streamwise  vorticity,  —  fj!  the  transport 

equation  for  this  quantity  can  be  written  as 


_dQx 


d^QA 
dz^  ) 
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From  this  formulation,  the  source  term,  for  the 
secondary  flow  can  be  shown  to  be  solely  a  func¬ 
tion  of  the  anisotropy  of  the  turbulent  stresses  which 
reads^®: 


d'^{R22-R33)  d^R23 

dydz  dy^  dz"^ 


(16) 


Linear  turbulence  models  are  based  on  the  eddy- 
viscosity  hypothesis  of  Boussinesq  and  cissume  New¬ 
tonian  (isotropic)  behavior  of  the  turbulent  stress 
tensor  and  are  not  capable  of  predicting  the  sec¬ 
ondary  flow  in  this  situation.  Any  alternative 
Reynolds- averaged  approach  to  the  problem  should 
allow  for  the  anisotropic  nature  of  the  turbulent 
stresses.  Speziale^®  proposed  the  following 

k  —  model  satisfying  both  realizability  and  invari¬ 
ance  constraints  as  the  next  highest  algebraic  approx¬ 
imation: 
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is  the  mean  strain  rate  tensor  and 
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is  the  frame-indifferent  Oldroyd  derivative  of  Sij. 
The  optimized  model  constants  are  =  0.09  and 
Cz)  =  1.68  as  used  by  Speziale  for  the  turbulent  rect¬ 
angular  duct  flow^®. 

4.2  Ev^lluation  of  the  Model 

Quantitative  estimates  of  both  the  mean  strain  rate 
and  the  Reynolds-stress  tensors  are  obtained  from  the 
DNS  data  base.  The  turbulence  model  is  then  em¬ 
ployed  to  predict  the  Reynolds  stresses  by  using  the 
mean  strain  rate  tensor  available  from  the  DNS  data. 
In  the  same  way,  the  source  terms  in  the  streamwise 
vorticity  equation  are  evaluated  by  numerical  means. 
The  model  approximations  to  the  source  terms  are 
then  compared  with  the  DNS  data.  The  model  con¬ 
stants  used  in  the  evaluation  process  are  those  given 
by  Speziale  cis  optimized  values.  No  attempt  was 
made  in  the  present  study  to  further  optimize  these 
quantities. 

Figures  9  and  10  compare  cross-stream  plane 
distributions  of  R22  —  R33  and  R23  obtained  from  the 
DNS  and  from  the  model.  The  form  of  the  anisotropy 
is  found  to  be  reasonably  represented  by  the  model 
only  in  the  close  vicinity  of  the  corner.  Away  from 
the  corner,  discrepancies  become  significant. 

Figure  11  displays  the  source  terms  for  the  sec¬ 
ondary  flow  as  they  appear  in  the  streamwise  vor¬ 
ticity  equation  from  DNS  and  from  the  model.  It  is 
apparent  that  the  dynamo  of  the  secondary  flow  is 
situated  close  to  the  walls  and  its  strength  increases 
towards  the  corner  while  at  the  very  close  proximity 
of  the  corner  the  strength  actually  diminishes  as  ev¬ 
ident  from  both  the  model  predictions  and  from  the 
DNS  data.  However,  there  are  some  significant  dif¬ 
ferences  between  the  model  behavior  and  the  DNS 
results.  For  example,  there  is  a  difference  of  two  or¬ 
ders  of  magnitude  between  the  model  predictions  and 
DNS  data  for  the  source  terms  which  are  based  on 
the  second  order  spatial  derivatives  of  the  predicted 
stresses.  Moreover,  this  is  caused  by  grossly  nega¬ 
tive  values  predicted  by  the  model  for  the  secondary 
normal  stresses  leading  to  an  unrealistic  partition  of 
the  turbulent  kinetic  energy  between  the  primary  and 
the  secondary  flows  and  to  a  weak  secondary  flow  pat¬ 
tern. 

5  Conclusions 

The  data  base  from  a  direct  numerical  simulation  of 
fully  developed  turbulent  flow  in  a  square  duct  is  em¬ 
ployed  to  find  all  the  terms  in  the  Reynolds  stress 
transport  equations.  By  considering  the  turbulent 
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Figure  9:  Comparison  of  anisotropy  term  R23  from  Comparison  of  anisotropy  term  i?22  -  f?33 

DNS  data  and  the  Speziale’s  modeF®.  Speziale’s  modeF®. 
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transport  equations,  the  complete  dynamics  of  the 
shear  stress  and  energy  transport  in  the  transverse 
plane  of  the  square  duct  is  displayed;  the  terms  in 
this  set  of  equations  are  used  to  explain  the  mech¬ 
anisms  responsible  for  the  turbulence  characteristics 
of  secondary  flow  of  the  second  kind.  It  is  shown 
that  the  exchange  between  the  two  primary  shear 
stresses  through  the  production  and  the  velocity- 
pressure  gradient  terms  is  the  main  contributor  to 
the  anisotropic  primary  shear  stress  in  the  corner; 
these  effects  are  responsible  for  the  convection  of 
mean  streamwise  velocity.  Similar  effects  are  also 
responsible  for  the  redistribution  of  energy  between 
the  secondary  normal  stresses  which  become  partly 
responsible  for  the  secondary  flow.  A  redistribution 
of  stresses  from  the  primary  shear  stress  to  the  sec¬ 
ondary  shear  stress  through  the  velocity-pressure  gra¬ 
dient  terms  also  contributes  to  the  secondary  shear 
stress  which  in  turn  plays  an  important  role  in  the 
production  of  the  mean  secondary  flow.  However, 
there  is  also  energy  transfer  from  the  secondary  shear 
stress  to  the  primary  shear  stresses  through  the  trans¬ 
fer  terms.  In  essence,  all  the  shear  stress  compo¬ 
nents  are  linked  through  the  velocity-pressure  gra¬ 
dient  terms  and  exchange  energy  with  each  other. 
These  effects  are  explained  by  the  location  of  the  ejec¬ 
tion  structure  near  the  corner,  and  the  interaction  be¬ 
tween  bursts  from  the  two  intersecting  walls,  where 
the  redistribution  mechanisms  are  directly  related  to 
the  low  pressure  and  high  streamwise  velocity  in  the 
core  of  streamwise  vortices.  It  is  suggested  that  the 
redistributive  effects  are  described  by  a  model  for  the 
velocity-pressure  gradient  instead  of  the  traditional 
pressure  strain  model.  The  data  base  is  also  used  to 
evaluate  the  nonlinear  k  —  e  Speziale  modeH®.  Eval¬ 
uation  of  this  nonlinear  model  with  the  DNS  data 
reveals  that  although  some  anisotropy  close  to  the 
corners  is  captured  by  the  model,  the  distributions 
and  the  magnitudes  of  the  source  terms  of  the 
equation  are  not  in  agreement. 


Figure  1 1 :  Comparison  of  the  source  term  in  the  Dj, 
equation,  from  the 


DNS  data  and  the  Speziale’s  model^®.  The  model- 
predicted  values  lie  between  -5000  and  -t-5000  in  the 
upper  plot  whereas  the  range  of  DNS  values  in  the 
lower  plot  is  between  -250  and  250. 
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ABSTRACT 

The  present  contribution  reviews  some  of  the  recent 
progress  obtained  at  our  group  in  the  direct  numerical 
simulation  (DNS)  of  compressible  boundary  layer  transi¬ 
tion.  Elements  of  the  different  simulation  approaches  and 
numerical  techniques  employed  are  survey^.  Temporal 
and  spatial  simulations,  as  well  as  comparisons  widi  re¬ 
sults  obtained  from  Parabolized  Stability  Equations,  are 
discussed.  DNS  results  are  given  for  flat  plate  boundary 
layers  in  the  Mach  number  range  1 .6  to  4.5.  A  tempioral 
DNS  at  Mach  4.5  has  been  continued  through  breakdown 
all  the  way  to  the  turbulent  stage.  In  addition  results  ob¬ 
tained  with  a  recently  developed  extended  temporal  DNS 
approach  are  presented,  which  takes  into  account  some 
nonparallel  effects  of  a  growing  boundary  layer.  Results 
from  this  approach  are  quite  close  to  those  of  spatial  DNS, 
while  preserving  the  efficiency  of  the  temporal  DNS. 

1.  INTRODUCTION 

Reliable  prediction  and  modeling  of  transition  in 
boundary  layers  on  high-speed  vehicles  is  still  an  un¬ 
solved  problem.  Much  of  the  present  theoretical  knowl¬ 
edge  on  transition  stems  from  linearized  theories  or 
the  parabolized  stability  equations  (PSE)  (cf.  Amal 
Bertolotti  Chang  &  Malik  ",  Cheng  '2,  Herbert  3^, 
Kufner  et  al.  Mack  Malik  et  al.  ,  Ng  & 

Erlebacher  Zang  et  al.  ^2).  These  theories  describe 
the  behavior  of  small-amplitude  disturbances  relevant  for 
the  initial  stages  of  transition  in  a  low-noise  environment. 
Significantly  less  is  known  on  the  nonlinear  phenomena 
and  mechanisms  in  the  later  stages  of  transition.  Due  to 
enormous  difficulties  encountered  in  high-speed  flow  ex¬ 
periments  (Femholz  &  Finley  Kendall  Kosinov  et 
al.  Spina  et  al.  few  experimental  results  uncov¬ 
ering  flow  phenomena  at  the  nonlinear  stages  of  transi¬ 
tion  have  been  published.  This  is  quite  different  from  the 
incompressible  flow  case  (cf.  Saric  Thus  presently 
there  is  a  strong  interest  in  numerical  simulation  tech¬ 
niques  for  studying  transition  (Kleiser  &  Zang  Reed 
5^)  and  for  obtaining  databases  in  more  “realistic”  tur¬ 
bulent  shear  flows.  In  recent  years  significant  progress 
has  been  made  with  direct  numerical  simulations  (DNS) 
of  transition  in  compressible  flows  by  several  research 
groups.  Different  instability  mechanisms  have  been  in¬ 
vestigated,  and  in  some  cases  transition  has  been  simu¬ 
lated  up  to  the  beginning  turbulence.  Detailed  informa¬ 
tion  on  the  formation  and  evolution  of  transitional  flow 
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structures,  as  well  as  on  the  distribution  of  statistical  tur¬ 
bulence  data  in  the  transitional  regime,  has  become  avail¬ 
able.  It  appears  that  some  basic  mechanisms  responsible 
for  the  transitional  flow  development  in  high-speed  flows 
are  now  being  understood.  In  the  present  contribution,  we 
review  some  recent  progress  made  at  our  group.  Some  re¬ 
lated  development  at  otiier  groups  is  also  included,  but  no 
extensive  review  of  the  field  is  given,  due  to  space  limi¬ 
tation. 

In  the  DNS  of  a  transitional  boundary  layer,  the  com¬ 
putational  domain  is  usually  a  truncation  of  ±e  physical 
domain,  as  is  shown  by  the  dashed  lines  in  figure  1.  We 
designate  x  as  the  streamwise  direction,  y  as  the  spanwise 
direction  and  z  as  the  wall-normal  direction.  The  bound¬ 
ary  layer  thickness.  So,  increases  in  the  streamwise  direc¬ 
tion.  Currently,  there  are  two  approaches  used  in  DNS: 
spatial  DNS  (SDNS)  and  temjmral  DNS  (TDNS).  In  an 
SDNS,  inflow  boundary  conditions  are  prescribed  and  the 
flow  develops  spatially  in  the  streamwise  direction.  This 
is  the  closest  numerical  realization  of  a  transition  experi¬ 
ment.  Due  to  the  difficulties  in  finding  appropriate  inflow 
and  outflow  boundary  conditions  at  the  domain  trunca¬ 
tion  planes,  the  computational  box  is  usually  quite  long  in 
the  streamwise  direction  (typically  several  dozen  wave¬ 
lengths  of  the  primary  instability  waves  at  high  Mach 
number).  This  requires  very  large  computing  resources. 
So  far  except  for  a  few  cases  (Pruett  &  Chang  Rai  & 
Moin  5'*),  SDNS  has  been  mainly  limited  to  the  earlier 
stages  of  the  transition  (EiBler  &  Bestek  ",  Easel  et  al. 
",  Pruett  et  al.  ^2,  Reed  ^5,  Saric  &  Reed  Thumm  et 
al.  69). 


Figure  1:  Sketch  of  the  computational  domain  of  a  grow¬ 
ing  boundary  layer. 

Since  the  development  of  boundary  layers  in  the 
streamwise  direction  is  rather  slow  in  comparison  to  that 
of  an  instability  wave,  a  local  parallel  flow  assumption 
is  often  made  and  the  inflow/outflow  boundary  condi¬ 
tions  are  replaced  by  periodic  boundary  conditions.  This 
is  the  TDNS  approach  (cf.  Kleiser  &  Zang  ^9).  Because 
the  flow  is  assumed  to  be  periodic  in  the  streamwise  di¬ 
rection,  the  computational  box  can  be  very  short  (one  or 
a  few  primary  instability  wavelengths)  and  Fourier  spec¬ 
tral  schemes  can  be  used  in  this  direction.  Thus  TDNS 
is  a  highly  efficient  approach.  Using  this  approach,  the 
DNS  of  a  complete  subharmonic  transition  process  from 
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laminar  to  turbulent  boundary  layer  at  Moo  =  4.5  has 
recently  been  performed  by  Dinavahi,  Pruett  &  Zang 
and  by  our  group  (see  section  3).  For  other  recent  work  on 
DNS  of  compressible  boundary  layer  transition,  readers 
are  referred  to  Adams  l,  Adams  &  Kleiser  2. 3, 4^  Delfs 
Ducros  et  al.  Erlebacher  &  Hussaini  Pruett  & 
Zang  Sandham  &  Adams  and  Sandham  et  al.  ^2. 

One  drawback  of  TONS  is  its  inability  to  take  into  ac¬ 
count  nonparallel  effects,  due  to  the  use  of  the  local  par¬ 
allel  flow  assumption.  In  order  to  study  the  effect  of  a 
growiilg  boundary  layer  on  instability  waves  and  tran¬ 
sition,  the  computational  box  is  moved  downstream  at 
a  speed,  cy,  which  is  close  to  the  group  speed  of  the 
dominant  instability  waves  under  consideration,  and  the 
bounda^  layer  grows  in  time  (cf.  Spalart  &  Yang  ^).  For 
convenience,  we  refer  to  Spalart  &  Yang’s  approach  as 
the  standard  TONS  approach  in  this  smdy.  However,  un¬ 
like  for  incompressible  flow,  this  approach  turns  out  to 
be  unsatisfactory  for  compressible  boundary  layer  flows. 
Considerable  discrepancies  were  found  in  the  obtained 
growth  rates  of  the  instability  waves  between  this  ap¬ 
proach  and  other  sources,  e.g.,  parabolized  stability  equa¬ 
tions  (PSE,  Bertolotti  and  SDNS  (Guo  et  al.  30).  In  or¬ 
der  to  improve  the  accuracy  of  temporal  DNS  for  nonpar¬ 
allel  boundary  layer  flows,  a  new  temporal  approach  was 
proposed  by  Guo  et  al.  which  takes  into  account  the 
nonparallelity  of  the  basic  flow  and  linear  perturbations 
within  the  temporal  simulation  method. 

In  order  make  a  quantitative  comparison  between  tem¬ 
poral  and  spatial  DNS,  we  have  also  made  significant 
efforts  recently  towards  spatial  DNS.  Two  spatial  DNS 
codes  have  been  developed.  One  is  a  “conventional”  ap¬ 
proach  which  employs  a  sixth  order  Pad6  scheme  in  the 
nonperiodic  streamwise  and  wall-normal  directions  and 
a  Fourier  collocation  scheme  in  the  spanwise  direction 
(Guo  &  Adams  The  other  is  rather  “unconvention¬ 
al”:  it  utilizes  a  “spatial  window  function”  to  truncate 
the  computational  domain  from  a  physical  system  in  the 
streamwise  direction,  and  as  a  result  a  Fourier  scheme 
can  be  used  efficiently  in  the  non-periodic  streamwise 
direction  (Guo  et  al.  28).  Extensive  comparison  between 
the  extended  temporal  DNS  approach  and  our  two  spatial 
DNS  approaches  has  shown  that  the  use  of  the  extend¬ 
ed  DNS  is  essential  in  obtaining  quantitative  agreement 
with  the  spatial  approaches  at  high  Mach  numbers  (Guo 
et  al.  30).  This  technique  has  also  been  used  in  our  newly 
developed  temporal  DNS  approach  for  numerical  simu¬ 
lation  of  compressible  turbulent  boundary  layers  (Guo  & 
Adams  2<’). 

The  structure  of  this  paper  is  as  follows.  In  section 
2,  numerical  techniques  employed  are  briefly  discussed. 
Results  obtained  with  temporal  DNS  for  transition  at  var¬ 
ious  Mach  numbers  are  summarized  in  section  3.  In  sec¬ 
tion  4,  we  present  our  recent  efforts  towards  both  tempo¬ 
ral  and  spatial  DNS  of  nonparallel  boundary  layer  flows. 
Issues  such  as  modeling  nonparallel  effects  in  a  temporal 
DNS  and  inflow/outflow  boundary  treatments  in  a  spa¬ 
tial  DNS  are  discussed.  Our  recent  progress  in  the  DNS 
of  compressible  turbulent  boundary  layers  using  a  tem¬ 
poral  approach  is  also  outlined.  Concluding  remarks  are 
given  in  section  5. 

2.  NUMERICAL  METHODS 

This  section  contains  a  brief  discussion  of  the  numeri¬ 
cal  methods  used  to  obtain  the  simulation  results  present¬ 
ed  later.  The  discretization  of  the  equations  of  motion  fol¬ 
lows  the  method-of-lines  approach.  That  is,  in  a  first  step 


the  system  of  partial  differential  equations  given  by  the 
Navier-Stokes  equations  is  transformed  into  a  system  of 
ordinary  differential  equations  by  a  discrete  approxima¬ 
tion  of  foe  spatial  derivatives.  The  resulting  system  is  then 
projected  forward  in  time  using  a  standard  method. 


2.1  Spatial  Discretization 

Computational  efficiency  requires  a  scheme  of  high  or¬ 
der  (Kleiser  &  Zang  39).  Typical  members  are  spectral 
schemes  (Canute  et  al.  fo).  For  direct  simulation  of  tran¬ 
sitional  and  turbulent  flows,  where  flow  phenomena  are 
dominated  by  convection  and  diffusion  of  eddies,  besides 
foe  approximation  order  also  foe  resolution  becomes  im¬ 
portant.  Both  are  not  necessarily  equivalent  (this  holds 
only  for  periodic  functions).  We  measure  foe  resolution 
by  foe  largest  wavenumber  ^  (normalized  with  foe  grid 
spacing),  for  which  foe  dispersion  relation  can  be  accu¬ 
rately  represented  by  foe  scheme.  Exponential  conver¬ 
gence  and  superior  resolution  properties  of  spectral  meth¬ 
ods  make  them  foe  most  efficient  spatial  approximation 
methods.  In  addition,  for  foe  most  common  of  theses 
schemes  fast  transform  algorithms  exist.  Numerical  sta¬ 
bility  of  spectral  methods  is  discussed  in  detail  in  Canute 
etal. 

Wfo  periodic  boundary  conditions  it  is  natural  to  em¬ 
ploy  Fourier  expansions.  In  foe  present  work  foe  peri¬ 
odic  directions  are  treated  by  Fourier  collocation.  Flow 
variables  are  stored  in  real  space.  Differentiation  is  done 
in  spectral  space,  transforming  back  and  forth  by  FFT. 
Convolutions  are  calculated  in  real  space  as  well  and  are 
thus  affected  by  aliasing  errors  (Canute  et  al.  *9).  For 
compressible  Navier-Stokes  equations  an  exact  dealias¬ 
ing  is  usually  impossible  due  to  foe  viscosity  law.  But 
even  if  one  considers  foe  convective  terms  only,  dealias¬ 
ing  is  practically  unfeasible  since  contributions  from  all 
three  coordinate  directions  need  to  be  considered,  which 
makes  foe  storage  requirements  prohibitive,  ciur  experi¬ 
ence  shows  that  indeed  dealiasing  by  resolving  (Boyd  9) 
is  practicable. 

In  non-periodic  directions  we  use  Pad6-mefoods  (Lele 
42).  Based  on  order  conditions  derived  by  local  Taylor 
analysis,  these  schemes  are  finite  difference  methods. 
However,  unlike  foe  usual  explicit  finite-difference  meth¬ 
ods,  foe  finite  difference  stencil  makes  use  of  neighboring 
derivative  values,  rendering  foe  scheme  implicit.  Togeth¬ 
er  with  suitable  (linearly  independent)  boundary  closures 
one  gets  a  linear  equation  system  which  can  be  solved  for 
foe  derivative  values  f '  in  terms  of  foe  function  values  f 
by  Af '  =  Bf ,  where  foe  matrices  A  and  B  are  densely 
banded  and  constant.  The  overhead  due  to  foe  necessity 
of  solving  a  linear  system  for  each  derivative  evaluation  is 
small  since  foe  LU-decomposition  of  A  can  be  precom¬ 
puted  and  stored.  Additional  free  parameters,  after  satis¬ 
fying  a  desired  approximation  order,  can  be  used  to  tune 
foe  resolution  properties  of  foe  scheme  (Lele  42)  in  such  a 
way  that  they  become  nearly  as  good  as  spectral  polyno- 
inial  approximations,  while  retaining  foe  less  severe  sta¬ 
bility  restriction  of  explicit  finite  difference  methods  (or¬ 
der  1  /N  for  foe  convective  and  1  for  foe  diffusive 
operator).  A  side  benefit  is  that  even  high  order  schemes 
have  a  relatively  narrow  stencil,  so  that  high  order  bound¬ 
ary  closures  can  be  formulated  (Lele  42).  The  schemes 
we  use  are  of  6fo  order  at  inner  points,  of  4fo  order  at  foe 
next-to-boundaiy  points  and  of  3rd  order  at  foe  boundary. 
Theoretically  (Gustafsson  31)  these  schemes  are  thus  of 
4fo  order  globally.  However  foe  higher  local  order  within 
foe  domain  has  been  found  to  be  advantageous.  The  inner 
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schemes  are  symmetric  and  thus  non-dissipative,  whereas 
boundary  schemes  introduce  a  small  amount  of  numerical 
dissipation. 

The  linear  stability  analysis  for  these  schemes  for  the 
scalar  advection  equation  and  the  scalar  diffusion  equa¬ 
tion  leads  to  the  following  conclusions  (Adams  *):  (a) 
the  methods  are  stable  in  the  sense  of  Lax  (this  has  been 
shown  by  an  analysis  following  the  theory  of  Gustafs- 
son,  Kreiss  and  Sundstrom  and  (b)  the  methods  are 
asymptotically  (or  time)  stable  if  all  second  derivatives 
are  treated  by  second-derivative  schemes  (and  not  by  re¬ 
peated  application  of  first  derivative  schemes). 


by 
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The  finite-difference  schemes  being  formulated  for 
equidistant  grid  spacings  may  be  easily  extended  to  non- 
uniform  grid  spacings  by  applying  an  analytic  mapping. 
During  transition  high  gradients  are  usually  concentrated 
near  the  wall  and  near  the  critical  layer  (detached  shear 
layer  evolution).  This  can  be  accounted  for  by  employ¬ 
ing  a  mapping  which  clusters  grid  point  in  these  regions. 
The  computational  space  (j  E  [0, 1]  is  mapped  onto  the 
physical  space  zj  E  [0,  z^ax]  hy  a  function 

_  ^max^l/2^ 

(^max  ■^1/2)  "b  ^(2^1/2  ^max'} 


where 


aQ  -I-  6  -b  ai  sinh 


and  oi ,  02, 03  are  tuning  parameters.  This  is  a  combina¬ 
tion  of  a  sinh-function  which  condenses  grid  points  near 
Zmv  —  and  a  hyperbola  which  concentrates  grid 

points  near  the  wall  (about  50%  of  all  grid  points  are  be¬ 
low  2^1  /2)-  The  parameter  03  controls  the  spreading  of  grid 
points  (due  to  sinh)  at  the  interval  limits.  The  effect  of  this 
mapping  is  similar  to  the  hyperbola/tanh-mapping  used  in 
Erlebacher&  Hussaini  and  Pruett  &  Zang^°,  however 
it  has  the  advantage  of  requiring  the  solution  of  only  one 
transcendental  equation  2(02)  -  Zmv  =  0  at  regridding. 


13  Time  Integration 

Problems  concerning  implicit  time  integration  (precon¬ 
ditioning  of  the  Jacobian  of  the  viscous  fluxes,  precon¬ 
ditioning  of  the  discrete  derivative  operators)  lead  us  to 
the  conclusion  that  presently  explicit  methods  are  prefer¬ 
able  for  the  present  purpose.  Linear  explicit  Runge-Kutta 
schemes  have  -  besides  being  relatively  easy  to  imple¬ 
ment  -  the  advantage  of  being  compact  (even  for  high 
order)  and  to  become  identical  with  the  respective  firet 
terms  of  the  Taylor  series  for  the  exponential  function 
for  the  equation  1/  —  y  (Dahlquist  equation).  Since  this 
equation  is  a  model  for  the  initial  growth  processes  during 
transition,  Runge-Kutta  schemes  are  specially  favorable 
to  represent  the  dispersion  relation  for  small  amplitude 
waves.  Linear  explicit  Runge-Kutta  schemes  are  in  gen¬ 
eral  locally  stable  even  for  systems  of  equations.  We  use 
a  method  proposed  by  Wray  This  scheme  can  be  cast 
into  a  compact  storage  form. 

The  time  step  size  is  controlled  at  each  time  step  by 
a  CFL  criterion.  Derived  from  a  linearized  advection- 
diffusion  equation  the  time  step  is  required  to  be  bounded 


The  results  shown  in  the  subsequent  sections  are  typi¬ 
cally  obtained  with  CFL —  2. 

3.  TEMPORAL  DNS  RESULTS 

Basic  features  of  transition  processes  for  flat  plate 
boundary  layers  at  various  Mach  numbers  have  been 
summarized  by  Mack  using  linear  stability  theo¬ 
ry  point.  In  a  low-disturbance  environment,  the  most  un¬ 
stable  disturbances  in  a  sup)ersonic  boundary  layer  below 
Moo  =  3  are  oblique  waves.  Weakly  nonlinear  interac¬ 
tions  among  such  oblique  waves  usually  lead  to  rapid 
growth  of  higher  modes,  which  results  in  transition  (cf. 
Fasel  et  al.  Sandham  &  Adams  Sandham  et  al.  ^^). 
Here  the  transition  process  skips  a  secondary  linear  in¬ 
stability  stage.  The  transition  of  this  type  is  referred  to 
as  an  “oblique  wave  breakdown”  in  Fasel  et  al.  ^0.  At 
higher  Mach  numbers  the  linear  stability  characteristics 
become  substantially  more  complex.  A  two-dimensional 
second-mode  (Mack  mode)  wave  becomes  the  most  un¬ 
stable  one  at  about  Moo  >  3  (Mack  A  secondary 
instability  due  to  the  finite-amplitude  second-mode  wave 
may  initialize  a  subharmonic  resonance  which  may  lead 
the  transition  process  towards  turbulence  (Herbert  Ng 
&  Erlebacher"*^*).  Since  the  instability  domain  of  the  sec¬ 
ond  mode  waves  is  rather  narrow,  the  most  unstable  first 
mode  waves,  which  are  oblique  waves,  may  still  have 
larger  growth.  Thus  both  oblique  wave  breaJcdown  and 
subharmonic  resonance  may  be  observed  at  high  Mach 
numbers.  Using  the  temporal  DNS  approach,  we  have 
studied  both  transition  processes  at  Moo  =  4-5.  The  re¬ 
sults  are  outlined  in  §3.1  and  §3.2.  In  §3.3,  temporal  DNS 
results  of  an  oblique  wave  breakdown  at  Moo  =  2  are 
presented. 


3.1  Subharmonic  TVansition  at  Moo  =  4.5 

The  flow  parameters  were  chosen  to  match  the  secondary 
instability  investigations  of  Ng  &  Erlebacher  Too  = 
61.15K,  Moo  =  4.5,  Re  =  10000.  A  second-mode  pri¬ 
mary  instability  near  branch  II  of  the  neutral  curve  with 
a  streamwise  wavenumber  a  =  2.52  is  excited  initially 
with  an  amplitude  of  0.4%  with  respect  to  the  maximum 
streamwise  velocity  fluctuation.  The  most  amplified  sec¬ 
ondary  instability  wave  with  wavenumbers  a  —  1 .26  and 
/3  =  2.1,  which  is  of  subharmonic  type,  is  allowed  to 
grow  fi'om  additionally  imposed  random  noise  with  an 
amplitude  of  10“^ .  These  parameters  happen  to  be  close 
to  those  used  by  Pruett  &  Zang  ^0  for  the  hollow  cylinder 
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Figure  2:  Temporal  development  of  the  mode  energy  of 
the  leading  modes  in  DNS  of  subharmonic  transition. 
Legends:  solid  line  for  even  +  ky  modes;  dashed  line 
for  odd  kj;  +  ky  modes;  O  for  (1, 1);  □  for  (2, 0);  A  for 
(0, 2);  <  for  (3, 1);  V  for  (1 , 3);  >  for  (0, 4);  +  for  (4, 0); 
X  for  (2, 1). 


problem.  This  simulation  was  started  by  Adams  &  Kleis- 
er  ^  up  to  the  breakdown  stage  (t  =  440),  and  was  con¬ 
tinued  into  the  beginning  turbulence  recently  (t  =  653). 
The  history  of  grid  refinement  is  shown  in  table  1 . 

Table  1 .  Grid  refinement  history  for  subharmonic  transi¬ 
tion  simulation  at  Moo  =  4.5  case. 
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For  an  assessment  of  the  disturbance  growth  the  mode- 
energy  is  used,  which  is  defined  as  the  magnitude  of 
the  Fourier- transformed  velocity  vector  integrated  over  z . 
An  overview  of  the  temporal  development  of  the  leading 
modes  is  shown  in  figure  2.  The  primary  wave  mode  (2, 0) 
grows  initially  with  its  linear  growth  rate  up  to  about  70 
period  (Tw  =  2.7646).  Meanwhile  the  secondary 
wave  develops  from  background  noise.  After  about  85Tu; 
the  correct  secondary  eigenfunction  and  growth  rate  can 
be  extracted  (cf.  Adams  &  Kleiser  '*).  Primary  and  sec¬ 
ondary  modes  travel  downstream  with  a  common  veloci¬ 
ty.  This  phase-locking  yields  the  most  effective  environ¬ 
ment  for  wave  interaction. 

After  a  phase  of  weakly  nonlinear  development  a 
strongly  nonlinear  interaction  among  the  dominant 
modes  sets  in  at  about  1 30T„, ,  where  the  mode-energy  of 
the  (0, 2)  mode  overtakes  the  (1 , 1)  mode.  The  dominant 
mode  during  the  breakdown  is  the  (0, 2)  mode,  which  rep¬ 
resents  two  pairs  of  high-  and  low-speed  streaks  to  be  ob¬ 
served  just  below  the  A-vortices.  These  streaks  are  mov¬ 
ing  down  towards  the  wall  during  the  transition  process. 
At  this  stage  a  shear  layer  generated  by  the  A-vortices 
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Figure  3:  A-vortices  (iso-surface  p  =  0.03237,  dark)  and 
Y-shaped  shear  layers  (iso-surface  Wj,  =  1 .4,  light),  t  = 
392.70.  (From  [1],  figure  7.22.) 


becomes  visible,  which  possesses  a  Y-shape  and  is  locat¬ 
ed  between  two  neighboring  A-vortices,  shown  in  figure 
3.  This  lower  shear  layer  winds  slightly  around  the  leg 
of  the  neighboring  A-vortex  and  becomes  stretched  and 
elongated.  Several  levels  of  subsequent  shear-layer  roll¬ 
up  have  been  observed  in  our  simulation.  The  first  roll¬ 
up  happens  near  the  center  of  the  associated  A-vortex  leg 
and  leads  to  a  first  inverted  hairpin-like  structure.  The  Y- 
shaped  shear-layer  elongates,  its  tips  reach  the  head  re¬ 
gion  of  the  preceding  A-vortex  and  the  second  roll-up 
begins.  Again  an  inverted  hairpin-like  vortical  structure 
forms. 

In  the  following  stages,  it  appears  that  the  first- 
appearing  hairpin-like  vortex  weakens  while  the  second 
one  gains  strength.  During  the  later  breakdown  stage,  the 
staggered  subharmonic  symmetry  is  lost,  which  is  indi¬ 
cated  by  the  sudden,  rapid  growA  of  the  odd  k^  -|-  ky 
modes  shown  in  figure  2.  The  remaining  large  scale  vor¬ 
tical  structures  are  formed  by  the  legs  of  the  second 
hairpin-like  vortices  and  the  remnants  of  the  A-vortex. 
The  breakdown  to  turbulent  flow  is  indicated  by  a  strong 
decrease  of  the  shape  factor  and  increase  of  the  skin  fric¬ 
tion  coefficient,  shown  in  figure  4.  From  figures  2  and  4 
it  can  be  concluded  that  the  breakdown  is  complete. 

The  temporal  evolutions  of  the  mean  (i.e.  x-y- 
averaged)  profiles  of  the  streamwise  velocity  and  temper¬ 
ature  are  shown  in  figure  5.  The  experimental  data  com¬ 
piled  by  Femholz  &  Finley  21  for  turbulent  flow  at  some¬ 
what  different  parameters  are  also  shown  for  comparison. 
Starting  from  the  laminar  profiles,  the  transitional  mean 
velocity  and  temperature  profiles  evolve  towards  the  ex¬ 
perimental  results.  Note  that  after  the  breakdown  stage 
the  profiles  continue  to  grow  thicker  with  time.  This  is  a 
problem  inherent  in  a  temporal  DNS  approach.  A  method 
was  designed  recently  by  Guo  &  Adams  26  to  avoid  this 
problem  in  the  DNS  of  compressible  turbulent  boundary 
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Figure  4:  Shape  factor  H  and  skin  friction  coefficient  C f . 


layers  (see  section  4.3). 


3.2  Oblique  Wave  Breakdown  at  Moo  =  4.5 

The  flow  parameters  are  similar  to  those  in  section  3.1. 
Initially  the  laminar  basic  flow  is  superimposed  with 
a  pair  of  the  most  unstable  oblique  first  mode  prima¬ 
ry  waves,  which  have  the  wavenumbers  a  =  0.48  and 
/?  =  0.83  and  thus  are  oblique  at  an  angle  of  60”  with 
respect  to  the  freestream.  The  amplitudes  of  the  oblique 
waves  are  0.4%  of  the  freestream  velocity.  The  simula¬ 
tion  was  initialized  with  a  discretization  of  =  16, 
Ny  =  16  and  =  129,  and  was  refined  up  to  Nx  =  96, 
Ny  —  12S  and  =  161  finally. 

Figure  6  shows  the  temporal  evolution  of  the  mode- 
energy  of  the  leading  modes.  The  period  of  the  prima¬ 
ry  wave  is  =  16.20.  The  finite-amplitude  primary 
wave  immediately  initiates  weakly  nonlinear  interactions 
of  second  order.  The  growth  rate  of  the  (1,1)  mode  re¬ 
mains  at  the  linear  value  until  about  10T„.  The  (0,2) 
mode  is  generated  by  second  order  interactions  of  the 
(1,1)  mode  and  the  (—1, 1)  mode,  the  (2, 0)  mode  by  the 
(1,1)  mode  and  the  (1,  -1)  mode,  as  expected.  The  on¬ 
set  of  strongly  nonlinear  interactions  occurs  after  about 
15T|„.  It  is  characterized  by  the  amplification  of  modes 
with  an  odd  sum  of  wavenumbers  kx  +  ky,  which  be¬ 
gin  to  grow  exponentially  from  machine  zero.  This  stage 
is  accompanied  by  the  build-up  of  a  staggered  system  of 
streamwise  vortices  and  Y-shaped  shear  layers,  shown  in 
figure  7.  It  should  be  noted  that  in  contrast  to  the  subhar¬ 
monic  transition,  during  which  the  (0, 2)  mode  is  domi¬ 
nant  throughout  the  whole  breakdown,  now  a  dominant 
(1,3)  mode  overtakes  the  (0, 2)  mode  in  the  late  stages. 
More  detailed  discussions  of  this  transition  process  are 
given  in  Adams  &  Kleiser 


33  Oblique  Wave  Breakdown  at  Moo  =  2 

Mach  2  boundary  layers  are  representative  of  a  particu¬ 
lar  stability  regime  where  compressibility  is  sufficient  to 
stabilize  the  two-dimensional  waves  that  are  most  unsta¬ 
ble  in  incompressible  flow,  but  not  strong  enough  to  give 


Figure  5:  Temporal  evolution  during  subharmonic  transi¬ 
tion  of  the  mean  profiles  of  (a)  the  streamwise  velocity 
and  (b)  temperature,  and  comparison  with  experimental 
data  for  turbulent  flows. 
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Figure  6:  Temporal  evolution  of  the  mode-energy  of  the 
leading  mode  during  oblique  breakdown  at  Moo  =  4.5. 
(From  [2],  figure  3.) 
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Figure  7 :  Pressure  iso-surface  p  —  0.034  and  vortex  lines 
in  DNS  of  oblique  wave  breakdown  at  f  =  247. 1 1 .  (From 
[2],  figure  8.) 


the  acoustic  Mack  modes.  The  initial  instability  charac¬ 
teristics  were  studied  in  temporal  simulations  by  Sand- 
hara  &  Adams  With  random  initial  conditions  it  was 
shown  that  oblique  modes,  with  the  wavelengths  and  ori¬ 
entations  predicted  by  linear  stability  theory,  soon  dom¬ 
inated  the  flow.  Evidence  for  radiating  two-dimensional 
instability  waves  was  found,  but  these  were  only  weak¬ 
ly  unstable.  In  the  nonlinear  phase  of  disturbance  growth 
quasi-streamwise  vortices  form,  in  agreement  with  spa¬ 
tial  simulations  (Fasel  et  al. 

Detailed  mechanisms  of  breakdown  to  turbulence  fol¬ 
lowing  oblique  instability  waves  were  studied  by  Sand- 
ham  et  al.  The  simulations  were  initialized  with  a  pair 
of  equal  and  opposite  oblique  waves  and  were  continued 
up  until  a  bre^down  to  small  scale  vortices  and  a  sharp 
increase  in  skin  friction.  A  delay  is  found  in  the  transition 
process  after  the  appearance  of  quasi-streamwise  vor¬ 
tices.  These  do  not  lead  directly  to  breakdown,  and  in  this 
phase  of  the  transition  process  the  disturbance  energies 
actually  decrease.  Other  changes  take  place  during  this 
phase  diat  eventually  lead  to  breakdown.  Shear  layers  are 
formed  by  a  process  of  vorticity  convection  and  stretching 
and  secondary  vortices  form  near  the  quasi-streamwise 
vortices.  The  flow  structure  at  this  time  is  shown  in  fig¬ 
ure  8  using  iso-surfaces  of  static  pressure.  There  are  four 
main  quasi-streamwise  vortices  which  arise  from  the  non¬ 
linear  evolution  of  streamwise  vorticity  already  present  in 
the  linear  eigenfunctions.  The  inset  shows  a  view  in  the 
downstream  direction  of  the  flow  structure  near  one  of 
the  vortices.  A  secondary  vortex  has  formed  above  and 
to  one  side  of  the  original  vortex.  In  Sandham  et  al. 
terras  in  the  vorticity  transport  equation  were  analyzed 
and  it  was  found  that  the  slight  inclination  (2°)  and  skew¬ 
ness  (5°)  of  the  original  vortices  was  sufficient  to  cause 
the  formation  of  these  vortices.  These  new  vortices  form 
in  the  vicinity  of  the  shear  layer,  and  force  a  shear  lay¬ 
er  roll-up  into  many  small  vortices.  After  this  breakdown 
the  flow  evolves  slowly  towards  a  turbulent  state,  initially 
producing  turbulence  in  streaks  with  small  spanwise  ex¬ 
tent.  This  breakdown  process  is  expected  to  be  relevant 
to  other  situations  (not  necessarily  compressible)  where 
quasi-streamwise  vortices  are  present  at  the  outset  of  tran¬ 
sition. 


Figure  8:  Flow  structure  just  before  the  breakdown  stage 
in  Moo  =  2  boundary  layer.  The  surface  of  constant  pres¬ 
sure  shows  the  quasi-streamwise  vortices,  and  the  inset 
figme  shows  the  location  of  the  new  vortex  caused  by  vor¬ 
ticity  stretching. 


4.  RECENT  DEVELOPMENTS 

In  this  section,  we  first  report  our  recent  efforts  on  spa¬ 
tial  DNS.  Attention  is  given  to  the  treatmentof  inflow  and 
outflow  boundary  conditions.  Our  recent  efforts  towards 
modeling  nonparallel  effects  in  temporal  DNS  of  transi¬ 
tional  and  turbulent  boundary  layers  are  reported  section 
4.2  and  section  4.3. 


4.1  Spatial  DNS  Codes 

In  a  spatial  DNS,  the  correct  specification  of  the  inflow 
and  outflow  boundary  conditions  is  a  crucial  issue.  This 
is  especially  important  for  high-order  finite-difference 
schemes  wWe  the  numerical  diffusivity  is  very  low. 
Improper  treatments  of  inflow/outflow  conditions  usu¬ 
ally  lead  to  unacceptable  wave  reflection  problems  (cf. 
Thumm  et  al.  Poinsot  &  Lele  Pruett  et  al.  Guo 
&  Adams  25).  In  this  subsection,  we  outline  our  recent 
studies  on  the  treatment  of  inflow/outflow  boundary  con¬ 
ditions.  These  treatments  have  been  implemented  in  our 
two  recently  developed  DNS  codes. 

Our  first  code  is  a  “conventional”  code  (Guo  &  Adams 
25):  it  employs  a  Fourier  collocation  scheme  in  the 
periodic  spanwise  direction,  and  sixth  order  central- 
difference  (Pad6)  schemes  in  the  nonperiodic  stream- 
wise  and  wall-normal  directions.  Time  advancement  is 
achieved  by  the  Runge-Kutta  scheme  mentioned  earli¬ 
er.  Grid  stretching  is  used  in  the  streamwise  and  wall- 
normal  directions.  At  the  inflow  boundary,  the  flow  field 
is  first  decomposed  into  three  parts:  the  given  basic  flow, 
the  prescribed  perturbation  and  the  unlmown  remaining 
“residual”  disturbance.  At  the  supersonic  section  of  the 
inflow  boundary,  the  residual  disturbance  can  be  assumed 
to  be  zero,  and  all  the  variables  of  the  basic  flow  and 
the  prescribed  perturbation  are  imposed.  At  the  subson¬ 
ic  section,  the  basic  flow  and  the  prescribed  perturba¬ 
tion  are  imposed  while  a  characteristic  boundary  condi¬ 
tion  is  applied  to  the  residual  disturbance  part,  which  al¬ 
lows  the  out-going  waves  to  pass  the  boundary  with  min¬ 
imum  reflection.  The  advantage  of  this  inflow  treatment 
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over  the  one  in  Poinsot  &  Lele  is  that  this  treatment 
allows  us  to  correctly  enforce  the  prescribed  perturba¬ 
tion  at  the  inflow  boundary  without  any  visible  wave  re¬ 
flection.  At  the  outflow  boundary,  three  treatments  have 
been  implemented:  characteristic-based  boundary  condi¬ 
tions  (cf.  Poinsot  &  Lele  a  buffer  domain  approach 
(cf.  Pruett  et  al.  ^2)  and  a  sponge  layer  approach  (cf. 
Givoli  ,  Israeli  &  Orszag  36).  The  effectiveness  of  these 
boundary  treatments  was  tested  by  simulating  two-  and 
three-dimensional  instability  waves  and  comparing  the 
results  with  those  of  linear  stability  theory  (LST)  (Simen 
60),  PSE  (Bertolotti  6  Pruett  &  Chang  61)  and  other  DNS 
codes  (Guo  et  al.  2^,  Pruett  &  Chang  61 ).  Our  results  have 
shown  that  two  outflow  treatments  perform  best:  charac¬ 
teristic  boundary  conditions  combined  with  a  sponge  lay¬ 
er,  and  a  buffer  domain  approach  plus  a  sponge  layer.  No 
visible  inflow  and  outflow  coupling  or  wave  reflections 
are  observed  in  the  results.  We  find  that  these  treatments 
work  better  than  those  which  only  use  characteristic  con¬ 
ditions  (Poinsot  &  Lele  or  the  buffer  domain  approach 
(Pruett  &  Chang  61)  alone. 

Our  second  code  is  rather  “unconventional”  (Guo  et 
al.  2*):  the  computational  domain  is  not  simply  cut  from 
the  physical  domain;  instead  a  “spatial  window  function”, 
w{x),is  used  to  truncate  the  domain  in  the  streamwise  di¬ 
rection,  X.  The  governing  equations  in  the  computational 
domain  then  can  be  written  as 

5w(a:)U  5u)(a:)F  dw(x)G  dw(x)H 

dt  dx  dy  dz 

-t-  wix)Z  -  ,  (4) 

using  usual  notation  (see  Guo  et  al.  28).  When  a  rectangu¬ 
lar  window  function,  u;(x)  =  1  (within  the  domain  of  in¬ 
terest),  is  used,  the  standard  Navier-Stokes  equations  are 
recovered  from  equation  (4).  Note  that  the  concept  of  a 
“window  function”  has  been  widely  used  in  digital  signal 
processing  for  many  years  (cf.  Guo  24,  Harris  33). 

By  properly  designing  the  window  function  «;(3:), 
equation  (4)  can  be  solved  efficiently  by  Fourier  spectral 
methods  in  the  streamwise  direction.  (Note  that  a  Fourier 
scheme  is  also  used  in  the  nonperiodic  streamwise  direc¬ 
tion  in  Spalart’s  “fringe”  approach  64. 65,  ^yt  the  concept 
and  motivation  of  the  fringe  approach  are  quite  different 
from  those  of  the  window  approach.)  The  temporal  and 
spatial  discretizations  in  the  wall-normal  and  spanwise 
directions  are  the  same  as  those  in  the  first  code.  Any  type 
of  grid  stretching  may  be  used  in  the  streamwise  direc¬ 
tion,  which  is  considered  to  be  important  in  the  DNS  of 
boundary  layer  transition  (Pruett  et  al.  62,  Guo  &  Adams 
26).  It  can  be  shown  that  the  accuracy  of  such  a  scheme 
only  depends  on  the  window  function.  Window  functions 
which  yield  spectral  accuracy  have  been  given  in  Guo  et 
al.  28.  No  numerical  inflow  and  outflow  boundaries  are 
present  in  this  approach.  They  are  instead  replaced  by  the 
treatments  of  the  inflow  and  outflow  regions.  These  treat¬ 
ments  have  been  designed  to  allow  characteristic  waves 
to  pass  with  minimum  reflections.  Numerical  results  ob¬ 
tained  with  this  code  are  in  good  agreement  with  those 
obtained  by  LST,  PSE  and  other  DNS  codes  (Simen  60, 
Bertolotti  6,  Guo  &  Adams  25,  Pruett  &  Chang  61),  with 
no  sign  of  any  wave  reflection  problem. 

Figure  9  shows  the  comparison  among  our  two  spa¬ 
tial  DNS  codes  and  PSE.  The  amplimde  functions  of 
a  linear  second-mode  instability  wave  at  Moo  =  4.5, 
Too  =  61.15K,  Re  =  8000  and  u  =  1.76  are  shown 


in  the  figure.  In  our  first  DNS  code,  121  grid  points  in  the 
wall-normal  direction  and  16  grid  points  per  wavelength 
in  the  streamwise  direction  were  used.  In  the  second  DNS 
code,  121  points  in  the  wall-normal  direction  and  10.4 
points  per  wavelength  in  the  streamwise  direction  were 
used.  We  can  see  that  the  agreement  between  our  results 
and  those  of  Pruett  &  Chang  61  is  excellent. 
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Figure  9:  Amplitude  functions  of  temperature  (T), 
streamwise  and  wall-normal  velocity  components  (u  and 
v)  of  a  linear  second  mode  in  a  logarithmic  scale  at  a;  = 
138.  (From  [28],  figure  36.) 

Figure  1 0  shows  the  comparison  between  our  two  DNS 
codes  for  a  nonlinear  second  mode  wave  at  M^o  =  4.5. 
The  flow  parameters  are  identical  to  those  in  figure  9,  ex¬ 
cept  that  the  amplitude  of  the  streamwise  velocity  of  the 
second  mode  is  about  1%  of  the  freestream  velocity.  The 
computation  of  the  nonlinear  second  mode  was  first  car¬ 
ried  out  using  the  eigensolutions  of  LST  as  the  inflow  dis¬ 
turbance  in  the  second  DNS  code.  It  uses  18.5  grid  points 
per  wavelength  in  the  streamwise  direction  and  161  grid 
points  in  the  wall-normal  direction.  Then  the  flow  quan¬ 
tities  sampled  at  a;  =  111  were  used  as  the  inflow  condi¬ 
tions  to  start  the  first  DNS  code.  The  resolution  used  in  the 
second  computation  is  32  grid  points  per  wavelength  in 
the  streamwise  direction  and  161  grid  points  in  the  wall- 
normal  direction.  Again,  the  agreement  between  the  two 
codes  is  perfect. 

4,2  Modeling  Nonparallel  Effects  in  Temporal  DNS 

When  a  conventional  temporal  DNS  approach  (cf.  Spalart 
&  Yang  66)  is  used  to  compute  nonparallel  boundary  lay¬ 
er  flows,  there  are  two  drawbacks:  first  it  cannot  consider 
nonparallel  effects  since  it  uses  a  parallel  flow  assump¬ 
tion  in  its  formulation.  Second,  it  cannot  compute  the 
mean  flow  quantities  correctly,  since  it  is  a  local  proce¬ 
dure  and  thus  cannot  utilize  the  upstream  information  on 
these  quantities  to  compute  the  downstream  profiles.  In 
this  subsection,  we  first  report  on  our  new  approach  (pre¬ 
sented  in  Guo  et  al.  29),  which  allows  us  to  model  some 
nonparallel  effects  in  a  temporal  DNS.  The  issue  of  the 
mean  flow  problem  is  addressed  in  the  next  subsection, 
with  an  application  to  supersonic  turbulent  boundary  lay¬ 
ers. 

In  a  spatially  evolving  transitional  boundary  layer,  the 
flow  field  at  the  downstream  location  x  =  aro  can  be  rep¬ 
resented  by 

«  =  E;,m  z)  exp[i  +  iai^(x))dx 
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Figure  10:  Temperature  amplitude  maxima  of  a  nonlinear 
second  mode  and  its  first  two  harmonics  are  shown  as  a 
function  of  the  streamwise  distance.  (From  [28],  figure 
4a.) 


+im^y  —  ilujt]  ,  (5) 

where  ujm,  and  are  the  amplitude  function, 
the  streamwise  wavenumber  and  spatial  growth  rate  for 
the  Fourier  mode  (/,  m).  The  parameter  /?  is  the  primary 
wavenumber  in  the  spanwise  direction,  and  uj  is  the  pri¬ 
mary  temporal  frequency.  In  equation  (5),  it  can  be  seen 
that  the  variation  of  the  flow  field  in  the  streamwise  di¬ 
rection  can  be  identified  as  a  slowly  evolving  part,  which 
is  represented  by  the  slow  variation  of  u/m,  and  a]^ 
with  X,  and  a  fast  and  small-scale  fluctuation  part,  which 
is  represented  by  the  wave  part  of  (5).  The  nonparallel 
effect  of  u  is  mainly  contributed  by  the  slowly  evolving 
part.  Using  a  multiple  scale  analysis  similar  to  the  one 
used  in  a  PSE  approach  (cf.  Bertolotti,  Herbert  &  Spalart 
^),  the  slowly  evolving  part  can  be  expanded  into  a  Tay¬ 
lor  series,  and  the  nonparallel  boundary  layer  flow  can  be 
written  as  (Guo  et  al. 

u  =uo{x,y,z,t)  +  {x  -  xo)ui{x,y,z,t) 

-|-(z  -  xo)^U2(a;,  y,z,t)  +  --  -  ,  (6) 

where  (x  —  xo)  is  the  perturbation  parameter  which  can 
be  scaled  with  the  streamwise  wavenumber  of  instabili¬ 
ty  waves.  The  functions  u,-  (i  =  0, 1 ,  •  ■  •)  are  periodic  in 
the  streamwise  and  spanwise  directions.  When  the  wave¬ 
length  of  an  instability  wave  is  not  too  long  and  its  fre¬ 
quency  is  not  too  small,  the  term  u,-  is  usually  one  order 
smaller  than  u,_i  (i  >  2).  Our  further  analysis  shows 
that  ui  contains  mainly  the  information  about  the  spatial 
growth  rates  of  the  instability  waves,  and  U2  represents 
mainly  the  variation  of  the  streamwise  wavenumbers  of 
the  instability  waves  with  x. 

Substituting  (6)  into  the  Navier-Stokes  equations,  we 
can  derive  n  sets  of  equations  in  the  perturbation  param¬ 
eter  space  (x  -  xo)'  ((  =  0, 1 ,  •  •  • ,  n  —  1).  The  unknows 
in  these  equation  sets  are  u,.  When  the  streamwise  and 
spanwise  wavenumbers  of  u,-  are  prescribed,  these  equa¬ 
tion  sets  are  complete.  Conceptually,  a  standard  temporal 
DNS  code  can  be  modified  to  solve  these  equation  sets. 
We  refer  to  this  approach  as  the  extended  temporal  DNS 
approach. 

Due  to  the  complexity  of  the  higher-order  equations, 
only  the  first  set  of  the  equations  (i  =  0)  is  considered  in 


the  present  study.  The  governing  equations  then  have  the 
following  form: 


5u 

dt 


dE  dF  dG  ^  „  ,, 

_ — [-  _ — j.  _ — Z|  -1-  Z2  -F  Z3  . 
ax  ay  oz 


(7) 


The  terms  Zj,  Z2  and  Z3  are  the  terms  resulting  from 
our  new  formulation.  The  details  of  these  additional  terms 
can  be  found  in  Guo  et  al.  29 .  When  only  the  first  set  of  the 
equations  is  solved,  the  solution  of  u  will  exhibit  a  tempo¬ 
ral  growth,  since  uj,  which  represents  the  spatial  growth 
of  u,  is  not  represented  in  the  governing  equations.  In  or¬ 
der  to  consider  nonparallel  effects  of  a  boundary  layer, 
it  is  better  to  do  the  computations  in  a  reference  frame, 
moving  downstream  with  a  velocity  cy,  which  is  chosen 
as  some  average  group  velocity  of  the  instability  waves 
in  the  domain  of  interest. 


Figure  1 1 :  Spatial  growth  rates  (defined  by  kinetic  ener¬ 
gy)  for  a  linear  second  mode  at  Moo  =  4.5.  (From  [29], 
figure  6.) 

Figure  1 1  shows  the  spatial  growth  rates  of  a  linear  sec¬ 
ond  mode  wave  obtain^  at  Mqo  =  4.5,  Too  =  61.15fir, 
Re  =  8000  and  w  =  1 .76,  by  the  conventional  tempo¬ 
ral  DNS,  the  extended  temporal  DNS  and  a  spatial  DNS. 
The  reference  frame  is  moving  downstream  at  a  velocity 
ct  —  0.815,  which  is  close  to  the  average  group  veloci¬ 
ty  of  the  second  mode.  We  can  see  that  the  results  from 
the  extended  temporal  DNS  are  quite  close  to  those  from 
spatial  DNS,  while  the  results  from  the  standard  temporal 
DNS  are  unacceptable.  Our  further  computations  show 
that  the  improvement  of  our  extended  temporal  DNS  is 
significant  at  high  Mach  number  for  both  2D  and  3D 
waves  (Guo  et  al.  30). 

Figure  12  shows  the  computation  of  the  transition  ini¬ 
tiated  by  a  pair  of  weakly  nonlinear  oblique  waves  at 
Moo  =  4.5,  Too  =  61.15fr:,  Re  =  10000  and  Pr  =  0.7. 
The  frequency  of  the  oblique  wave  is  w  =  0.3878.  It 
has  a  spanwise  wavenumber  of  =  0.83  (oblique  an¬ 
gle  V*  =  60®).  In  the  extended  TDNS,  the  streamwise 
wavenumber  is  chosen  to  be  a  =  0.48.  The  frame  veloc¬ 
ity  is  Ct  =  0.82,  which  is  the  average  group  velocity  of 
the  oblique  waves.  The  maxima  of  the  streamwise  veloci¬ 
ty  amplitude  functions  of  the  leading  modes  are  shown  in 
the  figure  as  functions  of  x.  In  the  SDNS,  the  amplitude  of 
the  streamwise  velocity  component  of  the  oblique  waves 
in  the  inflow  region  is  1 .5%  of  the  freestream  velocity, 
and  the  spatial  window  approach  is  used.  In  the  TONS, 
the  initial  amplimdes  of  the  oblique  waves  are  adjusted  to 
match  those  in  the  SDNS.  It  can  be  seen  that  except  for 
the  spanwise  modes  (0, 2)  and  (0, 4),  all  the  modes  from 
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the  extended  TDNS  agree  very  well  with  those  from  the 
SDNS  when  a;  >  50.  In  a;  <  50,  the  two  approaches  have 
different  transients,  which  lead  to  slightly  different  solu¬ 
tions.  The  results  obtained  by  the  conventional  TDNS  are 
shown  in  figure  13.  Compared  to  figure  12,  one  can  clear¬ 
ly  conclude  that  the  extended  TDNS  performs  better. 


Figure  12:  Maxima  of  the  streamwise  velocity  amplitude 
functions  of  the  leading  modes  in  a  logarithmic  scale, 
obtained  by  the  extended  TDNS  (symbols)  and  window 
SDNS  approach.  (From  [30],  figure  10.) 


4,3  Computing 'Dirbulent  Boundary  Layer  with  A 
Tem^ral  DNS  Approach 

One  major  issue  in  computing  turbulent  boundary  layers 
with  a  conventional  TDNS  approach  is  that  mean  flow 
quantities  always  exhibit  temporal  growth,  making  the 
collection  of  turbulence  statistics  rather  difficult  (note 
that  this  is  not  an  issue  for  parallel  flows  such  as  chan¬ 
nel  flows  in  Coleman  et  al.  ^3).  To  overcome  this  prob¬ 
lem,  Spalart  &  Leonard  and  Spalart  assumed  self¬ 
similarity  both  for  the  mean  velocity  and  for  the  Reynolds 
stresses  in  their  studies  of  equilibrium  turbulent  boundary 
layers  and  sink  flows.  These  assumption  are  reasonable, 
but  are  strictly  justified  only  in  the  case  of  sink  flows.  In 
Spalart  a  more  general  approach  was  developed  us¬ 
ing  a  multiple-scale  analysis  to  approximate  the  local  ef¬ 
fects  of  the  streamwise  growth  of  the  flow.  Satisfactory 
results  have  been  obtain^  for  boundary  layer  flows  over 
flat  plate. 

However,  a  direct  application  of  the  multiple-scale 
analysis  of  Spalart  to  compressible  flow  is  rather  te¬ 
dious  and  difficult,  due  to  the  many  nonlinear  terms  in  the 
compressible  Navier-Stokes  equations.  In  order  to  avoid 
this  problem,  we  have  develop^  a  different  approach  re¬ 
cently  (cf.  Guo  &  Adams  In  this  approach,  we  make 
use  of  the  fact  that  there  exist  two  different  scales  in  a  tur¬ 
bulent  boundary  layer:  mean  flow  quantities  display  large 
scales  and  slow  variations  in  the  streamwise  direction, 
while  turbulence  quantities  are  generally  fast  and  have 
small  scales  (cf.  Spalart  ^3).  In  a  sense,  mean  flow  quanti¬ 
ties  can  be  viewed  as  global  quantities,  carrying  upstream 
information  downstream.  For  example,  the  downstream 
profiles  of  mean  flow  quantities  depend  on  their  upstream 
values.  Therefore  these  quantities  cannot  be  solved  by  a 
local  procedure  without  resorting  to  some  similarity  as¬ 
sumption.  Turbulence  quantities,  on  the  other  hand,  are 
generally  “local”,  being  generated  and  dissipated  within 


Figure  13:  Comparison  between  standard  TDNS  and 
SDNS.  The  flow  parameters  are  identical  to  those  in  fig¬ 
ure  5.  (From  [30],  figure  13.) 


short  time  and  small  space.  Intuitively,  one  would  expect 
that  it  would  be  more  efficient  to  compute  these  two  dif¬ 
ferent  scales  with  different  numerical  approaches. 

Motivated  by  the  above  observation,  we  developed  an 
approach  which  computes  the  turbulence  quantities  local¬ 
ly  with  a  TDNS  approach,  and  computes  the  mean  flow 
quantities  globally  by  solving  the  Reynolds-averaged 
Navier-Stokes  equations.  A  parabolization  procedure  (cf. 
Fletcher  Guo  &  Finlay  ^7)  has  been  applied  to  the 
Reynolds-averaged  equations,  which  allows  us  to  spatial¬ 
ly  march  the  mean  flow  quantities  downstream  efficient¬ 
ly.  The  nonparallel  effects  of  the  turbulent  boundary  lay¬ 
er  on  turbulence  quantities  are  considered  in  the  temporal 
DNS  in  the  same  way  as  we  discussed  in  §4.2,  except  that 
here  the  validity  of  expansion  (6)  cannot  be  shown  ana¬ 
lytically,  but  has  to  be  assumed.  TTie  justification  of  such 
an  assumption  has  been  discussed  in  Guo  &  Adams  26. 
Only  the  first  set  of  the  equations  (i  =  0)  is  implemented 
in  our  current  version  of  the  code. 

Figure  14  shows  the  time  history  of  the  skin  friction  co¬ 
efficient,  Cj ,  during  the  first  three  spatial  steps  at  Moo  = 
6.  It  can  be  seen  that  at  each  station  Cj  tends  to  reach  a 
statistically  steady  state.  At  the  first  step,  a  large  varia¬ 
tion  of  Cj  is  observed.  We  believe  that  this  is  due  to  the 
large  transient  caused  by  the  initial  conditions,  which  are 
rescaled  from  a  simulation  at  Moo  =4.5.  Since  the  ini¬ 
tial  data  are  not  a  solution  of  the  parabolized  Reynolds- 
averaged  Navier-Stokes  equations,  spatial  transients  are 
expected  in  the  first  few  steps.  Usually,  the  transients  di¬ 
minish  after  a  few  steps.  TTie  spatial  extent  affected  by 
the  transient  solutions  depends  on  both  the  character  of 
the  Reynolds-averaged  Navier-Stokes  equations  and  the 
initial  conditions.  TTiis  issue  is  beyond  Ae  scope  of  the 
present  paper. 

It  can  be  shown  that  the  governing  equations  obtained 
from  our  approach  for  an  incompressible  boundary  layer 
over  a  flat  plate  are  identical  to  those  of  Spalart  63  when 
the  coordinate  transformation  of  Spalart  63  is  not  used.  In 
a  sense,  our  approach  is  similar  to  Spalart’ s  in  that  both 
approaches  utilize  two  scales.  In  our  approach,  the  long 
scale  analysis  is  explicitly  applied  to  the  governing  equa¬ 
tions  for  mean  flow  quantities,  and  the  short  scale  analy¬ 
sis  to  the  governing  equations  for  turbulence  quantities. 
When  there  are  large  streamwise  streaks,  e.g.  in  a  three- 
dimensional  boundary  layer,  our  approach  may  be  more 
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Figure  14;  Time  history  of  skin  friction  coefficient,  C/,  in 
a  Moo  =  6  turbulent  boundary  layer.  (From  [26],  figure 
la.) 


general,  since  the  related  governing  equations  or  mean 
flow  quantities  are  explicitly  parabolized,  making  the  use 
of  spatial  marching  schemes  more  justifiable. 

In  Spalart  ^3,  coordinate  tilting  has  been  introduced  to 
model  the  nonparallel  effects  of  boundary  layers.  In  Guo 
et  al.  29^  our  experience  with  transitional  compressible 
boundary  layer  flows  shows  that  the  coordinate  transfor¬ 
mation  technique  does  not  guarantee  an  improved  result, 
partly  due  to  the  difficulty  in  selecting  a  proper  tilting  an¬ 
gle.  In  this  study,  this  technique  is  not  used. 

Compared  to  the  PSE  approach  developed  for  transi¬ 
tional  flows  (cf.  Bertolotti,  Herbert  &  Spalart  Herbert 
we  have  the  following  comments.  The  PSE  has  been 
proven  to  be  a  very  powerful  tool  in  studying  the  transi¬ 
tion  process  in  spatially  growing  boundary  layers  up  to 
the  early  stage  of  breakdown.  The  possibility  of  devel¬ 
oping  a  PSE-type  approach  for  turbulent  boundary  lay¬ 
ers  has  been  appealing  (Zang  To  our  understanding, 
the  PSE  relies  on  the  spatial  marching  of  shape  functions 
(eigenfunctions)  of  all  modes  in  the  streamwise  direction. 
This  requires  the  spatial  evolution  of  all  shape  functions 
to  be  slow  in  this  direction.  In  turbulent  boundary  layers, 
only  the  mean  flow  and  the  stationary  spanwise  modes 
have  slowly  evolving  shape  functions  in  the  streamwise 
direction.  The  shape  functions  of  other  modes  do  not 
have  slow  variations  in  the  streamwise  direction,  and  thus 
cannot  be  marched  downstream  by  a  spatial  marching 
scheme.  The  method  we  described  in  this  study  has  ex¬ 
plored  the  possibility  of  marching  downstream  the  shape 
functions  of  both  the  mean  flow  and  the  stationary  span- 
wise  modes,  and  computes  the  other  modes  locally  using 
a  temporal  DNS  approach.  Thus  it  can  be  viewed  as  a 
version  of  PSE  for  turbulent  boundary  layer  flows. 

5.  CONCLUDING  REMARKS 

In  this  report,  we  have  reviewed  recent  progress  made 
by  our  group  in  both  temporal  and  spatial  DNS  of  transi¬ 
tion  towards  turbulence  in  compressible  boundary  layers. 
Temporal  DNS  results  for  both  subharmonic  transition  at 
Moo  =  4.5  and  oblique  wave  breakdown  at  Moo  =  4.5 
and  2  have  been  outlined.  Attention  has  been  focused  on 
our  recent  efforts  in  spatial  DNS  approaches  and  in  mod¬ 
eling  nonparallel  effects  in  a  temporal  DNS  approach.  An 
extended  temporal  DNS  approach  has  been  developed. 


which  can  model  some  nonparallel  effects  of  boundary 
layers.  Extensive  comparison  between  temporal  and  spa¬ 
tial  approaches  has  shown  that  only  this  new  formula¬ 
tion  can  achieve  quantitative  agreement  with  spatial  ap¬ 
proaches  at  high  Mach  number.  In  our  efforts  towards 
spatial  DNS,  two  different  codes  have  been  developed: 
a  conventional  finite-difference/Fourier  collocation  ap¬ 
proach  and  an  unconventional  spatial  window  approach. 
Both  codes  have  been  tested  extensively.  Our  studies  have 
shown  that  the  treatment  of  inflow/outflow  boundary  con¬ 
ditions  is  crucial  for  high  order  non-dissipative  schemes. 
The  use  of  a  sponge  layer  approach  in  the  outflow  region, 
combined  with  the  outflow  treatment  in  the  unconven¬ 
tional  window  approach,  or  with  characteristic  outflow 
boundary  condition  or  buffer  domain  approach  in  the  con¬ 
ventional  finite-difference  code,  is  essential  in  achieving 
results  which  are  free  of  inflow/outflow  boundary  cou¬ 
pling  or  wave-reflection. 
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1.  RESUME 

Deux  nonveaiix  modcles  de  turbulence  ,sous-maille  sont 
propo.ses,  snr  la  base  dn  modele  de  la  fonction  de  structure 
d'ordre  2  des  uitei’ses  developpe  par  Metais  et  Lesieur  (,/. 
Fluid  Mech.,  1992,  239,  157-194).  Ils  resultent  de  deux 
approches  differentes  visant  a  empecher  les  fluctuations  a 
grande  echelles  d’apporter  de  la  viscosite  turbulente.  Des 
simulations  de  couches  limites  a  Mach  0.5  sont  presentees, 
montrant  qiie  ces  deux  modeles  perrnettent  de  simuler  la 
transition  et  I'atteinte  d’un  regime  turbulent  developpe 
pour  des  coiits  de  calcul  moderes,  dans  des  configurations 
sensiblement  differentes  (plaque  adiabatique  et  diedre  for- 
tement  chauffe). 

2.  INTRODUCTION 

Malgre  la  continuelle  augmentation  des  performances  des 
supercalculateurs  vectoriels  et  paralleles,  la  simulation  de 
la  transition  a  la  turbulence  demeure  un  defi  technologique, 
meme  dans  le  cas  d’ecoulements  eii  geometric  simple  coni¬ 
ine  les  couches  limites  se  developpant  sur  line  placjiie 
plane  (voir  Ref.  [1]  pour  revue).  Rai  et  Moin  [2]  sont 
recemment  parvenus  a  reproduire  en  simulation  numeriqiie 
directe  (DN.S)  des  couches  limites  experimentales  quasi- 
incompressibles  fortement  bruitees  (2.6%  d’intensite  turbu¬ 
lente  a  Fentree,  voir  Refs.  [3-5])  au  prix  de  800  heures  de 
Cray-YMP  par  calcul.  La  simulation  directe  de  couches 
limites  sur  des  avions  en  vol  (done  avec  des  niveaux  de 
turbulence  residuelle  plus  faibles  qu’en  soufflerie)  aurait 
largement  excede  les  ressources  informatiques  actuellement 
disponibles. 

Id,  nous  travaillons  a  des  resolutions  tres  inferieures,  etant 
limites  en  pratique  a  des  couts  de  calcul  de  I’ordre  de  50 
heures  par  simulation,  sur  supercalculateurs  de  perfor¬ 
mances  analogues.  Dans  nos  simulations  de  couches  limites, 
les  mailles  de  calcul  sont  choisies  suffisamment  fines  pour 
cpie  les  fonctions  propres  des  modes  les  plus  instables  s’y 
discretisent  avec  suffisamment  de  precision.  Nous  verifions 
ce  point  en  calculant  le  taux  de  croissance  de  ces  modes 
pendant  la  transition.  Les  echelles  plus  petites  -  suscepti- 
bles  d’etre  filtrees  par  le  maillage  -  peuvent  a  priori  pro- 
venir  de  trois  origiires  : 

-  d’eventuels  modes  amortis  ou  peu  amplifies  mais 
dont  certains  pourraient  etres  necessaires  a  la  tran¬ 
sition  (modes  circulaire  ou  de  Squire,  pouvant  entrer 
en  resonnance  avec  des  modes  plus  instables). 

-  La  turbulence  a  petite  eclielle  qui  se  developpe  apres 
la  transition,  dans  la  zone  tampon  on  la  region  lo- 
garithmique  de  la  couche  limite.  Cette  turbulence 
provient  priucipalement  du  deferlement  de  couches 
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de  melange  locales  au  niveau  de  la  pointc  de  tourbil- 
lons  en  epingle  d  cheveux  organises  a  plus  grande 
echelle,  et  qui  sont,  eux,  a  priori  resolus  explicit einent. 

-  Les  tourbillons  a  petite  echelle  qui  sont  geiieres  pres 
de  la  paroi  et  qui  exercent  un  transfert  d’euergie 
inverse  (backscatter)  vers  les  tourbillons  plus  gros 
situes  au-dessus. 

Pour  tousles  ecoulements  que  nous  simulons  (turbulence 
homogene,  couches  de  melange,  jets,  sillages,  couches  li¬ 
mites,  ecoulements  en  geometrie  complexe.  . .  ),  nous  mo- 
delisons  la  turbulence  sous-maille  a  I’aide  d'une  viscosite 
turbulente.  Nous  proposons  pliisieurs  modeles.  Lems  cons- 
tantes  sont  determinees  analytiquement  dans  le  cas  d’une 
turbulence  homogene  isotrope  presentant  une  cascade  de 

Kolmogorov  de  k  =  0  k  k  - >  oo.  Nous  presentons  deux 

approches  permettant  de  rendre  ces  modeles  selecttfs.  e'esf- 
a-dire  de  les  rendre  aussi  peu  sensibles  que  ce  soil  aux 
gradients  moyens  et  aux  fluctuations  de  vitesse  a  grande 
echelle.  Des  exemples  d’application  montrent  ensuite  que 
ces  deux  approches  sont  prometteuses,  en  depit  de  la 
rusticite  des  modeles  et  des  resolutions  employees. 


3.  MODELISATION  SOUS-MAILLE 
3.1  Les  equations  du  mouvement 
Le  formalisme  des  simulations  des  grandes  echelles  etant 
bien  connu  en  regime  incompressible,  nous  nous  plaqons 
id  dans  le  cas  des  ecoulements  compressibles.  Les  equations 
de  Navier-Stokes  et  de  I’energie  pour  un  gaz  parfait  poly- 
tropique  s’ecrivent,  sous  forme  conservative  et  avec  som- 
mation  sur  les  indices  repetes, 


f +  ^  =  0  ,  (1, 

at  axi 


U  =  (p,  pu,  pv,  pw,  pe)  ,  (2) 

pe  etant  I’energie  totale  definie  par 

pe  =  p  Cy  T  +  ^p{u\  -b  «2  +  «3  )  ■ 

Les  flux  Fi  s’ecrivent 

/  pUr  \ 

pU^Ul  —  cr,-i 

Fi  ~  pUiUo  —  <7 i2  >  (-4) 

pUiUs  ^rp 

\  peu,  —  Uj(T,j  —  k—  J 

k  =  pCpK  etant  la  conductivite  thermique.  Les  compo- 
santes  a,j  du  tenseur  des  contraintes  sont  donnees  par  la 
loi  de  Newton 


duj  ^  dui 
dx,  Ox, 


T,j  =  -p  Sij  -b  A(V.«)6,j  +  //. 

=  -P  -b(A  -b  |/t)  (V.w)dj  +  P'T,j 
yjgcosite 
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Tij  el.ant  la  paitie  deviatrice  dii  tenseur  des  deformations 


du  ,  du,  2  ,  ^  . 


(6) 


et  Pon  supposera  la  deuxieme  viscosite  millc  (eqiiilibre 
tlicrmodynamique).  On  elimine  la  pression  a  I’aide  de 
Peqiiation  d’etat  des  gaz  parfaits  p  =  R  p  T,  avec  R  = 
^  =  287. OG  Jkg~^  K~^  dans  le  cas  de  Pair,  ce  qiii  donne 


F,  = 


/ 

puiui  +  pRTFi  -  /tni 
pU,V2  -p  pRT5t2  —  flTi2 
pUilLz  -P  pRTRj.  —  //.T-,3 


dT 


\p(e  +  RT)u,  -  p.T,jUj  -  / 


La.  viscosite  moleciilaire  /t(T)  est  donnee  par  laloi  empirique 
de  Sutherland  et  son  extension  habitnelle  pour  les  Irasses 
temperatures 


■3.1.5) 


P\T)  =  { 


T 


1  -P  ,57273.15 


273.15  1  -p.SyT 

avec  /((273.15)  =  1.711  10“"^/ 


si  T  >  120A' 


et  5  =110.-1  A' 

U(.{120)  T/120  .siT<120A'. 

(8) 

La  conductivite  moleciilaire  k(T)  s’en  deduit  par  Pinterme- 
diaire  du  nombre  de  Prandtl  Pr  =  Cpp.[T) j k(T)  suppose 
constant,  egal  a  0.7  (air). 


certains  termes  n’etant  pas  calciilables,  ils  doivenl  etre 
modelises. 


3.3  La  forineture 

La  encore,  nous  avons  choisi  Poption  la  plus  siiuiilo  :  les 
termes  faisant  intervenir  des  coefficients  de  diffusion  inole- 
culairc  (//  on  k]  sont  simplement  reiuplaces  par  ia.  quantile 
calculable  d’expression  la  plus  prochc.  On  pose  a.insi 


PT,J  =  im, 


(15) 


et 


^  pr,jUj  (  IG) 

avec  //.  =  n(T)  donne  par  la  loi  de  .Sntlierlantl  (8).  On 
pose  de  meme 


dx  dx 


(■IT) 


vec  Pr  =  Cppjk  =  0.7. 


Les  termes  pUtUj  ct  p(e  -p  RT)u,  sont  ecrits  conune  somine 
de  la  quantite  calculable  d’expression  la  plus  proclie  et 
d’un  residn  non  calculable,  respectivement  /<  n.s'cnr  deg 
contraintes  sous-maiUe  T,j  et  flux  de  chaleur  goiis-niaille 

Q,- 

P'Ui'Uj  =  pUiUj  -P  [pu,Uj  —  piTpiAj]  (18) 

V - ^ ' 

T,j 

et 


3.2  Le  filtrage 

Le  formalisme  ci-dessiis  suppose  toutes  les  variables  du 
mouvement  continues,  sauf  eventiiellement  dans  les  chocs. 
Lorsciue  Pon  discretise  ces  variables  snr  nne  grille,  on 
procede  a  nne  operation  de  filtrage  (passe-bas).  A  toute 
variable  continue  0,  on  associe  une  variable  discrete  (;<i(:r,  i) 
definie  en  chatiue  point  du  maillage  (on  en  chaque  point 
de  collocation,  lorsque  Pon  utilise  des  niethodes  spectrales). 
Si  Pon  fait  abstraction  des  erreurs  introdnites  par  les 
metliodes  numeriqiies,  on  pent  montrer  [6]  que,  dans  presque 
tons  les  cas.  Poperateur  commute  avec  les  derivees 
partielles  tcmporelle  et  spatiales  : 


do  do  3<t>  d<l> 

dt  di  dx.,  dx-i 


(9) 


Pour  les  econlements  compressibles,  il  est  egalement  com¬ 
mode  d’introdiiire  Poperateur  defini  par 


<!>  =  -XT  et  (1)"  =  (j)  —  (^  ,  (10) 

P 

qui  est  a  Poperateur  ce  que  les  moyennes  de  Favre  sont 
aux  moyennes  de  Reynolds.  La  convolution  du  systeme 
(1)  par  le  iiltre  donne  alors,  en  utilisant  les  proprietes 

(9). 


du 

o 

11 

(11) 

U=  ^ip 

,  pu,  pv,  piv,  pe] 

(12) 

V energie  totale  resolue  pc  —  pe  etant  donnee  par 


p(e  -t-  RT)ui  =  p{7+RT)u,+[p(e  +  RT)vi  -  p{7  +  RT)u,] 


Q, 


(19) 


L’hypothese  de  Boussinesq  (Reis.  [7],  [8])  consiste  a  sup- 
poser  la  partie  dei'iatrice  du  tenseur  des  contraintes  sou.s- 
maillc  Tij  proportionnelle  a  rij,  la  partie  deviatrice  du 
tenseur  des  deformations  resohi,  le  coefficient  de  propor- 
tionnalite  etant  une  viscosite  tuxbuleiite  pt.  II  est  done 
naturel  d’introduire  un  autre  coefficient  Xt  reliant  les  parties 
isotropes  de  ces  deux  tenseurs,  et  de  [loser 

T,j  =  Xt{'^  ■u)6ij  +  fit 

—  ){^- «)<^!j  +  PtT,j  .  (20) 

Le  coefficient  (At  -f  |/i.()  apparait  ainsi  comine  une  deux¬ 
ieme  viscosite  turhulente  rendant  compte  d'un  evciituel 
desequilibre  thermodynamique  (an  sens  de  la  meeanicpie 
statistique)  entre  les  degres  de  liberte  de  la.  turbulence 
sous-maille.  Vu  que  nous  supposons  que  celle-ci  suit  nne 
cascade  de  Kolmogorov  traduisant  nne  hypothese  d'ecpii- 
libre  energetique,  il  est  consistant  d’imposer' 

(A, -f  !/.(,)  ^  0  ,  (21) 

ce  qui  revient  a  ne  pas  modeliser  la  partie  isotrope  de  T,j . 
Le  choix  (21)  implique  done 

pu,Ui  =  JjUiU,  ,  (22) 


9«j  dvi 
dx,  dxj 


p7  =  p  c„  T  d-  \p(ul\  4-  ul  +  «?) 
Les  flux  resohis  F,  s’ecrivent 

[P~‘’  ^  \ 

pu,ui  -f  pRT6ii  -  fiTii 
F,  —  pu,U2  +  7  FT  8,2  —  I  IT,  2 
pu,  ll3  +  pRT8,3  -  IIT,3 

\p{e  +  RT)u,  -  JirkJuJ  -  k-^  J 


(13)  ce  qui  permet  d’exprimer  la  temperalure  resolue  7  a  partir 
de  U  grace  a  (13).  On  obtient 

~  1  ~  1  ,  — .  5  ~  ^  'y 

T  =  — e  -  -(m  -p  ti'>~  +  Up.')  .  (2.3) 

c,,  2 

(14)  ce  qui  permet  de  determiner  p  et  k. 

ffi’oir  a  ce  sujet  la  discussion  sur  la  cascade  de  Kolmogorov 
et  cclle  sur  la  deuxieme  viscosite  dans  Landau  et  Lifshitz  [9]. 
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Pour  finir,  le  flux  de  chaleur  sous-maille  Q,  est  modelise 
en  supposant  qu’il  suit  un  analogue  turbulent  de  la  loi 
de  Fourier.  De  maniere  consistante  avec  I’hypothese  de 
Boussinesq,  on  pose 

,  (24) 

w  X I 

kt  etant  un  coefficient  de  conductivite  turbulente  relie  a 
fit  par  I’intermediaire  d’un  nombre  de  Prandtl  turbulent 

Prt=^^  .  (25) 

En  introduisant  la  viscosite  turbulente  cinematique  Vt  = 
et  la  diffusivite  turbulente  Kt  —  kt/cpp,  les  flux 
resolus  F,  se  mettent  finalement  sous  la  forme 

'pu, 

puiUi  +  'pRT&ii  —  (n  +  pi't)Tti 
pUiUo  +  pRT5i2  —  (fi  +  pl't)Tt2 

pUtU3  +  pRT6,3  —  {fl  +  PI^)t,3 
~j5{e  +  RT)ut  —JlTyUj  -  (fc-bpcpKt)  — 

(26) 

avec 

tTj  = 

Prt  =  —  .  (28) 


dut  dut 

— -  +  ^ - (V.«)6, 

dui  dun  3' 


3.4-2  Models  spectral 

Le  moyen  d’eliminer  radicalement  ce  probleme  est  de  se 
placer,  lorsque  c’est  possible,  dans  un  espace  spectral 
adapte  aux  conditions  aux  limites  et  au  mailla.ge  de  la 
simulation  (par  exemple  I’espace  de  Fourier  si  les  conditions 
aux  limites  sont  periodiques,  ou  celui  des  polynomes  de 
Tchebischev  si  le  maillage  respecte  la  disposition  des  points 
de  collocation).  A  chaque  quantite  (j){x,  t)  correspond  alors 
line  unique  representation  spectrale  (p{k,  t),  en  appelant 
k  le  vecteur  d’onde  dans  I’espace  spectral  et  k  sa  norme. 
On  a  alors  acces  directement  aux  plus  petites  eclielles 
resolues,  ce  qui  permet  d’en  deduire  une  viscosite  turbu¬ 
lente  de  type  longueur  de  melange 

i/t  <x  A.u'^  ,  (32) 


etant  une  estimation  de  Fecart-type  des  fluctuations 
de  vitesse  a  la  plus  petite  echelle  resohie  A.  En  turbulence 
homogene  isotrope,  on  peut  introduirc  le  spectre  d'energie 
3D  isotrope  E{k,  t)  defini  par 

F;(fe,t)  =  27r/c^(«,(-fc, /)«<(*,  ^))||Aq|=t  ■  (33) 


u[k,  l)  etant  la  transformee  de  Fourier  3D  de  tt(F.  /).  Une 
bonne  estimation  de  u'^  est  alors  donnee  par  (voir  Ref. 


kc  etant  le  nombre  d’onde  de  coiipure  associe  a  la  taille 


de  la  maille  A.  Eq.  (32)  s’ecrit  alors 


3.4  Modeles  eprouves 
3.4-1  Modele(s)  de  Smagorinsky 

Le  modele  sous-maille  le  plus  connu  est  le  modele  de 
Smagorinsky  [10]  defini  par 


utiS,  t) 


(29) 


toujours  avec  sommation  sur  les  indices  repetes.  A  est  une 
echelle  caracteristiqiie  de  la  taille  de  la  maille  de  calcul. 


par  exemple 


A  =  ^  AxiAx2Ax3 


et  Cs  est  une  constante.  Notons  qu’il  existe  une  variante 
moins  connue  de  ce  modele,  definie  par 


(/((x,  i)  —  (CvAif 


u;  =  V  X  u  etant  la  vorticite  resolue,  et  C„  une  autre 
constante. 


Si  Foil  considere  une  turbulence  tridimensionnelle  homo¬ 
gene  isotrope  incompressible  suivant  une  cascade  de  Kol¬ 
mogorov  d’extension  infinie,  on  trouve  Cg  =  0.18  pour 
une  valeur  de  la  constante  de  Kolmogorov  Ck  =  1.4. 
Deardorff  [11],  puis  Moin  et  Kim  [12]  sont  parvenus  a 
simuler  Fecoulement  turbulent  pleinement  developpe  dans 
un  canal  en  abaissant  la  valeur  de  Cs  a  0.1  et  en  la 
multipliant  par  une  fonction  empirlque  d’amortissement 
[1— exp(!/+  /25)].  Ce  modele  est  en  revanche  trop  dissipatif 
pour  permettre  de  simuler  la  transition,  sauf  dans  des  cas 
fortement  bruites  [13].  Les  ondes  de  Tollmien-Schlichting 
qui  se  developpent  pendant  la  transition  creent  des  fluc¬ 
tuations  de  vitesse  resolue  u  a  grande  echelle  (de  Fordre 
de  30  fois  I’epaisseur  de  deplacement  locale  de  la  couche 
limite).  Sans  fonction  d’amortissement,  la  dissipation  oc- 
casionnee  par  le  modele  peut  alors  atteindre  35%  de  la 
dissipation  moleculaire.  Avec  fonction  d’amortissement, 
elle  est  reduite  a  7%,  ce  qui  est  encore  excessif  [14]. 


!/(■*■  etant  une  viscosite  turbulente  adimensionnelle.  II  suffit 
alors  de  choisir  bornee  pour  garantir 

//(  =  0  <;=>  E{kc,  t)  =  0  .  (36) 

Si  la  resolution  est  suffisante  pour  bien  resoudrc  les  iiista- 
bilites  qui  se  developpent  pendant  les  phases  initiales  de 
la  transition,  on  aura  E(kc,t)  =  0  et  done  Ut  =  0  jusqii  a 
I’apparition  de  turbulence  a  la  plus  petite  echelle  resolue. 

Les  modeles  stochastiques  de  fermeture  a  deux  points 
predisent  des  fonctions  presentant  toutes  un 

plateau  =  0.267  pour  k/kc  — ^  0  et  une  brusque 
remontee  (cusp)  vers  environ  0.7  au  voisinage  de  la  coupure 
Un  bon  ajustement  empiriqiie  est  (voir  [16]) 

iA+(fc/A;^)  =  0.267  -1-  9.21  exp[-3.03(fc/Aq-)"*]  ,  (37) 

donnant  t'('^(l)  =  0.712  (voir  Fig.  1). 


Fig.  1  -  Courbe  montrant  u)'  (k/kc)  donne  par  eq.  (37) 

Ces  modeles  suggerent  egalement 

Prt  =  —  R2  cte  —  0.6  ,  (38) 

Kt 
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ce  que  nous  adopterons  dans  toute  cette  etude,  bien  que 
les  simulations  de  Lesieur  et  Rogallo  [17]  aieiit  mis  en 
evidence  une  depcndance  de  Pri  envers  kjk^.  Le  modele 
spectral  s’est  revele  tres  bon  pour  simuler  les  ecoulements 
turbiilents  isotropes  on  non,  mais  aussi  les  ecoulements 
cisailles  libres  (voir  par  exemple  les  couches  de  melange  de 
Ref.  [18],  pour  lesquelles  I’ecart-type  des  3  composantes 
des  fliictnations  de  vitesse  est  en  bon  accord  avec  les 
rcsultats  experimeiitaux,  avec  des  spectres  d’energie  en 
ail  voisinage  de  A,,). 

3.4.3  Modele  de  la  fonction  de  strticture 
L’idce  de  base  ayant  conduit  a  ce  modele  etait  de  transposer 
le  modele  spectral  dans  I'espace  physique,  en  essa.ya.nt  de 
preserver  la  propriete  (38),  qiii  garantit  que  le  modele  ne 
perturbera.  pas  la  transition.  Ceci  n’est  realisable  que  de 
inaniere  approchee,  en  raison  du  principe  de  Gabor,'  qni 
interdil  IGcccs  local  a  I’information  simultanement  dans 
I’espace  physique  et  dans  I’espace  spectral, 

Un  bon  candidat  pour  u'^  est  la  racine  carree  de  F2a. 
la  fonction  de  .structure  d’ordre  2  des  vitesses  resolves 
evaluee  a  I’echelle  A,  dehnie  par 

F2c.{?,t)  =  (\\u{x  +  fj)) -ulx,l)\\-')  .  (39) 

\  /  ||r||=A 

En  effet.  dans  le  ca.s  de  la  turbulence  homogene  isotrope 
incompressible,  Batchelor  [19]  a.  mis  en  evidence  la  relation 

(FoAx.t)),  =  4  1^  E{k.  t)  [1  -  dk  ,  (40) 

entre  la  moyenne  de  la  fonction  de  structure  de  la  vitesse 
u  ( non-filtrce)  a  une  echelle  r  donnee  et  le  spectre  isotrope 
d’energie  cinetique.  Metais  et  Lesieur  [20]  en  dedui.sirent 
le  modele  de  In  fonction  de  structure,  definissant  une  visco¬ 
site  turbulente 

;q(:r,  <)  =  G  A  \jF2A{x,t)  ,  (41) 

locale  dans  I'espace  physicine,  la  constante  C  valant  2C'|., 
soit  0.063  pour  C'k  =  1-4. 

La  moyenne  d’ensemble  ()  dans  (39)  porte  sur  les  voisins 
immediats  du  point  x.  Lorsque  I’on  simule  des  ecoulements 
libres  ou  non-cisailles  avec  des  mailles  approxiniativement 
cubiqiies.  on  fait  intervenir  tons  les  six  voisins.  On  a  alors 

=  l  [ 

||tt(:r  +  AxiJ)  -  u{x,  /)||^  -f  \\u[x  -  Axi,t)  -  u{x,  <)|[^  + 

||«(f  4-  Axo,  t)  —  u{x,  f)||^  -b  \\u{x  —  Axo,  t)  —  vfx,  t)lj®  -f 

[[iT):?  +  AxcJ)  -  u{x.  t)||-’  -b  ||«(:r  -  Axs.J)  -  M(f,  ■/)||^|  , 

(42) 

oil  Ax,  =  Ax,e,  designe  le  pas  d’espace  oriente  dans  la 
direction  i. 

II  est  souvent  nece.ssaire  de  resserrer  le  maillagc  dans 
la  direction  perpendiculaire  an  cisaillement  moyen  (ou  a 
la  paroi,  dans  le  cas  des  couches  limites).  Lorsque  cette 
direction  coincide  avec  une  direction  de  maillage  (3:2,  par 
exemple),  nous  calculous  la  fonction  de  structure  en  ne 

“analogue  du  principe  d’incertitude  de  Heisenberg  en 
traitement  du  signal. 


faisaut  intervenir,  outre  le  point  central  x.  que  les  4  voisins 
situes  dans  Ic  “plan  de  maillage”  (.i.ir.s )  i)assa,ut  |iar  .r 
(voir  Fig.  2,  en  maillagc  curviligne  orthogonal). 


Fig.  2  -  Points  intervenant  dans  le  calcul  di-  /  dans  Ic 
cas  des  ecoulements  de  paroi. 

On  prend  alors 

F2a[xA)  =  i  [ 

llulr  +  A:Ci,t)  -  «(:?,  /)]]'  +  ||«(:r  -  APi.  /)  -  «(:r,  /  )||'  -b 
||«(3;  -b  Ax3.  t)  -  u{x.  i)||-  -b  ||«(;r  -  AG,.  /)  -  ',7(G,  /)]|-j  . 

(43) 

La  longueur  dc  melange  A  intervenant  dans  (39)  est  alors 
prise  egale  a 

A  =  v/ All  Ax  1  w  Axi  s;  A:r.-,  .  (  I  I) 

Dans  notre  eqnipe,  nous  avons  constate  que  le  modele  de 
la  fonction  de  structure,  a  4  ou  6  points,  se  com[)orl,ait 
legcremont  mieux  que  le  modele  de  Smagoriiisky  (voir 
en  particulier  Fig.  16  de  Ref.  [21].  montrant  des  |)rolil.s 
d’energie  cinetique  turbulente  dans  le  cas  dc  re'conlement 
a  I’aval  d’une  marche  descendunte,  avec  comparaisoii  avec 
les  resultats  experimeiitaux  d’Eaton  e  t  .lohnston  [22]). 
Pour  comparer  formellement  ces  denx  modeles,  nous  pon- 
vons,  an  premier  ordre,  relier  les  increments  de  l  itesse  de 
la.  fonction  de  structure  a  des  derivees.  De 

u(x  +  Ax,.t)  —  u{x,l)  =  Ax,(-^-^']  +0{A.ia)  ,  (45) 

\c)x,  y.f 

on  pent  dednire,  dans  le  cas  ou  A;tq  =  Ax-i  =  Axs.  — 

A,  et  en  supposant  le  champ  de  vitesse  resolu  7  uon- 
divergent, 

-b2A;iaij||^||  -b 
[1  -bC)(A)] 

A“  r  ^  -’1 

[i-bCP(A)]  .(46) 

et  done 

Ut{x,t)  ~  \/ ^  (GLA)-  J -bul.I'  .  (47) 

Dans  lalimite  d’un  pas  d’espace  infiniment  petit,  le  modele 
de  la  fonction  de  structure  n'est  consistant  aicc  aucuuc 
des  deux  variantes  du  modele  de  Smagorinsky,  mais  il  se 
rapproche  d’une  combinaison  des  deux,  nioins  dissipative 
que  chacune  d’elles  dans  les  regions  on  vorticitc  et  etirement 
s’excluent  mutnellemeut  ( i.c.  la  on  rtqrij  =  0  on  7.7’  =  ft ), 

Fig.  3  montre  une  comparaisoii  entre  une  simulat  ion  directe 
an  nombre  de  Reynolds  le  plus  eleve  possible,  et  dettx 
simulations  des  grandes  echelles  a.  nombre  de  Peynolds 
moleciilaire  infini.  Ces  resultats  confirment  que  les  simuiations 
des  grandes  echelles  permettent  de  simnler  des  ecoulements 
plus  turbulents  que  les  simulations  directes  a  meme  resoltition. 


F2a{x,1]  =  -X 

A— 0  6 


2Arl 


■2Axi 


I  du 

I  dxi 

j  du 
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Fig  .  3  -  Sillagc  tempoi-el  incompressible  simule  par  methocles 
spectrales  avec  one  resolution  de  48^  modes  de  Fourier.  De 
haut  en  }:)as : 

-  .Simulation  directe  (DNS)  at  R^.  =  Umi’m/i'  —  200 

-  Simulation  des  grandes  echelles  (LES)  a  /j.  =  0,  a  Faide  du 
modele  de  la  fonction  de  structure  (a  six  voisins) 

-  idem,  avec  le  modele  de  Smagorinsky. 

Dans  les  3  cas,  I’image  represente  I’isosurface  ||aJ||  =  0..5  lu; 
k  t  =  76r,,i/Um-  en  posant  w,  =  max  ||u3(.t1,  0)||.  Les  valeurs 
maximales  de  ||(i;||  a  cet  instant  sent  rcspectivcment  de  1, 
2.2  et  2.1  iAj,  pour  la  simulation  directe,  la  simulation  avec 
le  modele  de  la  fonction  de  structure,  et  cello  avec  le  modele 
de  Smagorinsky. 


Fig.  4  -  Couche  de  melange  incompressible  se  developpant 
spatialement,  cn  simulation  des  grandes  echelles  a  I'aide  du 
modele  de  la  fonction  de  structure  vis co. site  m  olec  u  Inin  p-  =  0. 
resolution  :  240  X  48  X  48,  schema  numerique  :  ccvmpiict  ordrt 
6  &  spectral,  forqage  ainont :  2%  de  bruit  2D  +  0.lt){  de  bruit 
3D  (en  intensHe  turbv.te.nte),  quantite  visuahsee  :  isosiirface 
||il;||  =  0.6  uij 


Ils  montrent  qiie  des  modeles  bases  stir  tine  livpothcsc 
de  cascade  de  Kolmogorov  isotrope  (comme  le  modele  de 
Smagorinsky  avec  C)  x  0.2  et  le  modele  de  la  fonction  de 
structure)  peiivent  respecter  les  fins  tourbillons  longitii- 
dinaiix  -  fortement  anistotropes  -  dont  Ic  diainetre  est 
proche  de  A.  Ceci  se  confirme  dans  le  cas  des  ecoulemcnts 
se  developpant  spatialement,  avec  des  schemas  aux  diffe¬ 
rences  finies  dans  la  direction  longitndinale.  et  en  emplo- 
yant  la  formulation  (43)  a  4  voisins  (toir  Fig.  I). 

3.5  Nouvearix  modeles 

S.5.1  Modele  de  la  fonction  de  structure  filtree 
Etant  ties  local  dans  I’espace  physique,  le  modele  de  la 
fonction  de  structure  ne  pent  pas  etre  ties  local  dans 
Fespace  spectral.  Ceci  implique  que  le  modele  nc  sera  pas 
influence  que  par  les  plus  petites  echelles  resolues.  Ceci  est 
assez  peu  sen,sible  snr  les  ecoulements  dont  les  instabilites 
dominantes  sont  des  instabilites  des  cisaillemenl  inflexion- 
nel  (inviscides  et  fortment  amplifiees,  comine  dans  les 
couches  de  melange,  les  jets,  les  sillages  et  les  conches 
limites  fortement  chaiiffees  on  a  haut  nombre  de  l\lach). 

En  revanche,  le  modele  de  la  fonction  de  structure  met  - 
comme  le  modele  de  Smagorinsky  -  de  la.  viscosite  turbii- 
lente  dans  les  ondes  de  Tollmien-Schlichting  (meme  si 
ces  dernieres  sont  bien  resolues),  an  point  d'cmpecher  les 
couches  limites  faiblement  compressibles  de  transitioniier 
si  elles  ne  sont  pas  fortement  forcees.  Une  solution  pour  y 
remedier  est  de  rechercher  ponr  ii'^  un  meilleiir  compromis 
que  \/ F2a.  moins  local  dans  I’espace  physique  pour  1  etre 
davantage  dans  I’espace  spectral.  Nous  avons  recherche  ce 
candidat  parmi  les  fonctioiis  ondelette,  dont  les  proprietes 
d’orthogonalite  sont  attractives,  mais  dont  la  inise  en 
ceuvre  reste  lourde  a  trois  dimensions  [23], 

II  est  beauconp  moins  conteiix  de  s’inspirer  de  la  niethode 
d’enregistrement  des  disqiies  microsillons,  recemment  de- 
veniis  obsoletes  :  ponr  lediiire  la  laigeur  dii  sillon.  les 
frequences  graves  du  signal  sont  attenuees  avant  d'action- 
iier  le  burin  graveiir  (accentuation)."  Nous  appliquons  de 
meme  un  filtre  passe-hant  an  champ  de  I'itesse  resolii  v 

"La.  correction  inverse  (desaccentuation,  ou  correction 
RIAA)  est  appliquee  an  niveau  du  preamplificat  eiu'  pendant 
Fecoute. 
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Fig.  5  -  Pi  ■euve  de  la  relation  (50).  Le  .signal  d’eiitree  zi. 
est  un  bruU  blanc  discretise  a  32®  modes  de  Fourier.  Son 
spectre  E(u)  est  en  k~  (la  courbe  libellee  signal).  Le  spectre 
£/[£'''(«)]  est  libelle  filtered  signal.  Les  points  correspondent  a 
0.577rl°  l  (k/kry°'^E{n). 

avant.  d’en  calciiler  la  fonction  de  structure.  II  s’agit  d’lm 
filtre  de  type  laplacieii,  discretise  au  second  ordre  a  I’aide 
d’un  schema  centre,  et  que  Ton  itere  m.  fois  : 

/!'”(«)  =  [£  0  ...  o /!](»)  (48) 

m  fois 


avec 

^  |«(j:  -  Ax,,  t)  -  2tt(f,  t)  +  u{x  -f  Aa:i,<)| 

(49) 

!  €  {1, 2,  3}  pour  les  ecoulements  libres  et  i  g  {1, 3}  pour 
les  couches  limites.  Le  meilleur  compromis  efficacite-rap- 
port  signal/bruit  est  atteint  pour  m  —  3  (voir  Ref.  [24]). 
Dans  line  boite  cubique  avec  des  conditions  aux  limites 
periodiques  dans  les  trois  directions,  nous  avons  alors 
obtenu 

(-^Y  ,  VI-G[0,te[  (50) 

E(tl)  \Kc/ 

avec  a  =  0.-57  et  p  =  10.1,  independemment  du  signal 
d’entreeu  et  de  la  resolution  (Fig.  5).  Un  filtre  tri-laplacien 
spectral  ou  e.xact  aurait  donue  a  =  1  et  p  =  12. 

En  reprenant  verbatimles  calculs  ayant  conduit  au  modele 
de  la  fonction  de  structure  [20]  on  obtient,  avec  les  memes 
hj'potheses, 

//((x,  1)  =  Cp  A  E2A{x,t)  ,  (51) 

avec 

■F2a(f.  t)  =  /||[£®()r)](i  +  r,t))  -  [/:’(5:)](.F,  t)||-\ 

\  /  ||r-||  =  A 

(52) 

et  Cl  =  0.84  10  pour  C'k  =  1.4.  Nous  verrons  que 
ce  modele  permet,  enfin,  de  simuler  la  transition  a  la 
turbulence  d’une  couche  limite  faiblement  compressible 
sans  forqage  fort. 

3.S.2  Modele  de  la  fonction  de  structure  selective 
L’approche  precedente  consistait  a  augmenter  la  selectivite 
du  modele  de  la  fonction  de  structure  en  remplagant  Eoa 
par  line  fonction  analysatrice  plus  selective.  Nous  cherchons 
maintenant  a  developper  un  modele  selectif  adapte  aux 
ecoulements  en  geometric  complexe,  oil  il  se  developpe 
soiivent  des  gradients  a  grande  echelle  dans  des  directions 
non-alignees  avec  le  maillage  (ondes  de  choc  obliques,  par 
exemple).  Nous  avons  ici  choisi  de  multiplier  simplement 


la  viscosite  turbulente  predite  par  le  modele  de  la  fonction 
de  structure  par  line  fonction  filtre  <f>,  independante  de 
I’orientation  du  maillage,  valant  1  en  presence  de  turbu¬ 
lence  a  la  plus  petite  echelle  resolue,  et  0  sinon. 


Le  critere  de  tridimensionnalite  a  petite  echelle  cpie  nous 
avons  choisi  est  base  sur  bangle  que  fait,  en  chaque  point  x 
et  a  chacpie  instant,  le  vecteur  vorticite  resolii  ui{x.t)  ai'ec 
sa  moyenne  instantanee  sur  un  certain  voisiiiage  autour 
de  X.  Une  valeur  elevee  de  cet  angle,  note  impropreuient 
(a)A{x,t)  signifie  que  la  direction  de  Ea/y  m-  varie  pas 
beaucoup  dans  la  region  de  x.  L’ecoulement  y  est  done 
laminaire  ou  bidimensionnel,  et  nous  n’y  appliqiions  pas 
de  viscosite  turbulente.  Si  cet  angle  est  eleve,  nous  appli- 
quons  le  modele  de  la  fonction  de  structure  avec  une 
constante  reajiistee  pour  tenir  compte  du  filtre. 


En  pratique,  on  calciile  un  vecteur  vorticite  inoyen  t] 

egal  a  la  moyenne  centree  de  ta  en  x  et  ses  qiiatre  (ou 
six)  voisins.  Pour  la  formulation  a  quatre  voisius  (la  plus 
utilisee  dans  nos  applications),  on  a  done 

(w)a(x,<)  =  i  |w(x,t)  -b 

Lv(x  +  Asi ,  <)  -f  c3(f  —  Axi ,  t)  + 

ui(K -f  Ax3,  t) -b  ui(f  —  Ax3,  t)j  .  (53) 


L’angle  (q')a(x,  t)  est  ensuite  defini  par 

=  arcsin 


||a;(x,/)||  ||(a))A(.F,/)j( 


et  bon  pose 


ut(x,t)  =  $ao(s,<)  A  y:F2^(x,t) 


avec 

^ao(^.b) 


1  si  (q')a(*,  t)  >  O'o 
0  sinon 


(.54) 


(55) 


(56) 


La  valeur  de  qq  a  ete  choisie  sur  la  base  de  dix  simulations 
des  grandes  echelles  de  turbulence  homogene  isotrope  in¬ 
compressible,  realisees  abaide  du  modele  de  la  fonction  de 
structure  (41)  avec  des  conditions  initiales  differentes,  a 
des  resolutions  de  32“  et  48“  modes  de  Fourier,  comparables 
a  celles  que  boii  utilise  dans  les  simulations  de  couches 
limites.  Apres  batteinte  du  regime  de  decroissaiice  libre 
autosimilaire,  les  densites  de  probabiiite  de  {a)/\(x.t)  ont 
montre  un  pic  pour  oo  =  20°  (voir  Fig.  6  et  [25]). 

Nous  avons  aussi  trouve,  pour  toutes  ces  simulations. 

- - - ^ --cA  =  1.56  ,  (57) 

^<i>ao(2,  f)  \J E2i.(x,t)j  ^ 

independamment  du  temps,  boperateur  ()  f  desigiiant  la 
moyenne  sur  bensemble  du  domaine  de  calcul.  Pour  que 
le  modele  de  la  fonction  de  structure  selective  donue  a 
chaque  instant  la  meme  valeur  moyenne  (t^t(;r,  i))x  que  le 
modele  de  la  fonction  de  structure  (41),  il  suffit  alors  de 
fixer  Cj'go  =  1.56  C  =  0.104. 


14-7 


10-' 


t.w"’ 

0  20  40  60  so 

angle  en  degra 

Fig.  6  -  Densite  de  probabilite  de  |(a)A(^^iOI  calculee 
sur  une  des  simulations  des  grandes  echelles  de  turbulence 
homogene  isotrope  a  32®,  avec  fj.  —  0. 

3.6  Evaluation  des  differents  modeles 

Comme  pour  les  comparaisons  presentees  an  chapitre  3.4, 
nous  effectuons  des  simulations  d’un  ecoulement  cisaille 
temporel,  de  maniere  a  pouvoir  utiliser  un  code  de  calcul 
pseudo-spectral,  a  priori  plus  precis  qu’un  code  aux  diffe¬ 
rences  finies.  Ceci  permet  aussi  d’inclure  le  modele  spectral 
dans  les  comparaisons.  Pour  le  modele  de  la  fonction  de 
structure  et  ses  derives,  nous  avons  choisi  la  formulation  a 
six  voisins,  plus  consistante  avec  le  modele  de  Sniagorinsky 
que  celle  a  six  voisisn.  L’ecoulement  choisi  est  une  couche 
de  melairge  incompressible,  simulee  a  une  resolution  de 
64®  modes  de  Fourier,  avec  des  conditions  de  glissement 
sans  frottement  dans  la  direction  X2,  et  des  conditions 
periodiques  suivant  xi  et  X3.  La  condition  initiale  est 
definie  par 

u(x,  i  =  0)  =  U  j^tanh  ^2  -b  10“^  t?(x)|  , 

(58) 

8,  etant  I'epaisseur  de  vorticite  initiale  de  la  couche,  U 
sa  demi-differeiice  de  vitesse  et  V’(x)  etant  une  fonction 
aleatoire  a  divergence  nulle,  d’amplitude  unitaire  sur  cha- 
cune  des  composantes.  Nous  presentons  des  visualisations 
de  I’ecoulement  obtenu  avec  chacun  des  5  modeles  (sans 
viscosite  moleculaire)  au  meme  instant  (t  —  14  6i/U). 

11  s’agit  d ’iso-surfaces  des  composantes  longitudinale  et 
transverse  de  la  vorticite  resolue,  mettant  repectivement 
en  evidence  les  tourbillons  longitudianaux  et  les  tourbillons 
de  Kelvin-Helmholtz  primaires.  Le  seuil  choisi  est  w;  = 
'2U/8,,  c’est.-a-dire  le  maximum  de  la  vorticite  initiale. 

Les  extrema  de  vorticite  longitudinale  wi  sont,  pour  les  5 
simulations  presentees  Fig.  7,  situes  dans  les  tourbillons 
longitudinaux.  11s  donnent  une  bonne  mesure  de  la  dis¬ 
sipation  apportee  par  le  modele  (voir  la  discussion  sur 
la  signification  physique  de  ces  extrema  dans  Ref.  [26]). 
Les  valeurs  rapportees  dans  Figs.  7  et  8  confirment  les 
impressions  visuelles  : 

-  Le  modele  spectral  apparait  comme  le  moins  dissipatif 
des  modeles  “eprouves”  :  les  isosurfaces  representees 
montrent  que  d’importants  niveaux  de  vorticite  (de 
Pordre  d'o,',)  sont  coircentres  dans  les  plus  petites 
echelles  resolues,  ce  qui  est  un  signe  de  cascade  d’ener- 
gie  (confirme  par  les  spectres,  non  presentes  ici). 
D’autre  part,  on  voit  nettement  (sur  les  visualisations 
couleur  en  plein  ecran)  les  tourbillons  longitudinaux 
s’enrouler  autour  des  tourbillons  primaires. 

-  Le  modele  de  la  fonction  de  structure  est  legerement 
moins  dissipatif  que  le  modele  de  Smagorinsky,  mais 


tons  deux  font  pratiquement  disparaitre  les  zones  de 
reconnection  entre  les  tourbillons  longitudinaux  et 
les  tourbillons  primaires,  de  meme  que  la  ^’Ol■ticite  a 
petite  echelle. 

-  Les  deux  nouveaux  modeles  se  comportent  tons  deux 
de  maniere  analogue  au  modele  spectral. 


4  SIMULATION  DES  GRANDES  ECHELLES  DE 
COUCHES  LIMITES  COMPRESSIBLES 

Un  modele  sous-maille  etant  choisi,  le  systeme  forme  par 
les  equations  (11),  (12),  (23),  (26),  (27),  (8),  (38)  est 
resolu  par  methodes  aux  differences  finies,  a  Laide  rl'iin 
schema  predicteur-correcteur  theoriquement,  d'ordre  (2,4) 
[27],  Le  code  de  calcul,  developpe  par  Normand,  est  decrit 
dans  [28],  Les  conditions  aux  limites,  inspirees  de  [29]  el 
[30],  sont  de  type  non-reflectives  a  la.  froirtierc  snperieure 
et  a  la  sortie  du  domaine.  Les  invariants  de  liiemaun 
des  caracteristiques  rentrantes  sont  imposes  a  Lentree.  A 
la  paroi  (adiabatique  ou  isotherme,  suivant  les  cas).  on 
adopte  des  conditions  d’adherence  pour  la  rdlosse.  Idle 
condition  de  Neumann  pour  la  pre.ssion  est  obteuue  en 
considerant  la  composante  suivant  X2  de  (11)  (voir  [28] 
et  [27]  pour  details).  Des  conditions  de  periodicite  sont 
imposees  suivant  I’envergure  (direction  xs). 

4.1  Couche  limite  faibleiirent  compressible 

Parmi  les  modeles  formules  dans  I’espa.ce  physic|ue  que 
nous  avons  presentes,  les  seuls  qui  sont  susceptibles  de 
permettre  la  transition  sont  les  deux  nouveaux  modeles. 
Nous  presentons  ici  une  simulation  de  couche  limite  a 
nombre  de  Mach  externe  A'foc  =  0.5,  se  developpant  spa- 
tialement  sur  une  plaque  plane  adiabatique.  Le  modele 
sous-maille  utilise  est  le  modele  de  la  fonct  ion  de  si  met  are 
filtree  pre.sente  chapitre  3.5.1. 

L’ecoulement  de  base  impose  a  la  frontiere  amont  du 
domaine  est  une  solution  unidirectionnelle  des  equations 
de  similitude  en  regime  laminaire,  a  une  distance  xo  = 
330  (5,  du  bord  d’attaque  de  la  plaque  (en  appelant  b,(x  = 
Xo)  I’epaisseur  de  deplacement  de  cet  ecoulement  de  base). 
La  resolution  est  de  650  x  32  x  20  points,  pour  un  domaine 
de  taille  812  x  20  X  22  5,  en  appelant  8,  =  ^i(:'  i  =  0) 
lepaisseur  de  deplacement  de  I’ecoulement  impose  a  la 
frontiere  amont  du  domaine.  Le  nombre  de  Reynolds  i?x,q 
base  sur  6,  est  de  1000,  ce  qui  positionne  rcuiti'ce  du 
domaine  a  une  distance 


du  bord  d’attaque  de  la  placiue  (ftnm  etant  un  facteur 
empirique  de  compressibilite  ties  proche  de  1  pour  = 
0.5,  voir  [31]  et  [32]).  Le  domaine  convre  done  unc  plage 
de  Rex  =  (x/i5;  -f  330)Re«,  comprise  entre  3.3  10’  et 
1.14  10®,  ce  qui  englobe  largement  les  points  de  transition 
observes  experimentalement  pour  des  uiveaux  de  bruit 
analogues  aux  notres  :  ici,  nous  perturbons  le  profil  amont 
a  chaque  instant  par 


-  un  forgage  deterministe  bidimensionnel  (oiules  de 
Tollmien-Schlichting)  d’amplitude  5  10“  ' 

-  du  bruit  blanc  3D  d’amplitude  8  10“  '  t  A- . 


?vIodele  dc  Smagorinsky:  max  \lj-[  \  =  2.92  eu¬ 


ros 


max 


Modclc  dc  la  fonction  dc  structure  selective  (Davirl 
max  \uji  I  =  5.42  Uj 


Fig.  8  -  Nouveaux  modclcs:  ll.s  doiiiieiit  dcs  result  at  s  tres 
proches  et  coiisistants  avee  Ic  modele  .s{>cctral. 


Modele  spectral:  max|u;i|  =  4.7-5  eui 


Modele  de  la  fonction  de  structure:  max  |u;i  |  =  2.86  eui 

Fig.  /  -  Modeles  ‘‘eprouves”  :  le  modele  spectral  est  de  loin 
le  moiiLS  dissipatif. 
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Ce  forgage  a  ete  choisi  de  maniere  a  obteiiir  la  transition 
le  plus  rapidement  possible  sans  court-circuiter  les  nieca- 
nismes  lineaires  d’instabilite  secondaire  (modes  obliques 
harmoniques  et  sous-harmoniques  de  I’onde  TS  la  plus 
amplifiee).  II  s’agit  done  d’lme  experience  numerique  de 
transition  contrdlee,  et  Ton  retrouve  bien,  sur  Fig.  9,  les 
tourbillons  en  A  decales  predits  par  Herbert  [33]. 


Fig.  9  -  Coupe  horizontale  a.  X2  =  0.27  Si  de  «i ,  la 
composante  longitudinale  du  champ  de  vitesse  resolu.  On  volt 
id  deux  images  juxtaposees  du  domaine  de  calcul  (artifice 
graphique  -  justifie  par  la  periodicite  des  conditions  aux 
limites  suivant  xs  -  permettant  de  mieux  mettre  en  evidence 
Torganisation  de  recoulement  dans  le  sens  de  I’envergure)  On 
I’emarque  la  trace  des  ondes  de  T.S.  forcees  a  I’entree  du 
domaine.  des  tourbillons  en  A  en  configuration  decalee  et  des 
courants  longitudinaux  alterncs  (streaks). 


All  vu  des  profils  longitudinaux  de  facteur  de  forme  H12 
et  de  frottement  parietal  Cj  (Fig.  10),  on  peut  dire  que 
la  transition  s’effectue  vers  x  «  280  5,,  e’est-a-dire  pour 
i?e,:  «  6  10^ 


Les  statistiques  sont  globalement  en  bon  accord  av'ec  les 
resultats  experimentaux  ([34],  [35],  [36])  et  nunu'riques 


[37]  a  nombre  de  Reynolds 
comparables  (Fig.  12),  malgre 
nale  (dans  la  zone  turbulent^ 
point  de  grille  correspond  a  ; 


-t- 

y 


et  niveau  de  perturbations 
line  resolution  plntot  margi- 
;,  I’ordonnee  x,2  du  premier 
r+  =  3). 
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Fig.  12  -  A  gauche:  Profil  de  vitesse  en  uiiite.s  de  paroi, 
pour  a,'!  =  670  5,,  soit  Re^  =  10°  (ligne  continue  avec  les 
points  noirs).  Les  carres  con'espondent  a  une  experience  a  Ae,,, 
comparable  [34].  La  ligne  continue  correspond  a  la  loi  classique 
t/+  =  /n(y+)/0.41  4-  .5. 

A  droite  :  ecart-type  des  fluctuations  de  vitesse  normalisees  par 
la  vitesse  de  frottement  «r,  toujours  a  Rex  =  10®,  comparees 
aux  valeurs  trouvees  en  simulation  directe  tempoi  elle  a  jilus 
haute  resolution  [37]. 


Fig.  10  -  Facteur  de  forme  H12  (a  gauche).  Coefficient 
de  frottement  (a  droite,  avec  les  2  lois  empiriques  C — 
0.0664/, et  C =  0.0368/„„.bAe tirees  de 
Refs.  [31]  et  [32]).  Dans  le  cas  present,  Ri  ftnrb  ~  1- 


Plus  en  aval,  des  coupes  verticales  {x-iX2)  de  W3  montrent 
clairenient  des  ejections  correles  avec  la  pointe  de  tourbil¬ 
lons  en  epingle  a  cheveux  (hairpins),  qne  Foil  materialise 
par  des  lignes  vortex  (Fig.  11). 


Fig.  11  -  Zoom  sur  la  portion  du  domaine  comprise 
entre  .iq  =  474  3,  et  .5.53  3,  (soit  Rex  G  [804  000,883000]). 
11  s’agit  done  du  debut  de  la  region  turbulente.  La  figure 
montre  montrant  des  surfaces  iso-vorticite  longitudinale  lui  = 
0.2-5  LA-,/3,  (gris  clair)  et  Zx  -  -0.25  (gris  fonce),  plus  des 
lignes  vortex  visualisant  les  tourbillons  en  epingle  a  cheveux. 
Le  plan  de  coupe  montre  les  ejections  et  les  eclatements. 

C’est  an  niveau  de  ces  ejections  et  des  eclatements  [bursts) 
qni  en  resultent  que  I’on  trouve  les  plus  fortes  valeurs  de 
la  viscosite  turbulente  vt,  montrant  que  le  modele  de  la 
fonction  de  structure  filtree  agit  avec  parcimonie  et  a  bon 
escient. 


4.2  Ti-ansition  d’une  coiiclie  limite  siir  un  diedre 
chauffe 

Outre  Fetude  fondamentale  des  mccanismes  de  transition 
a  la  turbulence,  la  motivation  des  simulations  des  graiules 
echelles  est  aussi,  a  terme,  la  prediction  et  le  controle  dn 
point  de  transition  de  couches  limites  sur  des  objets  reels. 
Apres  les  calculs  presentes  plus  haut,  Fetape  suivante 
consiste  a  simuler  Fetablissement  d’une  couclie  limite  de- 
puis  un  bold  d’attaque  profile,  sur  leqnel  souffle  un  ccon- 
lement  uniforme,  legerement  bruite.  On  ponrra  alors  essa- 
yer  de  comprendre  comment  ces  perturbations  penetrent 
dans  la  couche  limite  pour  provoquer  la  transition  (recep- 
tivite).  Pour  simplifier  an  maximum  la  geometrie,  nous 
nous  sommes  places  dans  le  cas  d’un  diedre  semi-inflni 
a  incidence  nulle,  en  supposant  Fecoulement  symetrique. 
On  n’en  simule  done  que  la  moitie  (voir  Fig.  13),  a  Faide 
d’une  adaptation  en  coordonnees  curvilignes  orthogonales 
du  code  de  calcul  utilise  pour  les  calculs  de  couche  limite 
de  plaque  plane  du  chapitre  precedent  (voir  [25]  pour 
details).  Le  modele  sous-maille  utilise  ici  est  celui  de  la 
fonction  de  structure  selective,  decrit  chapitre  3.5.2. 


10” 

10“ 
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Fig.  13  -  Section  verticale  du  maillage  236  X  30  X  32  utilise 
pour  simuler  Fecoulement  sur  un  diedre  chauffe  (demi-angle 
au  sommet  10°).  Les  echelles  sont  graduees  en  Re.v  compte 
a  partir  du  bord  d’attaque.  Comparer  le  R.Cx  de  sortie  de  ce 
domaine  avec  le  Rex  a  Fentree  du  domaine  precedent. 
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L’ecoiilement  impose  a  la  fiontiere  amont  du  domaine  est 
uniforme  en  moyenne,  a  Mtx,  =  0.5,  avec  une  intensite 
turbulente  de  10“^  provenant  d’lm  bruit  blanc  tridimcn- 
sionnel  renouvele  a  cliaque  pas  de  temps,  comma  pour 
la  couche  limite  presentee  precedemment.  Le  diedre  est 
suppose  isotherme,  chauffe  a  une  temperature  T,,,  =  800A', 
la  temperature  exterieure  Ttx,  etant  de  270K.  Le  parametre 
pertinent  a  ce  niveau  est  le  rapport  T-u,  j Tad  entre  la  tempe¬ 
rature  de  paroi  et  la  temperature  de  recouvrement  adiaba- 
tique  (celle  qu’aurait  la  paroi  si  elle  etait  adiabatique,  en 
supposant  que  I’enthalpie  totale  se  conserve  a  travels  la 
couche  limite).  A  Mach  0.5,  Tad  est  tres  proche  de  T^a  et 
ron  a  Txa/Tad  —  2.9.  Ceci  correspond  a  un  chaufFage  fort, 
cpii  influence  beaucoup  la  dynamique  de  Lecoulement  : 
Figs.  14  et  15  montrent  des  signes  evidents  de  transition 
a  Rca  Si  250  000,  soit  2.4  fois  moins  que  pour  la  couche 
limite  de  plaque  plane  adiabatique  precedente. 


Fig  .  14  -  Diedre  chauffe.  Zoom  sur  la  moitie  aval  du 
domaine,  montrant  I’iso-surface  Ha'll  =  0.30  Max||ai||£.  On  voit 
nettement  des  tourbillons  en  A  et,  plus  en  aval,  des  tourbillons 
en  epingle  a  cheveux. 


La  raison  en  est  due  a  la  presence  d’un  point  d’inflexion 
generalise  dans  le  profil  de  vitesse  moj'en  qiii  s’etablit 
avant  la  transition  (voir  Fig.  16).  L’instabilite  responsable 
de  la  transition  est  alors  une  instabilite  de  cisaillement 
inflexionnel  de  type  Kelvin-Helmholtz  de  nature  inviscide 
(comme  dans  les  couches  de  melange  presentees  au  cha- 
pitre  3),  beaucoup  plus  amplifiee  que  les  instabilites  vis- 
queuses  de  type  ondes  de  Tollmien-Schlichting  rencontrees 
en  couche  limite  sur  paroi  plane  adiabatique. 

Fig.  17  montre  les  profils  longitudinaux  moyennes  en  temps 
de  coefficient  de  frottement  C'/  et  nombre  de  Stanton  Si. 
(flux  de  chaleur  adimensionnel  a  la  paroi).  L’evolution 
du  Cf  en  regime  turbulent  suit  la  loi  empirique  Cj  — 
0. 0368  ftarb Rea  '  etablie  pour  les  couches  limites  de  pla¬ 
que  plane.  Dans  le  cas  present,  fturb  vaut  0.63  (voir  [32] 
pour  details).  Le  nombre  de  Stanton  varie  proportionnel- 
lement  a  Cf,  comme  le  predit  I’analogie  de  Reynolds 
forte,  Le  coefficient  de  proportionnalite  est,  par  centre, 
nettement  inferieur  aux  valeurs  empiriques  communement 


admises  (voir  legende  de  Fig.  17).  Ceci  n’est  pas  I’orcement 
significatif,  dans  la  mesure  on  ces  forrrrules  empiriques 
resultent  de  la  compilation  de  resultats  d’experiences  de 
plaque  plane  (et  non  de  diedres),  toutes  a  des  Bcx  nette¬ 
ment  plus  eleves  que  les  notres. 


Fig  .  15  -  Diedre  chauffe.  Zoom  sur  la  region  trausitionnelle 
de  recoiilement,  montrant  I’emergence  dome  instabilite 
bidimensionnelle,  suivie  de  celle  d’un  mode  oblifiue  sous- 
harmonique  (H-mode)  donnant  naissance  aux  tourbillons  en 
A  decales.  On  montre  ici  une  isosurface  de  basse  pression  (en 
noir),  et,  en  clair,  I’isosurface  [|a;|[  =  0.80  A7a.r||a'||.i5,  situee 
plus  pres  de  la  paroi  ejue  son  homologue  dans  14. 


Fig,  16-  Profils  moyennesen  temps  de  d/d.'r2[pc/a/d:r2]  (on 
notant  p(xo )  et  u{t2)  les  profils  moyens  de  demsite  et  de  vitesse 
resolus),  avant  la  transition  (a  gauche),  et  apres  (a  droite).  Le 
point  d’infiexion  generalise  1/5  correspond  au  passage  par  zero 
de  ces  profils.  On  le  trouve  ys  =  0.9  £1  avant  la  transition,  et 
1/5  =  0.15  5i  apres,  £i(a;2)  etant  I’epaisseur  de  deplacement 
locale. 

Nous  n’avons  pas  trouve  de  references  a  des  experiences 
sur  un  diedre  chauffe  dans  des  conditions  directement 
comparables  au.x  notres.  Les  e.xperiences  qui  s’y  rappro- 
chent  le  plus  sont,  a  notre  connaissance,  celles  de  Cheng 
et  Ng  [38],  qui  concernent  Fecoulement  a  faible  vitesse 
(Uaa,  =  19m/s)  sur  une  plaque  plane  chauffee  a.  HOOK. 
Le  resultat  majeur  de  cette  publication  est  que  le  seul 
effet  de  ce  chaufFage  sur  les  statistiques  est  une  reduction 
de  moitie  des  contraintes  de  Reynolds  par  rapport  au  cas 
non  chauffe,  ce  que  nous  retrouvons  dans  notre  simulation 
(Fig.  18). 


14-11 


Fig.  1/  -  Diedre  chauffe:  profils  de  C j  (  a  gauche)  et  de 
nombre  de  Stanton  (a  droite).  La  courbe  pointillee  dans  le 
dessin  de  gauche  correspond  a  =  0.0368Jf,^rbf^^x  ^  i 

avec  fturb  =  0.63  (determinee  a  partir  des  formules  empiriques 
tirees  de  Ref.  [32] ) .  La  courbe  pointillee  dans  le  dessin  de  droite 
correspond  k  St  =  (s/2)  C j,  avec  s  =  0.8,  alors  que  la  valeur 
communement  accept.ee  pour  ce  facteur  d’anatogie  est  de  1.24. 

y/ij  Re  X  =  3.B 

- :  1  '  .  ;  I  '  M  '  ‘  '  I  '  '"M 


Fig.  18  -  Profil  de  —pu'v'/pcaU^  (contraintes  de  Reynolds 
norinalisees)  a  Rex  =  3.8  10®.  En  regime  incompressible  (non 
chauffe).  le  pic  est  a  environ  1,  avec  la  meme  valeur  de  Ur 
(voir  Ref.  [39]).  Les  triangles  montrent  les  valeurs  obtenues 
par  Cheng  et  Ng  [38],  a  I’abscisse  xq  =  183mm  du  bord 
d’attaque  (celle  pour  laquelle  I’accord  avec  notre  simulation 
est  le  meilleiir.  II  s’agit  de  la  position  la  plus  en  aval.  Plus 
pres  du  bord  d’attaque,  ils  mesurent  des  profils  plus  proclies 
du  cas  non  chauffe,  ce  cjui  se  comprend  aisement,  I’air  ayant 
passe  moins  de  temps  au  dessus  de  la  plaque  chaude. 

5  CONCLUSION 

Le  modele  de  la  fonction  de  structure  filtree  et  celui  de 
la  fonction  de  structure  selective  permettent  tous  deux 
de  simuler  la  transition  de  couches  limites  a  relativement 
faible  coiit,  avec  des  resultats  en  accord  acceptable  avec 
les  experiences.  Ces  resultats  encourageants  suggerent  qu’ 
il  n’est  pas  necessaire  de  modeliser  finement  les  termes 
sous-maille,  I’essentiel  etant  d’empecher  le  modele  d’amor- 
tir  les  instabilites  responsables  de  la  transition.  11  semble- 
rait  done  que  I’approche  traditionnelle  -  ou  les  constantes 
des  modeles  sont  determinees  dans  le  cas  d’ecole  d’une 
cascade  de  Kolmogorov  infinie  -  soit  suffisante,  peut-etre 
en  raison  d’une  certaine  universalite  (meme  approxima¬ 
tive)  de  la  turbulence.  Cette  hypothese  d’universalite  est 
renforcee  par  I’independance  de  la  turbulence  des  couches 
limites  envers  les  effets  de  compressibilite  (chaiiffage, 
comme  ici,  ou  bien  nombre  de  Mach  eleve,  comme  dans 
Ref.  [40]). 
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SUMMARY 

Vorticity  transport  concepts  are  applied  to  large 
eddy  simulation  (LES)  techniques  in  two  different 
contexts.  In  the  first  example,  the  LES  equations  of 
motion  are  reformulated  by  applying  a  spatial  filter 
to  the  rotational  rather  than  the  momentum  form 
of  the  Navier-Stokes  equation,  leading  to  the  intro¬ 
duction  of  a  subgrid-scale  (SGS)  vorticity  flux  ten¬ 
sor.  A  model  originally  developed  using  ensemble 
averaging  is  proposed  and  tested  locally  and  instan¬ 
taneously  using  simulations  of  full  channel  flow  and 
a  minimal  channel  calculation.  The  modeled  and 
exact  vorticity  fluxes  are  found  to  generally  agree, 
even  for  vorticity  flux  terms  which  are  only  present 
locally  and  instananeously. 

The  development  of  a  vorticity  transport  based  wall 
treatment  using  a  deterministic  vortex  element  ap¬ 
proach  is  also  outlined.  Initial  tests  comparing  the 
results  of  this  approach  to  the  zero  pressure  gradient 
and  stagnation  point  boundary  layer  are  compared 
to  the  Blasius  and  Falkner-Skan  solutions  and  found 
to  be  in  good  agreement. 

1.  INTRODUCTION 

Many  common  turbulent  flows  are  known  to  be 
strongly  influenced  by  the  presence  of  large  vortical 
structures.  Flows  of  this  type  include  wall-bounded 
flows  [1],  free  surface  turbulence[2],  and  shear  lay¬ 
ers.  As  a  result,  it  is  of  interest  to  investigate  the 
possibility  of  formulating  a  large  eddy  simulation 
(LES)  model  which  is  more  closely  tied  to  the  vor¬ 
tical  nature  of  these  flows.  One  approach  which  ap¬ 
pears  to  have  promise  is  a  subgrid-scale  (SGS)  model 
based  on  vorticity  transport.  In  the  present  work 
we  present  an  outline  of  how  such  a  model  can  be 
formulated  and  present  detailed  flow  visualizations 
which  appear  to  indicate  that  this  method  is  viable. 
A  priori  calculations  comparing  the  exact  and  mod¬ 


eled  vorticity  transport  terms  are  shown  for  a  typi¬ 
cal  channel  flow,  as  well  as  for  minimal  channel  flow 
[3].  It  is  found  that  the  actual  and  modeled  vor¬ 
ticity  flux  are  in  fact  closely  correlated  with  quasi- 
streamwise  structures,  a  result  which  is  particularly 
well  established  by  the  minimal  box  calculations  in 
which  these  structures  are  very  well  resolved.  Fi¬ 
nally,  a  new  treatment  for  the  wall  region  using  dis¬ 
crete  vortex  sheets  is  outlined  and  some  initial  tests 
of  the  method  for  a  Blasius  boundary  layer  and  a 
stagnation  flow  boundary  layer  are  shown. 

2.  VORTICITY  TRANSPORT  ANALYSIS 

The  equations  of  motion  for  LES  are  typically  formu¬ 
lated  by  spatially  filtering  the  Navier-Stokes  equa¬ 
tions  in  momentum  form,  so  that  the  effect  of  the  un¬ 
resolved  scales  appears  as  the  SGS  Reynolds  stress, 
Tij  =  UiUj  —  UiUj .  Here,  a  bar  denotes  a  filtered 
quantity,  m  is  the  zth  component  of  the  velocity, 
and  i  —  (1,2,3)  corresponds  to  the  streamwise, 
wall-normal,  and  spanwise  directions  {x,y,z),  re¬ 
spectively.  One  method  of  formulating  a  vorticity 
based  LES  is  to  filter  the  Navier-Stokes  equations  in 
rotational  form  to  obtain  the  filtered  equation. 


Rt  dxj  dxj 

Here  and  in  the  following  equations,  the  normalizing 
parameters  are  the  friction  velocity,  Ur  =  y/ Tu,  / p, 
the  channel  height,  h,  a  time  scale,  t*  —  h/uj, 
where  the  wall  shear  stress,  is  defined  by  Tyj  = 
,  and  U  is  the  mean  streamwise  veloc- 

ity.  In  addition  ?/+  =  UtV/v  is  the  nondimension- 
alized  coordinate  normal  to  the  wall,  Rt  —  Ujhlv 
is  the  Reynolds  number  based  on  wall  shear,  and 
P  =  p/p  +  k  +  k  is  the  modified  pressure  where 


dui  d  dP 
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k  =  ^uicUk,  and  k  =  UkUk- 

The  small  scale  motions  in  Eq.  (1)  are  accounted 
for  by  the  SGS  vorticity  flux  tensor,  Qj  =  uiiJJ  — 
UiUij,  rather  than  the  SGS  Reynolds  stress  tensor, 
so  that  in  order  to  close  the  equations  Qj  must  be 
modeled.  The  model  employed  here  was  developed 
by  applying  a  Lagrangian  analysis  to  the  vorticity 
transport  equation  [4,5,6].  Following  that  analysis, 
the  vorticity  flux,  uiuJJ,  can  be  written: 


UiU>j 


_ dClj  duj  - 

“b  Qij k'^i 


(2) 

(no  sum  on  i  and  j). 


Here  the  bar  represents  ensemble  averaging,  and  Q 
and  u)  represent  the  mean  and  fluctuating  vorticity, 
respectively.  The  first  term  on  the  right  hand  side 
of  Eq.  (2)  represents  the  transport  of  mean  vorticity 
carried  by  a  fluid  the  particle,  while  the  second  rep¬ 
resents  transport  by  vortex  stretching  and  shearing. 
The  scales  Tij  and  Qijk  are  the  Lagrangian  integral 
time  scales  defined  by, 

rto  _ 

UaUpTaf}  =  /  U%Ui3{s)ds  (3) 


where  there  is  no  summation  on  Greek  indices,  and 
the  integrals  are  taken  from  time  to  —  t  to  to-  Note 
that  in  these  expressions,  the  averaging  is  taken  over 
a  large  number  of  fluid  particles,  and  in  principle  the 
scales  can  be  computed  dynamically.  (See  [4, 5, and  6] 
for  further  details  on  the  definition  of  these  scales.) 
For  the  purposes  of  this  study,  however,  we  assume 
constant  scale  values.  It  is  possible,  however,  to  di¬ 
vide  the  scales  into  two  general  types.  For  the  T 
scales  this  is  accomplished  by  dividing  the  terms  into 
those  associated  with  normal  stresses,  i.e.,  a  =  /?  in 
Eq.  (3),  and  shear  stress  terms,  a  ^  (3.  Similarly, 
the  Q  scales  are  classified  by  those  associated  with 
vortex  stretching,  i.e.,  /?  =  7  in  Eq.  (4),  and  those 
associated  with  vortex  shearing,  ^  7.  We  desig¬ 
nate  the  first  type  of  T  scale  as  Ti ,  and  the  second 
type  as  T2,  while  the  Q  scales  become  Qi  and  Q2. 
It  is  proposed  to  extended  this  model  directly  to  the 
SGS  vorticity  flux  tensor  using  the  relation 


Ca/3  — 


(5) 


-C(A)  -b  72(1  -  6^^))  M 


dQ.j3 

dxk 


+  C(^)  +  <52(1  ~  ^pk))  Ua'Q~~^k) 

where  C'(A)  is  a  function  that  accounts  for  the  ef¬ 
fect  of  the  grid  scale.  A,  a  bar  now  denotes  spatial 
filtering,  and  is  the  Kronecker  delta. 

The  validity  of  the  model  in  a  planar  averaged  sense 
in  channel  flow  was  examined  previously  [6].  In 
this  case,  the  averaging  procedure  results  in  only 
four  non-zero  components  of  vorticity  flux,  VLJ3, 
vuJs,  WLOi,  and  wu)2  where  u  =  {u,v,w)  and  u>  = 
{ui,u)2,u)3)  are  the  velocity  and  vorticity .  compo¬ 
nents.  These  tests  suggest  that  the  modeled  expres¬ 
sion  for  the  spatially  filtered  vorticity  flux  is  able 
to  adequately  account  for  the  exact  value  of  filtered 
vorticity  flux.  Additionally,  these  tests  suggest  a 
relatively  straightforward  relation  for  C'(A).  A  de¬ 
sired  property  of  such  a  model  is  that  it  not  only 
represent  the  SGS  flux  in  an  average  sense  but  also 
in  an  instantaneous  sense.  It  is  also  of  considerable 
interest  to  examine  the  relationship  between  quasi- 
streamwise  vortical  structures  and  intense  areas  of 
vorticity  flux  so  that  an  assessment  can  be  made  as 
to  the  physical  accuracy  of  the  model. 

3.  FLOW  VISUALIZATIONS 

3.1  Connection  between  vorticity  flux  and 
streamwise  vortices 

Instantaneous  velocity  fields  taken  from  two  di¬ 
rect  numerical  simulations  were  used  to  examine 
the  relationship  between  vorticity  transport  and  the 
streamwise-oriented  structures.  The  first  simulation 
(Case  1)  was  of  channel  flow  with  a  Reynolds  number 
Rt  —  125  on  a  48  X  65  X  64  grid  in  a  computational 
box  measuring  1250  x  250  x  625  viscous  units  in  the 
streamwise,  wall  normal  and  spanwise  directions,  re¬ 
spectively.  The  second  simulation  was  of  a  minimal 
channel  flow  with  R-^  —  135.5  on  a  48  x  129  x  24  grid 
in  a  computational  box  measuring  425  x  171  x  127 
viscous  units  (Case  2).  The  significantly  increased 
resolution  of  this  calculation  enabled  a  much  more 
detailed  examination  of  the  physical  processes  rep¬ 
resented  by  the  vorticity  flux,  as  well  as  facilitating 
the  ability  to  determine  the  viability  of  the  proposed 
models. 

In  visualizing  wall  bounded  turbulence  it  was  found 
that  plotting  isosurfaces  of  streamwise  vorticity  gives 
a  first  estimate  of  the  locations  of  many  of  the  dom¬ 
inant  quasi-streamwise  vortices,  though  it  is  impor¬ 
tant  to  realize  [1]  that  many  of  the  smaller,  but  nev¬ 
ertheless  important  structures,  are  not  isolated  in 
this  way.  However,  for  the  purposes  of  the  present 
study,  we  will  use  this  method  since  it  is  relatively 
efficient,  and  gives  a  reasonable  first  order  impres- 
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sion  of  the  location  of  these  structures.  With  this  in 
mind,  Figure  1(a)  shows  isosurfaces  of  streamwise 
vorticity  along  with  isosurfaces  of  mJs  for  Case  1. 
Although  reproduction  of  the  3-D  color  image  as  a 
monotone  2-D  picture  causes  a  great  deal  of  detail 
to  be  lost,  a  careful  examination  of  this  visualiza¬ 
tion  reveals  that  much  of  the  instantaneous  vorticity 
flux  is  typically  associated  with  intense  streamwise 
vortical  structures,  although  there  are  also  regions 
of  the  flow  in  which  these  particular  structures  are 
not  evident  but  which  still  contribute  to  vorticity 
flux.  In  Figs.  l(b,c),  contours  of  fii  and  across 
the  channel  at  a  fixed  streamwise  location  are  shown 
where  solid  lines  and  dcished  lines  indicate  positive 
and  negative  values,  respectively.  The  relationship 
between  regions  of  intense  streamwise  vorticity  and 
vorticity  flux  is  evident.  A  clearer  impression  of  the 
relationship  between  these  structures  and  uwa  can  be 
had  using  the  highly  resolved  minimal  channel  data 
shown  in  Figs.  2(a,b,c).  Here  it  is  evident  that  a 
single  clearly  defined  streamwise  vortical  structure, 
beneath  which  is  a  sheet  of  streamwise  oriented  vor¬ 
ticity  of  the  opposite  sign,  is  present  on  one  wall. 
The  isosurfaces  of  vw^  are  clearly  aligned  with  these 
areas  of  vorticity. 


Figure  la.  Isosurfaces  of  fii  and  for  Case  1. 


Figure  Ic.  Contours  of  vwa  at  i"*"  =  390  for  Case  1, 
contour  increment  =  2.76. 


Figure  2a.  Isosurfaces  of  f2i  and  utvs  for  Case  2. 


Figure  2b  and  c.  Contours  of  (b)  f2i  and  (c)  uws  at 
=  372  for  Case  2,  contour  increment  =  0.862  (b), 
0.276  (c). 

The  effect  of  these  streamwise  vortical  structures  can 
also  be  seen  by  comparing  the  isosurfaces  of  wT  with 
those  of  in  the  channel  and  the  minimal  box  (fig¬ 
ures  3  and  4).  Note  that  in  this  case  <  vu>i  >=  0, 
so  that  in  the  ensemble  averaged  or  planar  averaged 
equations  this  term  does  not  appear.  However,  in 
the  LES  equations  this  term,  along  with  uu)^,  whose 
planar  average  is  also  zero,  accounts  for  the  turbu¬ 
lent  transport  in  the  equation  for  the  spanwise  ve¬ 
locity.  These  terms  are  evidently  significant  locally, 
and  in  particular  near  vortical  structures. 


Figure  3  a.  Isosurfaces  of  vuii  for  Case  1. 
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to  improve  the  overall  agreement,  clearly  the  model 
is  able  to  capture  much  of  the  actual  vorticity  flux. 


» 

•« 


Figure  5.  Isosurfaces  of  exact  and  modeled  vwa,  Case  1. 


ivi  =  15 


+ 
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Figure  4b.  Contours  of  utui  for  Case  2,  contour 
increment  =  0.414. 


Figure  6.  Isosurfaces  of  exact  and  modeled  vu!3,  Case  2. 

Figure  7  shows  a  similar  comparison  between  vUJi 
and  its  modeled  value.  Again,  while  some  of  the 
details  of  the  vorticity  flux  term  are  not  captured  by 
the  model,  the  overall  picture  is  promising. 


3.2  Visualization  of  the  terms  in  the  vorticity 
transport  SGS  model 

The  validity  of  the  modeled  equations  used  to  repre¬ 
sent  the  vorticity  flux  tensor  can  be  examined  using 
a  similar  technique.  Figure  5  shows  the  isosurfaces 
of  the  modeled  and  exact  FuJJ  using  Eq.  (5)  with 
Ti  —  4.0,  T2  =  0.1,  Qi  —  0.5,  and  Q2  —  1.0  and 
C(A)  =  1.0,  while  figure  6  show  the  results  for  the 
minimal  box  with  Ti  -  1.0,  T2  -  0.1,  <5i  =  3.0,  and 
Q2  —  2.0,  .  While  additional  tuning  could  be  done 


Figure  7.  Isosurfaces  of  exact  and  modeled  ucui,  Case  1. 
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in  Figure  9,  which  shows  several  layers  of  tiles  above 
the  solid  surface,  along  with  a  layer  of  half  tiles  an¬ 
chored  along  the  surface.  During  the  calculation, 
the  sheets  are  allowed  to  convect  according  to  a  dis¬ 
cretization  of  the  kinematic  condition 


(6) 


3.5 

I’wp'i  =  —3.5 

Figure  8..  Isosurfaces  of  exact  and  modeled  vwT,  Case  2. 

4.  VORTEX  METHOD  TREATMENT  OF 
THE  WALL  REGION 


while  vorticity  diffusion  is  accounted  for  using  a  vor- 
ticity  exchange  method  developed  by  Fishelov  [8]. 
This  models  the  Lagrangian  form  of  the  vorticity 
transport  equation: 


The  vortical  nature  of  the  wall  region  flow  dynam¬ 
ics  is  evident  from  Figures  1-8  and  many  previous 
studies,  e.g.  [1].  This  suggests  that  it  may  be  de¬ 
sirable,  as  well  eis  feasible,  to  extend  the  Reynolds 
number  range  and  efficiency  of  LES  models  by  em¬ 
ploying  a  vortex  method  to  account  for  the  flow 
nearest  the  wall.  In  particular,  with  an  inexpen¬ 
sive  vortex  method  representation  of  the  highly  or¬ 
ganized  motion  of  the  wall  region  flow  [1],  it  would 
be  possible  to  vastly  reduce  grid  point  requirements 
near  boundaries,  and  thus  free  up  the  LES  model  to 
pursue  much  higher  Reynolds  number  flows.  From 
this  viewpoint,  the  vortex  method  can  resolve  the 
trade  off  between  coarse  resolution  of  the  wall  region 
flow  and  the  need  to  capture  the  correct  boundary 
physics. 

Toward  this  end  a  deterministic  vortex  sheet  method 
in  two  dimensions  has  been  derived  as  the  first  step 
in  modeling  three-dimensional  turbulent  boundary 
layer  flow.  This  is  meant  to  accommodate  the  strong 
viscous  diffusion  near  the  wall  surface.  In  current 
work,  a  three-dimensional  vortex  filament  scheme  is 
being  added  to  account  for  the  dynamics  of  vortical 
structures  including  the  self-replication  process.  Our 
method  is  a  non-random  reformulation  of  the  vortex 
sheet  method  of  Chorin  [7],  with  a  viscous  diffusion 
process  based  on  the  work  of  Fishelov  [8].  Complete 
details  of  the  analysis  and  results  described  here  can 
be  found  in  [9]. 

In  the  vortex  sheet  method,  the  flow  field  is  repre¬ 
sented  through  N  vortex  sheets  or  “tiles” ,  of  large 
aspect  ratio  li/hi  where  2li  and  2/i,'  are  the  width 
and  length  of  the  fth  tile.  The  tiles  are  assumed  to 
have  a  uniform  vorticity,  and  to  convect  undistorted 
with  their  center.  The  vortex  sheet  at  the  beginning 
of  the  calculation  of  a  boundary  layer  is  illustrated 


where  U!i{t)  is  the  strength  of  the  ith  tile.  For  an 
array  of  finite  vortex  sheets  with  smooth  structure 
[10]  this  takes  the  form 


w. 


n+1  _ 


‘  ^  R  ^  ^6^ 
e  16 


+y/2e  ^ 


(yf  -  yf? 
<52 


1- 


8) 


where  7jj  =  m{{xi-li,Xi+li)n{xj-lj  ,Xj+lj))/{2li) 
and  m(S)  is  the  rectilinear  measure  of  the  set  S. 
Thus  jij  =  1  when  Xi  =  xj  and  /,■  =  Ij,  and  jij  = 
0  if  {xi  —  ii,Xi  -b  /»•)  n  {xj  -  lj,Xj  -b  Ij)  =  0.  The 
introduction  of  -fij  follows  a  procedure  adopted  in  [7] 
for  calculation  of  the  velocity  field.  For  the  present 
scheme,  a  discretization  of  the  Biot-Savart  integral 
may  be  used  to  compute  velocities. 

This  approach  has  been  successfully  applied  to  zero 
pressure  gradient  Blasius  boundary  layer  flow  and 
the  stagnation  boundary  layer  flow  corresponding  to 
the  Falkner-Skan  similarity  solution  for  a  linearly  in¬ 
creasing  velocity  field.  Figures  10  and  11  show  the 
results  of  calculations  of  the  streamwise  velocity  at 
the  dimensionless  distance  x  —  2.5  from  the  leading 
edge.  In  contrast  to  the  random  vortex  method,  the 
instantaneous  velocity  fields  agree  closely  with  the 
exact  solutions.  Work  is  continuing  on  extending 
the  method  to  account  for  spanwise  velocities  and 
to  include  the  three-dimensional  dynamics  of  vor¬ 
tical  structures.  It  will  then  be  tied  into  the  LES 
scheme  to  permit  preservation  of  the  correct  bound¬ 
ary  layer  physics  in  the  context  of  coarsely  resolved 


15-6 


high  Reynolds  number  simulations  of  turbulent  flow. 


X  ^ 

Figure  9.  Initial  configuration  of  sheets  for  boundary 
layer  calculations. 


Figure  10.  Comparisons  of  w  predictions  in  the  Blasius 
boundary  layer - ,N=:1200:  - ,  N=::2700;  and  o, 


Blasius  solution. 


Figure  11.  Comparisons  of  u  predictions  in  stagnation 

flow  boundary  layer:  - ,  computed;  o,  Falkner-Skan 

solution. 


CONCLUSION 

A  visual  examination  of  vorticity  flux  using  instan¬ 
taneous  realizations  of  channel  flow  have  shown  that 
these  fluxes  are  intimately  connected  with  quasi- 
streamwise  vortical  structures.  Although  this  con¬ 
nection  was  evident  in  a  marginally  resolved  flow, 


use  of  a  more  highly  resolved  minimal  channel  flow 
calculation  which  included  only  a  limited  number  of 
vortical  structures  greatly  clarified  this  relationship. 
Furthermore,  the  importance  of  these  structures  and 
the  vorticity  flux  is  evident  even  for  vorticity  flux 
terms  which  are  zero  in  a  planar  averaged  or  ensem¬ 
ble  averaged  sense,  thus  emphasizing  the  importance 
of  examining  instantaneous  quanitities.  The  models 
tested  here,  although  not  optimized,  are  generally 
able  to  represent  the  instantaneous  location  and  in¬ 
tensity  of  the  actual  vorticity  fluxes,  Work  on  incor¬ 
porating  these  models  in  a  vorticity  based  LES  to 
allow  a  posteriori  comparisons  is  ongoing. 

The  influence  of  quasi-streamwise  vortical  structures 
also  suggests  a  means  for  treating  the  wall  that 
would  better  represent  these  structures  in  less  well 
resolved  flows  is  desirable.  Towards  this  end,  an  ap¬ 
proach  using  deterministic  vortex  sheet  method  is 
being  developed.  Application  of  this  approach  to 
boundary  layer  flows  indicate  that  it  has  merit,  and 
efforts  to  expand  the  method  to  three-dimensional 
turbulence  are  continuing. 
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SUMMARY 

A  new  Subgrid  scale  (SGS)  model  used  for  Large-Eddy 
Simulation  (LES)  is  developed  by  extending  the  scale- 
similarity  hypothesis.  Here  a  conventional  Reynolds 
averaging  is  used  instead  of  a  test  filter,  resulting  in 
using  the  resolved  (large  scale)  part  of  the  Reynolds 
stress  tensor.  This  resolved  Reynolds  stress  (RRS) 
model,  without  any  eddy  viscosity  assumption,  is 
shown  to  properly  reproduce  the  drain  and  backscatter 
partition  of  energy  exchange  between  resolved  and 
subgrid  scales  (for  a  channel  flow  at  moderate  Reynolds 
numbers).  After  assessing  these  properties  by  a  priori 
tests  (filtering  DNS  results),  LES  computations  are 
carried  out,  determining  the  model  constants  by  an 
analytical  approach  and  a  dynamic  approach.  In  both 
cases,  backscatter  effects  can  lead  to  instabilities  which 
are  finally  cured  by  introducing  a  transport  equation  for 
the  SGS  energy.  This  is  felt  necessary  because  when 
backscatter  occurs,  both  SGS  production  and 
Kolmogorov  dissipation  are  negative,  so  SGS  energy 
must  vanish,  thus  ending  backscatter.  Only  a  transport 
equation  for  the  SGS  energy  can  account  for  this  energy 
conservation  principle  which  is  violated  by  dynamic 
approaches,  that  impose  an  average  procedure.  Slight 
discrepancies  appear  in  the  buffer  layer  which  may  be 
attributed  to  the  insufficient  resolution  of  streak 
structures  in  the  spanwise  direction.  Thus,  an  adaptation 
for  the  buffer-layer  appears  to  be  the  last  obstacle  to 
construct  a  model  accounting  for  the  most  important 
physical  properties  required  for  SGS  modelling  and 
applicable  for  practical  applications  at  high  Reynolds 
numbers. 

1.  INTRODUCTION 

Large  Eddy  Simulations  were  originally  applied  to  grid  or 
shear  flow  turbulence  where  the  SGS  effect  was  modelled  by 
an  eddy  viscosity  to  drain  the  energy  transfer  towards  the 
smallest  scales. 

In  a  similar  way,  conventional  (Reynolds  averaged) 
turbulence  models  have  first  been  applied  to  shear  flows 
(boundary  layers,  jets  &  wakes).  But  for  applications  to  more 
complex  situations  (such  as  impinging,  curved  or  rotating 
flows),  it  has  been  often  shown  that  strains  and  stresses  are 
not  always  aligned,  and  can  even  lead  to  negative  production 
(counter  gradient  stresses).  Eddy  viscosity  models,  which 
suppose  both  tensors  to  be  aligned,  proved  to  be  insufficient 
in  such  cases. 

The  same  trends  appear  for  LES  as  we  try  to  simulate  more 
complex  flows,  but  the  situation  is  more  drastic.  Indeed,  if  in  a 


shear  flow  the  stresses  are,  in  the  mean,  aligned  to  the  strains, 
this  situation  is  seldom  trae  locally  and  instantaneously.  The 
average  value  of  the  resolved  flow  dissipation  is  only  a  small 
fraction  of  its  variance,  meaning  that  there  are  often  situations 
where  stresses  are  opposed  to  the  strains.  This  phase  space  (or 
local)  backscatter  is  assumed  to  be  related  to  the  spectral 
backscatter  which  is  the  average  of  negative  spectral  transfer 
from  small  to  large  wave  numbers  (energy  is  flowing 
backwards  from  the  subgrid  scales  to  the  resolved  scales). 

Aiming  at  including  more  physics  in  SGS  modelling,  many 
attempts  have  recently  been  made  to  replace  or  complete 
Smagorinsky's  [1]  model.  For  the  present,  it  seems  very 
difficult,  with  a  deterministic  model,  to  simulate  the 
backscatter  effect  together  with  a  correct  mean  rate  of  SGS 
dissipation  ensuring  a  stable  LES  calculation. 

Here  we  analyse  a  priori  tests  results  to  propose  a  new 
approach  for  SGS  modelling  that  is  shown  to  agree  with  local 
as  well  as  mean  SGS  stresses. 


2.  MODELS 

Let's  consider  the  following  filtered  Navier  Stokes  equations: 


9(UiUj)_  9p  5(Lj) 

3t  3xj  9xi  3xj^  9xj 


(1) 


(  .  )  denotes  a  filter  function  of  which  variations  in  space 
and  time  are  neglected.  The  subgrid  stresses  are  defined  as: 

Tij=lVU'-UiUj  (2) 

The  total  velocity  is  thus  decomposed  as  Uj  =  Ui  -i-  u'  j ,  where 
Ui  is  the  resolved  flow. 


2.1.  Classical  eddy  viscosity  formulation 

Smagorinsky's  model  [1]  uses  information  of  the  large  scales 


^  1  ,9Uj  dUi ,  , 

through  the  only  strain-rate  tensor  Sij  =  2^'^ - 


is  written  as: 


Xij  - -V,2Sij -t- 3  kjjjSjj  (3) 

V,=UV2SijSij  ,  k,^3  =  iX^  (4) 

1  is  a  mixing  length  defined  from  the  grid  spacing,  e.g.: 

1  =  C,  (Ax  Ay  Az)''\ 

2.2.  Drawbacks  of  the  eddy  viscosity  approach 

With  this  kind  of  formulation,  SGS  energy  k^g,  is  not  known 

and  must  be  reported  in  the  pressure  term.  Therefore,  the  SGS 

stress  tensor  is  not  fully  modelled,  but  only  its  deviator  is 

available. 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  “Application  of  Direct  and  Large  Eddy 
Simulation  to  Transition  and  Turbulence"  held  at  Chania,  Crete,  Greece,  in  April  1994. 
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Let  <■>  be  a  statistical  average  (and  in  the  numerical  results 
presented  hereafter,  a  global  space-average).  The  total 
velocity  is  further  decomposed  as: 

Ui=<u‘>-)-u''i+u\  (5) 

where  the  resolved  scale  (RS)  fluctuation  is: 
u'v  =  u:-<u:>. 

Let's  define  the  resolved  Reynolds  stress  tensor  Rf*  as: 

R"=(u.-<U.>)(Uj-<Uj>)  =  u".u"j  (6) 

It  is  important  to  correctly  model  <  Ty  >,  mainly  because  of 

its  effect  on  the  mean  flow,  but  also  to  be  able  to  calculate  the 
mean  value  of  the  full  Reynolds  stress  tensor: 

R.-(Ui-<Ui>)(Uj-<Up)  (7) 

by  adding  <Xij>  to  the  average  of  the  RRS  tensor: 

<Ry>=<Tij>-KR;;^>. 

The  dissipation  of  RS  energy  by  the  SGS  stresses  is  defined  as 
=-XjjSij  and  has  been  shown  by  Piomelli  et  al.  [2]  and 
other  authors  to  reach  large  negative  values  (backscatter), 
whereas  it  is  always  positive  when  using  an  eddy  viscosity 
model: 

£,,,=2V,SijSij  (8) 

Piomelli  et  al.  [2]  and  Hartel  &  Kleiser  [3]  pointed  out  that 
almost  40%  of  the  locations  in  a  channel  flow  are  in  a  state  of 
local  backscatter,  and  mainly  in  the  buffer  layer  or  in  the 
transitional  stage.  Furthermore,  Xy  variance  itself  is 
underestimated  because  of  the  high  correlation  between  Xy 
and  Sij,  imposed  by  the  eddy  viscosity  assumption. 

2.3.  Some  other  proposals 

In  order  to  get  rid  of  this  imposed  stress-strain  correlation,  a 
first  proposal  was  made  by  Bardina  et  al.  [4]  who_assumed_the 
scale-similarity  and  modelled  Xy  as  CB(Ui -Ui)(Uj~ Uj) ■ 
This  model  was  shown  to  represent  quite  well  the  subgrid 
stresses  and  especially  the  cross  terms  Cy  =UiU'j-l-UjU'|. 
But  it  led  to  a  too  low  rate  of  subgrid  scale  dissipation,  and  so 
it  was  combined  with  (3)  to  form  the  "mixed  model". 

The  standard  mixed  model  was  considered  the  most  suitable 
for  industrial  applications  (Laurence  [5]),  and  has  been 
continuously  used  at  EDF  during  the  past  decade  (Khoudli 
[6],  Deutsch  et  al.[7]).  Recently  Horiuti  &  Mansour  [8] 
proposed  to  improve  Bardina's  approach  with  a  tensor  eddy 
viscosity,  and  they  accurately  represented  the  mean  normal 
stresses  in  a  channel  flow. 

Concerning  backscatter,  Germano  et  al.  [9]  proposed  to  allow 
the  eddy  viscosity  to  vary  through  the  dynamic  approach,  but 
first  attempts  to  let  it  reach  negative  values  led  to  instabilities. 
A  different  way  was  chosen  by  Leith  [10]  and  Mason  [11] 
introducing  backscatter  by  random  forcing  but  with  little 
change  in  the  overall  prediction  of  <  Xy  > . 

3.  A  PRIORI  TESTS 

A  priori  tests  are  conducted  by  filtering  velocity  fields 
obtained  from  a  direct  numerical  simulation  (DNS)  in  order  to 
yield  SGS  values  of  stresses  and  dissipation.  The  DNS 
channel  flovr  results  used  hereafter  were  obtained  with  a 
fourth  order  finite  difference  procedure,  presented  and 
assessed  in  Le  &  Maupu[12],  and  Maupu  et  al.  [13]  in 
comparison  with  the  spectral  results  of  Kim  et  al.  [14-15]  at 
the  same  Reynolds  number,  i.e.  Rex=I80  (based  on  friction 
velocity  and  channel  half-width).  The  mesh  used  in  this  direct 


simulation  is  161x209x63  points  respectively  in  streamwise, 
spanwise  and  normal  directions. 

The  filtering  process  was  performed  using  a  Gaussian  filter 
function.  The  width  of  this  filter  is  four  times  the  grid  spacing 
in  X  (or  X]  ;  streamwise)  and  y  (or  Xj  :  spanwise).  The  filtered 
field  obtained  is  therefore  supposed  to  be  the  field  that  should 
yield  a  LES  on  a  mesh  16  times  coarser  than  the  one 
aforementioned.  Figure  1  displays  profiles  of  <Xjj> 
components  obtained  from  a  priori  tests  (and  spatially 
averaged  in  planes  of  statistical  homogeneity  (X|,X2)).  It  shows 

that  <T|i>  is  much  larger  than  the  other  components,  In 

comparison,  it  is  clear  that  the  three  diagonal  components  of 
Sy  (tensor  used  in  eddy  viscosity  models)  show  zero  mean 
values  in  this  case. 


Figure  1:  Mean  values  of  the  SGS  stresses  across 
half  the  channel  width. 

3.1  The  Resolved  Scale  Reynolds  Stress  Tensor 
A  possible  explanation  for  Bardina's  [4]  model  to  be 
insufficiently  dissipative  is  that  it  only  takes  into  account  the 
smallest  resolved  scales  which  have  too  little  correlation  with 
Sy. 

The  F^S  tensor  Ry  (eq.  6)  might  have  a  better  correlation 
with  Sy,  and  is  also  available  in  a  LES.  Figure  2,  compared 
with  figure  1  exhibits  very  similar  tendencies  between  the 
mean  values  of  the  two  tensors. 

First,  the  curves  relative  to  each  component  have  the  same 
shape  for  <Xy>  and  <Ry>  (except  a  slight  shift  of 
maxima).  Secondly,  the  similar  distribution  of  energy  between 
the  components  (with  a  predominance  of  <  Xj,  >  and  <RPi> 
respectively)  indicates  the  same  orientation  of  the  principal 
axes  of  the  two  tensors.  This  naturally  leads  to  a  modelling  of 
the  SGS  stress  tensor  with  respect  to  Ry  rather  than  Sy. 

In  a  general  approach,  it  is  proposed  to  model  separately  the 
trace  and  the  de viator  of  the  tensor  as: 

l%=f2^Ry+f3(^RrR^->^5y-RlX„) 
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where  k„  =-jRii  is  the  RS  energy,  and  “A  denotes,  for  a 
tensor  A,  its  dimensionless  deviator  part: 

■'Aij  =(Ay  -■jAy.8ij)/-^Afcj.  . 


Figure  2:  Mean  values  of  the  resolved  scale 
Reynolds  stresses. 

To  simplify  the  model,  f3  is  first  set  to  0.  A  priori  tests  tend  to 
show  that  the  anisotropic  parts  of  <  Xy  >and  <Ry  >  have  the 
same  order  of  magnitude  at  this  low  Reynolds  number  flow. 
So,  in  a  first  attempt,  we  set  here  fj  =1.  Thus,  Xij=fi  Ry  ,  and 
only  one  parameter  is  to  be  determined:  f;  =  . 

3.2  Analytic  RRS  model 

The  ratio  f,  is  available  if  one  assumes  a  simple  2-slope 
spectral  distribution,  and  a  sharp  cut-off  filter  in  the  spectral 
space.  This  schematic  spectrum  is  represented  on  figure  3, 
where  ric  is  the  cut-off  wave  number  and  t|i  the  wave  number 
that  matches  with  the  energy  peak.  Comte-Bellot's  [16] 
measurements  show  that,  for  homogeneous  turbulence,  this 
wave  number  is  close  to  ^/l,,  Li  being  the  integral  scale  . 


Figure  3:  Simplified  energy  spectrum  used  for  the 
analytic  RRS  model 

Approximating  k„  =  E(Ti)dr| 

and  k,g5  =  j”  E(Ti)dr|,  one  finds: 


This  formula  shouldn’t  be  considered  exact  for  the  entire 
channel  flow,  but  has  been  used  in  a  preliminary  calculation 
to  examine  the  main  trends  of  the  type  of  modelling  we  intend 
to  test.  In  the  following  a  priori  calculation,  the  "analytic  RRS 
model"  uses  eq.  (10)  with: 


T]^  =  — ,  Af  =  (AxAyAz)'^^  (grid  filter  widths) 

Af 


'ni=^3/2.k  =  k„-Hk, 


sgs 


and  £:  molecular  dissipation. 


3.3  A  priori  backscatter  prediction 

Figure  4  shows  a  comparison  of  the  distribution  functions  of 
TySij  calculated  from  a  priori  tests  and  obtained  with  various 
models  at  a  fixed  distance  from  the  wall  z"*"  =  8.6.  Whereas 
the  backscatter  effect  actually  exists  in  DNS  results,  it  is 
found  to  be  too  large  when  using  Bardina's  model,  leading  to 
a  too  low  rate  of  dissipation.  This  is  not  the  case  for  the 
analytic  RRS  model,  which,  moreover,  gives  a  correct  mean 
value  of  £sgs . 


Figure  4:  Probability  density  function  of  TySij  at 
=  8.6,  obtained  from  a  priori  tests,  a)  "exact" 
DNS  results  ;  b)  Bardina's  model  ;  c) 
Smagorinsky's  model  (Cs=0.1)  ;  d)  analytic  RRS 
model 
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4.  LARGE-EDDY  SIMULATION 

When  performing  a  real  LES  computation,  the  analytic  RRS 
model  is  not  so  easy  to  implement.  In  the  Kolmogorov 
equilibrium  hypothesis,  Sggj  should  be  of  the  same  order  as  8. 
But  when  assuming  this  approximation  for  each  point  of  the 
flow  field,  the  large-scale  wave  number  1] ,  is  clearly 
underestimated  near  the  wall,  leading  to  an  increase  in  SGS 
energy. 

4. 1  Dynamic  RRSM 

We  then  attempt  to  determine  fi  by  the  "dynamic  approach", 

following  in  this  way  Germano's  [9]  idea  for  eddy  viscosity 

models. 


The  filter  induced  by  the  LES  grid  is  associated  with  the 
following  set :  {  .  ,Ti^,k5g5,k„,R[? }  ,  respectively  the  filter, 
the  cut-off  wave  number,  the  SGS  energy,  the  RS  energy  and 
stresses. 

A  test-filter  is  introduced,  of  width  A  larger  than  A,  and 
associated  with  the  set  {  C,Ti,,kA5j,,,kA,.5,Rij‘^'' }. 

Applying  the  test-filter  to  (1)  yields: 


A  A  A 

an;  3(UiUj) 

at  Oxj 


dx:  dx-^  3x: 


(11) 


where  Ty  =  UjUj-Uj  Uj  are  the  SGS  stresses  associated 
with  the  double-filtering. 


The  RRS  model  is  assumed  to  be  applicable  to  both  filters: 


T,i=f,(Tiy)  «  k,„,=f,(qjk„  (12) 

T„=f.(Tl,)  Rf"  «  k^.s=fi(R.)k^.  (13) 


and  from  (10),  fj  varies  as: 


f|(0) 


1 

C, 


(14) 


for  q  =  Tic  or  Rt-  The  constant  C,  is  a  local  variable,  but  does 
not  depend  on  the  filter  size. 

Assuming  that:  kA^^j  +kA„  =  k^^^  -Hk^s  =  k  (total  turbulent 
energy),  one  finds: 


^  =  C.  and  ^  =  C,  V/LSo:  ^  , 

kAjgs  kjgj  k  vRi.y 


and  finally: 

ks 

fi(T1c)  =  -r 


2/3 


Rt 


(15) 


Note  that  the  ratios  — and  — ^  can  be  computed  explicitly 
krs  Rt 

in  a  simulation.  Thus,  eq.  (15)  yields  a  complete  closure  for 
LES  that  is  hereafter  denoted  as  "dynamic  RRS  model". 


A  LES  has  been  performed  with  the  same  code  already  used 
by  Le  &  Maupu  [12],  with  a  fourth  order  finite  difference 
procedure.  The  mesh  was  chosen  to  match  with  the  a  priori 
tests  mentioned  in  this  paper,  and  contain  41x53x63  nodes 
respectively  in  x,  y  and  z  directions.  The  initial  field  was  the 
one  used  in  the  a  priori  test,  and  obtained  by  filtering  the  DNS 
field.  The  mesh  cells  have  a  variable  size  in  the  normal 


direction,  and  a  fixed  size  in  the  plane  (x,y):  Ax "'■=44. 8  and 
Ay'*'=21.6.  The  run  began  with  100  time-steps  with  the 
original  Smagorinsky  model  so  as  to  ensure  a  mean  energy 
drain  from  large  to  SGS  scales.  After  that  initialisation,  the 
"dynamic"  RRS  model  was  initiated,  using  a  test-filter  width 
equal  to  twice  the  grid  size  in  x  and  y  directions. 


kA 

A  first  attempt  was  made,  computing  — ^  from  eq.  (15)  at 

kfs 

each  grid  point,  but  this  yielded  non-physical  results.  Indeed, 

~  was  found  to  be  locally  lower  than  1,  leading  to 


negative  energy!  We  then  tried  to  determine  the  parameter 
kA 

— ^  by  plane-average,  substituting  (15)  with: 
krs 


<  kA„  > 


f,=<f,>= 


<k. 


2/3 

k  _1 


r 

IR. 


(16) 


giving  a  much  more  stable  determination  of  <fi  >. 

In  the  initial  stage,  the  LES  computation  yielded  results 
similar  to  the  a  priori  test,  with  backscatter  taking  place 
mostly  in  the  buffer  layer  as  noted  by  Piomelli  et  al.  [2]  and 
Hartel  et  al.  [3].  But  the  dynamic  RRS  model  led  later  to  too 
much  backscatter,  and  finally  divergence.  The  explanation  is 
found  by  looking,  in  figure  5  and  6,  at  the  distributions  of 
local  SGS  energy  versus  SGS  dissipation  over  the  plane 
where  the  maximum  backscatter  occurs  (zT=29).  The  a  priori 
results  (fig.  5)  show  that  the  locations  of  high  energy  are  in  a 
state  of  strong  drain  (Eggs  >0),  whereas  the  dynamic  RRS 
model  rapidly  leads  to  the  opposite  trend  (fig.  6).  This 
contradicts  a  physical  rule:  if  a  location  is  in  a  state  of 
backscatter,  the  SGS  energy  should  decrease  in  time  since  it  is 
no  longer  fed  by  the  Kolmogorov  cascade. 


0.02 


0.015 


-0.03  -0.02  -0.01  0  0.01  0.02  0.03 

^sgs 

Figure.  5:  Scatter  plot  of  SGS  energy  versus  SGS 
dissipation  over  one  plane  parallel  to  the  walls 
(z+^29).  A  priori  results. 
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The  theoretical  "dynamic"  determination  of  f]  (eq.  15  )  is  not 
clearly  in  contradiction  with  the  physics,  but  this  drawback  is 
probably  associated  with  the  average  procedure  in.  (16).  Since 
f,  =  kjgj/krs  is  calculated  by  plane  average,  this  factor  is  the 
same  on  drain  or  backscatter  locations. 


0.2 


sgs 


Figure.  6:  Scatter  plot  of  SGS  energy  versus  SGS 
dissipation  over  one  plane  parallel  to  the  walls 
(z+=29).  Dynamic  RRS  model  (after  50  time  steps) 

This  tends  to  show  that  a  balance  equation  for  the  SGS  energy 
is  mandatory  when  models  include  backscatter,  as  pointed  out 
by  Ghosal  et  al.  [19]. 

4.2  RRS  model  and  SGS  energy  transport  equation. 

To  avoid  this  kind  of  problem,  the  RRS  model  has  been 
combined  with  a  balance  equation  for  the  SGS  energy. 
Following  Schumann  [17],  this  equation  can  be  modelled  as: 


ak. 


9t 


--FU:- 


dk 


d\: 


3k 

3X: 


3 


(17) 


with 


1^  =  min(A,CgZ^ j,  z„:  distance  from  the  wall 
c  =7i:  -  and  k„  =  1.6  (Kolmogorov  constant) 

^  l3k„j 


Thus,  f,  can  be  directly  determined  from  f,  =  k^^j/k^j  at  each 
grid  point,  and  the  SGS  stresses  are  modelled  as  proposed 
originally:  Xjj=f|R,j. 


Starting  from  the  same  initial  field  as  before,  we  calculated  an 
initial  SGS  energy  field  with  the  dynamic  RRS  model.  The 
run  was  then  performed  with  the  RRS  model  coupled  with 
(17).  This  computation  in  no  way  exhibited  instability  and 
moreover  yielded  satisfactory  results.  Indeed,  backscatter  still 
occurs  at  the  end  of  the  calculation  (after  2000  time-steps,  i.e. 
170  v/u^^)  without  an  abnormal  increase  of  SGS  energy  at 
these  locations,  so  that  the  backscatter  phenomenon  seems 
well  limited  by  the  transport  equation. 


Figure  7  shows  the  mean  SGS  dissipation  obtained  at  the  end 
of  this  run,  averaged  on  planes  (x,y)  and  on  the  last  100  time 
units.  Though  the  backscatter  effect  has  been  seen  fairly  large 
in  this  simulation,  <£sgs  >  has  everywhere  a  positive  mean 
value.  When  compared  with  a  priori  results,  the  mean  SGS 
dissipation  given  by  the  RRS  model,  though  slightly 
underestimated,  is  close  to  the  DNS  profile. 


Figure  7:  Comparison  of  subgrid-scale  dissipation 
obtained  from  a  priori-test  and  with  RRS  model 
coupled  with  transport  equation  for  ksgs- 

Figure  8  gives  an  a  posteriori  validation  of  this  LES.  It  shows 
that  the  sum  of  k^j  and  kjgs  gives  a  total  energy  similar  to  the 
turbulent  energy  obtained  in  the  DNS. 


Figure  8:  Comparison  of  total  turbulent  energy 
obtained  from  DNS  and  energy  contained  in 
resolved  and  subgrid  scales  from  LES  with  RRS 
model  coupled  with  transport  equation  for  ksgs. 

The  mean  velocity  profile  given  by  this  simulation  is  reported 
on  figure  9.  It  follows  the  right  law  in  the  viscous  sublayer.  As 
far  as  the  log-law  is  concerned,  one  can  observe  this 
behaviour  in  the  layer  z‘^>50,  but  the  additive  constant  is  quite 
larger  than  the  commonly  accepted  value  (between  5  and  6). 
This  may  be  attributed  to  a  too  short  integration  time 
compared  with  the  turbulent  time  scale,  but  can  also  reveal  a 
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shortage  of  the  model  to  account  for  the  phenomena  occurring 
in  the  buffer  layer  when  the  grid  resolution  is  too  coarse.  This 
question  may  be  clarified  by  simulating  a  flow  where  this 
buffer  layer  can  be  more  obviously  considered  as  a  separation 
zone. 


Figure  9:  Mean  velocity  profile  in  wall  coordinates. 

LES  with  the  RRS  model  at  Rex=180. 

4.3  A  higher  Reynolds  number  simulation 

The  RRS  model  has  been  developed  from  the  analysis  of  a 
DNS  database  of  a  rather  low  Reynolds  number  flow.  One 
should  wonder  what  occurs  when  the  small  scale  anisotropy  is 
known  to  be  reduced  by  the  longer  inertial  range  of  the  energy 
spectrum.  However  the  local  similarity  of  structures  at 
different  scales  previously  observed  by  a  priori  tests  at 
moderate  Reynolds  numbers  has  been  recently  confirmed  with 
experimental  results  at  high  Reynolds  numbers  by  Liu, 
Meneveau  &  Katz  [18]  using  very  high  resolution  PIV 
methods. 

A  simulation  has  been  performed  with  the  same  initial  field, 
but  modifying  Rex  in  decreasing  the  molecular  viscosity.  Rex 
has  then  been  set  to  550  and  a  steady  state  has  been  reached. 
The  first  conclusion  pointed  out  by  this  calculation  is  that  the 
RRS  model  still  has  a  dissipative  action  in  this  case,  and 
despite  a  quite  coarse  meshing  (Ax‘''=135  and  Ay‘''=66). 
Furthermore,  the  backscatter  effect  is  also  observed  and 
doesn’t  involve  instability.  However,  figure  10  confirms  the 
need  to  improve  this  modelling.  It  shows  that,  though  the  log- 
layer  seems  well  simulated,  it  appears  that  the  velocity  profile 
retains  too  large  gradients  in  the  buffer  layer.  This  insufficient 
mixing  is  probably  due  to  the  fact  that  Ay'''!=66  does  not  allow 
to  represent  the  streak  structures  (the  width  of  which  is  about 
100  wall  units)  These  particular  structures  cannot  be  modelled 
easily,  particularly  by  scale  similarity  assumptions. 


Figure  10:  Mean  velocity  profile  in  wall  coordinates. 
LES  with  the  RRS  model  at  Rex=550. 


CONCLUSION  AND  OUTLOOK 

A  priori  tests  have  revealed  the  ability  of  a  new  model  based 
on  the  resolved  Reynolds  stress  tensor  to  mimic  the 
anisotropy  of  the  subgrid  scales  and  to  accurately  recover 
local  backscatter  effects.  Difficulties  were  encountered  in 
ensuring  stability  when  such  effects  are  predicted.  Only  the 
coupling  of  the  RRS  model  with  a  transport  equation  for  ksgg 
proved  stable  in  a  complete  LES  computation. 

The  model,  based  on  a  scale-similarity  assumption  as 
Bardina's[4]  model,  has  been  shown  dissipative  enough  to  be 
used  without  any  eddy  viscosity  hypothesis,  even  on  a  quite 
high  Reynolds  number  flow.  Improvements  are  needed  to 
better  simulate  the  buffer  layer  where  streak  structures  do  not 
follow  a  scale  similarity  law.  Hence  it  might  be  necessary  to 
develop  models  through  "law  of  the  wall"  type  boundary 
conditions  at  high  Reynolds  numbers.  The  "dynamic" 
procedure  is  promising,  and  could  be  applied  simultaneously 
to  the  second  model  constant  f2  accounting  for  anisotropy 
reduction.  A  more  complex  flow  situation  should  reveal  the 
advantages  of  substituting  the  eddy  viscosity  assumption  for 
other  kinds  of  models,  as  is  the  case  for  conventional 
Reynolds  averaged  Navier  Stokes  equations. 
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Abstract 

In  this  paper  we  report  simulations  of  low  to 
moderate  Reynolds  number  turbulent  pipe  flow, 
obtained  using  a  3-d  spectral  code.  Here  we 
describe  features  of  flows  at  Reynolds  numbers 
Re  =  2500  and  4000  and  compare  with  available 
data.  It  is  noted  that  simulations  with  periodic 
inflow/outflow  boundary  conditions  do  not  repro¬ 
duce  the  turbulent  puff  and  slug  flows  found  in 
spatially  evolving  transitional  flows.  The  goal  is 
to  coordinate  the  use  of  this  code  with  the  cur¬ 
rently  performed  SuperPipe  experiments  now  un¬ 
derway  at  Princeton  University. 

1  Introduction 

As  one  of  the  simplest  and  most  reproducible 
laboratory  flows,  turbulent  pipe  flow  has  been 
extensively  studied,  starting  with  the  pioneering 
experiments  of  Osborne  Reynolds  in  1883.  In 
the  case  of  fully-developed  turbulent  pipe  flow, 
the  experiments  by  Reynolds  (1883)  [1],  Niku- 
radse  (1932)  [2],  Laufer  (1954)  [3],  Towens  (1971) 
[4],  Lawn  (1971)  [5],  and  Perry  (1975)  [6]  estab¬ 
lished  the  existence  of  multiple-scales  with  a  vis¬ 
cous  sublayer  very  close  to  the  wall,  an  inertial 
sublayer  far  away  from  the  wall  and  an  “overlap” 
buffer  layer  in  between.  The  flow  field  obeys  dif¬ 
ferent  scaling  laws  inside  each  region. 

Wygnanski  &  Champagne  (1973)  [7]  and  Wyg- 
nanski,  Sokolov  and  Friedman  (1975)  [8]  per¬ 
formed  an  extensive  experimental  study  of  transi¬ 


tional  pipe  flow.  They  identified  two  basic  types 
of  structures  in  pipe  flow  transition:  turbulent 
slugs  and  puffs.  If  the  inlet  flow  is  slightly  dis¬ 
turbed,  transition  occurs  due  to  instability  in  the 
boundary  layer  which  produces  turbulent  slugs. 
Turbulent  slugs  have  clearly  defined  leading  and 
trailing  fronts  and  grow  in  length  as  they  travel 
downstream.  Turbulent  puffs  are  generated  by 
large  disturbances  in  the  pipe  inlet  region;  when 
the  flow  Reynolds  number  is  in  the  transitional 
regime  -  2000  to  2700  -  pipe  flow  is  laminar  in¬ 
terspersed  with  turbulent  puffs. 

The  majority  of  pipe  flow  numerical  simulations 
to  date  have  studied  stability  and  transition.  Un¬ 
like  other  prototype  wall-bounded  shear  flows, 
pipe  flow  is  unique  in  that  it  is  linearly  stable 
over  all  Reynolds  numbers  (Salwen  &  Grosch, 
1972  [9]).  Davey  &  Nguyen,  1971  [10]  per¬ 
formed  a  stability  analysis  of  pipe  flow  subject 
to  finite-amplitude  axisymmetric  disturbances 
but  their  results  remain  controversial  (Itoh  1977 
[11],  Davey  1978  [12]).  Orszag  &  Patera  (1981 
[13],  1983  [14])  also  investigated  the  non-linear 
stability  of  pipe  flow  guided  by  their  theory 
of  secondary  instability.  They  found  that  all 
axisymmetric  finite-amplitude  disturbances  de¬ 
cay,  but  non-axisymmetric  disturbances  can  be 
strongly  unstable.  Recent  works  by  Henning- 
son  (1991)  [15],  O’Sullivan,  Breuer  and  Sirovich 
(1991)  [16]  suggested  another  possible  mecha¬ 
nism  which  might  induce  transition  in  pipe  flow. 
They  showed  that  the  non-normality  of  the  lin¬ 
earized  Navier-Stokes  equations  in  cylindrical  co- 
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ordinates  can  lead  to  certain  “optimal  perturba¬ 
tions”  which  exhibit  large  transient  growth  even 
though  they  eventually  decay.  They  observed  in 
their  simulations  that  the  energy  density  of  such 
initial  structures  can  grow  by  a  factor  of  as  much 
as  160. 

Relatively  few  direct  numerical  simulations 

(DNS)  have  yet  been  performed  on  high  Reynolds 

number  turbulent  pipe  flow.  Nikitin  (1993) 

[17]  performed  three-dimensional  direct  numer¬ 
ical  simulations  using  mixed  finite  difference  and 
spectral  methods  with  maximum  spatial  resolu¬ 
tion  of  42  X  63  X  42  (in  the  axial,  radial  and 
azimuthal  directions  respectively).  He  was  able 
to  obtain  satisfactory  agreement  with  experimen¬ 
tal  data  in  turbulent  mean  flow  quantities  in¬ 
side  the  Reynolds  number  range  of  2250  —  5900. 
Unger,  Eggels,  Friedrich  and  Nieuwstadt  (1992) 

[18]  studied  fully  developed  turbulent  pipe  flow 
using  a  second-order-accurate  finite  difference 
method  for  Reynolds  number  up  to  6950.  They 
obtained  excellent  agreement  with  the  experi¬ 
ments  of  Westerweel  et  al  (1993)  [19]  and  Durst 
et  al  (1993)  [20].  For  example,  they  confirmed 
that  pipe  flow  at  low  Reynolds  number  (less  than 
9600)  deviates  from  universal  logarithmic  law,  as 
indicated  in  the  experiments  of  Durst  et  al  [20]. 

However,  there  remain  fundamental  unresolved 
issues  regarding  pipe  flow  turbulence.  It  is 
not  clear  whether  scaling  laws  continue  to  ap¬ 
ply  at  very  high  Reynolds  numbers;  it  is  not 
known  if  “universal”  constants  still  apply  at  these 
Reynolds  numbers  nor  there  exist  accurate  mea¬ 
surements  of  the  von  Karman  constant  or  its 
possible  dependence  on  Reynolds  number.  To 
seek  the  answers  to  the  above  questions,  we 
have  begun  computational  studies  closely  cou¬ 
pled  to  a  new  and  novel  pipe  flow  experiment 
[21].  The  “SuperPipe”  experimental  facility  at 
Princeton  which  has  been  designed  to  span  the 
Reynolds  number  range  from  10^  to  4  x  10^,  al¬ 
lows  turbulence  measurements  at  Reynolds  num¬ 
bers  roughly  two  orders  of  magnitude  larger  than 
previous  measurements. 


In  this  paper,  we  discuss  initial  results  of  di¬ 
rect  numerical  simulations  of  pipe  flow  at  low 
to  moderate  Reynolds  numbers.  The  present 
study  is  concentrated  on  the  validation  of  our  nu¬ 
merical  method  and  construction  of  a  DNS  data 
base  of  turbulent  pipe  flow.  Our  initial  results 
agree  satisfactorily  with  both  experiments  and 
previous  numerical  simulations.  We  believe  that 

tke  current  DNS  study  will  also  provide  a  useful 

data  base  to  explore  turbulence  transport  models 
which  are  crucial  to  Large  Eddy  Simulation(LES) 
and  Very  Large  Eddy  Simulation(VLES)  of  tur¬ 
bulent  pipe  flow  at  high  Reynolds  numbers. 

2  Numerical  Formulation 

The  governing  equations  are  the  incompress¬ 
ible  Navier-Stokes  equations,  which  in  rotational 
form  are 

-b  w  x  V  = -VP -f  (la) 

ot 

V  •  V  =  0  in  Q.  (lb) 

where  v  =  (u,  v,  w)  is  the  velocity  field  -  u,v,w 
refer  to  streamwise,  radial  and  azimuthal  velocity 
components,  respectively  -  P  =  p  -f  |v  •  v  is  the 
total  pressure,  w  =  V  x  v  is  the  vorticity,  and  n  is 
the  kinematic  viscosity.  The  discretization  of  the 
equations  is  performed  using  spectral  methods. 
Since  the  objective  is  the  investigation  of  infinite 
pipe  flow,  Fourier  expansions  are  introduced  in 
the  streamwise  and  azimuthal  directions  for  all 
flow  variables 

K-lM-l 

u{z,  E  (2) 

k=0  m  =  0 

where  m  represents  azimuthal  Fourier  modes,  k 
streamwise  modes,  and  a  =  LzI2'k  the  stream- 
wise  wavenumber.  Substituting  expansion  (2)  in 
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the  governing  equations,  and  applying  the  follow¬ 
ing  change  of  variables 

^mk  —  '^mk  +  i'^mk]  '^mk  —  '^mk  ~~  ^’^■mk  (3) 

the  system  of  equations  is  diagonalized: 


du. 


mk 


dt 


dVjn) 

dt 


+  ^ mk  ^  —  i^P-mk 


+  /^  V 


rz  -  "^mk  (4a 

f  dP^k  rn 


"h  P mk  ^  ''^)r  — 


I  „  Pmk 

\  or  r 


+  1^  V 


(m-h  1)^ 


'^mk 


(4b) 


d-^mk  ,  ^  ^  ( dPmk  ,  rn  ^ 

+  Prnk  X  V)^  =  -  +  jPmk 


,  {rn  —  1)^ 

O  {  - 2  )  ‘^mk 

T 


(4c) 


where 

Trr,k  (w  X  v)^  =  Trrxk  (w  X  v)^  -f  iPrnk  (<^  X  v)^ 
Tmk  (w  X  v)^  =  Tmk  (w  X  v)^  -  iPmk  (w  X  v)^ 


Numerically,  however,  there  are  still  terms  in  the 
equations  where  both  the  numerator  and  the  de¬ 
nominator  goes  to  zero  at  the  same  rate  close  to 
the  axis,  which  means  that  quantities  of  indeter¬ 
minant  form  have  to  be  treated.  To  do  this,  a 
special  form  of  Jacobi  polynomials  is  used  as  an 
expansion  basis  in  the  r  direction  adjacent  to  the 
axis,  which  in  conjunction  with  L’Hopital’s  rule 
results  in  a  removal  of  the  geometrical  singular¬ 
ity,  thus  preserving  the  spectral  convergence  rate. 
The  set  of  polynomials  employed  close  to  the  axis 
correspond  to  the  Jacobi  polynomials  with 

associated  weights  which  are  zero  at  r  =  0. 

For  the  time  integration  of  equations  (4a), 
(4b),  (4c),  we  use  a  fractional  step  method,  in 
conjunction  with  a  mixed  explicit/implicit  stiffly 
stable  scheme  of  second  order  of  accuracy  in  time 
[24].  A  consistent  Neumann  boundary  condition 
is  used  for  the  pressure,  based  on  the  rotational 
form  of  the  viscous  term,  which  nearly  elimi¬ 
nates  splitting  errors  at  solid  (Dirichlet)  velocity 
boundaries.  The  resulting  Helmholtz  equations 
are  of  the  form 


15/9 
“  I  r  Umk 
r  or  \  dr 


'^mk  ^  '^mk  —  ffi 


(6) 


and  Prnk  refers  to  a  Fourier  transform  in  both 
4>  and  z.  The  coordinate  singularity  at  r  =  0 
is  removable,  since  it  can  be  shown  that  the  be¬ 
havior  of  the  Fourier  coefficients  of  the  velocity 
components  close  to  the  axis  are 

{Um,  Vm,Wm)  (X  (/3r"^ ,  jr'^^ ^ ,  iyr^~ ^ )  (5) 

where  (3  and  7  are  constants,  [22],  [23].  It  can  be 
verified  that  v^k  =  +  iw^nk  is  zero  at  r  =  0 

for  all  m  and  it  scales  like  Vmk+i'^mk  oc  the 

latter  is  equivalent  to  the  fact  that  the  vorticity 
is  also  regular  at  r  =  0.  On  the  other  hand,  the 
variable  fumit  =  '^mk  ~  i'^mk  has  a  non-zero  value 
at  r  =  0  for  m  =  1;  however,  the  coefficient  of 
Wmk  for  m  =  1  is  zero  and  so  the  singularity  in 
(4c)  is  removed. 


The  constant  is  0  for  the  pressure  equation 
and  7o/(t^Af)  -f  for  the  velocity  equations 

(70  is  a  coefficient  associated  with  the  order  of 
the  time-integrating  scheme  used). 

Our  pipe  flow  code  is  capable  of  solving  stream- 
wise  periodic  flows  as  well  as  in-flow,  out-flow 
flows.  While  the  former  set  of  boundary  con¬ 
ditions  is  more  efficient  in  the  case  of  fully  de¬ 
veloped  turbulent  flow,  the  latter  is  indispens¬ 
able  when  the  simulation  of  spatially  develop¬ 
ing  flow  is  required,  a  subject  for  future  studies. 
In  general,  when  the  flow  in  the  axial  direction 
is  not  periodic,  quadrilateral  elements  are  em¬ 
ployed.  However,  the  current  version  of  our  code 
is  designed  to  calculate  fully  developed  turbulent 
pipe  flow  in  the  most  efficient  way,  so  streamwise 
periodicity  is  assumed  and  Fourier  expansions  are 
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employed  as  described  in  equation  (2).  As  a  re¬ 
sult,  the  spatial  discretization  of  the  Helmholtz 
equation  (6)  is  reduced  to  one  dimension,  and 
spatial  discretization  is  performed  using  one  di¬ 
mensional  spectral  elements  [25],  [26],  In  the  el¬ 
ement  adjacent  to  the  axis  of  symmetry  we  use 
Lagrange  interpolants  based  on  zeros  of  Jacobi 
(0,1)  polynomials,  whereas  in  the  rest  of  the  ele¬ 
ments  Legendre-Lagrangian  interpolants  are  em¬ 
ployed  [27],  The  resulting  matrix  for  the  numer¬ 
ical  solution  of  this  one  dimensional  Helmholtz 
equation  is  essentially  block  diagonal  and  can 
be  solved  efficiently  by  the  static  condensation 
technique  (with  operation  count  approximately 
K  X  M  X  Ke  X  N^,  where  N  is  the  number  of 
grid  points  inside  a  single  element  and  the 
total  number  of  elements  (typically  ife  <  10  and 
N  <  20). 

The  numerical  simulations  we  report  here  are 
from  streamwise  periodic  flows.  With  fixed 
flowrate  and  spatial  resolutions  of  (4  x  11)  x  64  x 
128  and  (5  x  15)  x  128  x  128,  we  report  results 
at  Reynolds  numbers  (based  on  pipe  diameter 
D  =  2  and  bulk  mean  velocity  U  =  0.5)  of  2500 
and  4000  respectively.  The  time  step  is  0.0075  for 
Re  =  2500  and  0.005  for  Re  =  4000.  The  stream- 
wise  wave  number  is  fixed  at  0.5,  which  means 
that  the  pipelength  is  27rD.  The  pipe  code  is 
fully  parallelized  and  all  computations  were  per¬ 
formed  on  the  IBM  PVS  parallel  computer.  For 
the  maximum  resolution,  a  speed  of  8  sec  per 
time  step  on  a  32  processor  machine  is  achieved, 
equivalent  to  about  240  MFlops. 

3  Results  and  Discussion 

Considerable  effort  was  put  in  finding  appropri¬ 
ate  initial  conditions  which  would  eventually  ren¬ 
der  the  pipe  flow  turbulent.  We  found  that  non- 
axisymmetric  disturbances  with  little  or  no  vari¬ 
ation  in  the  streamwise  direction  (i.e.  ak  «  0), 
experienced  large  transient  growth  before  they 
eventually  decayed,  even  for  Reynolds  numbers 
as  high  as  4000.  On  the  other  hand,  initial  per¬ 


turbations  in  the  form  of  a  wave  packet,  localized 
in  the  streamwise  direction,  containing  energy 
only  in  the  first  two  (m  =  1,  2)  azimuthal  modes, 
amplified  rapidly  and  rendered  the  flow  turbu¬ 
lent.  An  interesting  finding  is  that  even  though 
the  time  it  takes  for  the  energy  spectrum  to  build 
up  is  of  the  order  of  a  few  (less  than  5)  D/U  time 
units,  it  takes  considerably  longer  (of  the  order  of 

200  -  300  such  units)  for  the  flow  to  reach  a  sta¬ 
tistically  steady  state.  Simulations  at  Re  =  2500 
were  carried  out  to  a  statistically  steady  state, 
whereas  in  our  preliminary  computation  of  pipe 
flow  at  Re  =  4000,  the  statistically  steady  state 
has  not  been  reached;  the  skin  friction  coefficient 
computed  from  the  available  data  at  Re  =  4000 
is  about  15%  lower  than  the  experimental  data. 

The  dependence  of  the  pipe  skin  friction  coeffi¬ 
cient  upon  Reynolds  number  is  plotted  in  Figure 
(1).  The  data  point  at  Re  =  2500  agrees  very 
well  with  the  Blasius  1/4  law.  However,  our  sim¬ 
ulations  do  not  reproduce  the  experimental  find¬ 
ing  that  the  value  of  Cf  within  the  transitional 
Reynolds  number  range  is  between  the  laminar 
{Re~^)  and  turbulent  (i?e~^^^)  laws.  This  dis¬ 
agreement  can  be  explained  as  follows:  pipe 
lengths  in  experiments  are  finite  and  the  transi¬ 
tional  flows  observed  are  intermittent;  large  scale 
structures,  such  as  turbulent  slugs  and  puffs, 
which  originate  either  from  boundary  layer  insta¬ 
bilities  in  the  inlet  region  or  from  large  pertur¬ 
bations  at  the  pipe  inlet,  are  interspersed  with 
laminar  flow.  As  a  consequence,  the  skin  fric¬ 
tion  in  a  pipe  with  finite  length,  measured  by  the 
pressure  drop  between  two  downstream  stations, 
is  strongly  dependent  on  the  distance  from  the 
source  of  the  disturbances.  On  the  other  hand, 
having  imposed  streamwise  periodicity  in  our  nu¬ 
merical  pipe  simulations,  we  effectively  force  dis¬ 
turbances  to  cover  the  whole  pipe  length,  and  it 
is  not  surprising  that  our  computations  will  not 
produce  spatially  evolving  transitional  structures 
as  observed  in  experiments.  Similar  observations 
have  been  reported  in  previous  numerical  simu¬ 
lations,  e.g.  Nikitin  (1993)  [17]. 
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Be 

Figure  1:  Skin  friction  coefficient  vs  Re.  Cir¬ 
cles  and  crosses  correspond  to  experiments  by  Pa¬ 
tel  &  Head(1969),  and  Nikuradse(1932)  respec¬ 
tively;  triangles  correspond  to  simulations 

3.1  Turbulence  statistics 

Mean  profiles  and  turbulence  intensities 

In  Figure  (2a),  we  plot  the  mean  velocity  profile 
vs  pipe  radius  for  Re  =  2500.  The  computational 
mean  velocity  profile  is  fuller  near  the  wall,  indi¬ 
cating  a  larger  skin  friction  coefficient  than  that 
observed  experimentally  by  Patel  &  Head  (1969) 
[28]  at  similar  Re  numbers.  This  discrepancy  is 
expected  since  as  mentioned  earlier,  the  skin  fric¬ 
tion  at  Re  =  2500  lies  on  the  Blausius  1/4  curve 
and  not  on  transitional  curves  observed  in  exper¬ 
iments.  It  should  be  mentioned  that  transition 
curves  differ  between  different  experiments,  de¬ 
pending  on  experimental  setup  and  disturbance 
level  at  the  pipe  inlet.  The  same  profile  of  mean 
velocity,  non-dimensionalized  by  the  wall-shear 
velocity,  is  also  plotted  in  Figure  (3),  in  terms 
of  the  logarithm  of  wall  units.  The  computa¬ 
tional  results  agree  with  the  law  of  the  wall  but 
disagree  with  the  log-law  at  Re  =  2500.  This 
agrees  with  most  experimental  and  numerical  re¬ 
sults  which  show  that  the  log-law  is  not  observ- 


(a) 


r 


Figure  2;  Mean  (a)  and  rms  (b)  velocity  distri¬ 
bution  across  the  pipe  for  Re  —  2,  500 


able  for  Re  <  9600.  The  mean  velocity  profile 
for  Re  =  4000  is  shown  in  Figure  (4a),  together 
with  experimental  results  from  [7],  [29],  [30],  [28]. 
It  can  be  seen  that  the  agreement  in  the  core  re¬ 
gion  of  the  pipe  is  satisfactory,  whereas  there  is 
some  discrepancy  close  to  the  wall.  It  is  worth 
mentioning  however,  that  there  is  considerable 
deviation  among  different  sets  of  experimental 
data  close  to  the  wall;  in  addition,  the  mean  flow 
statistics  at  Re  =  4000  are  only  preliminary  due 
to  relatively  short  run  times. 

The  rms  values  of  all  velocity  components  are 
plotted  in  Figures  (2b)  and  (4b)  for  Re  = 
2500  and  4000  respectively.  The  rms  of  radial 
and  azimuthal  velocity  components  agree  with 
the  experimental  data  of  Shemer,Wygnanski  and 
Kit(1985)  [30].  The  rms  of  the  streamwise  com¬ 
ponent  of  the  velocity  agrees  with  the  data  ex¬ 
cept  in  the  region  very  close  to  the  wall  due  to 
the  limited  evolution  time  of  our  computation. 

The  Reynolds  stress  distribution  for  Re  =  2500  is 
shown  in  figure  (5).  It  can  be  observed  that  the 
distribution  in  the  core  region  of  the  flow  is  very 
close  to  linear.  The  turbulent  Reynolds  stress 
distribution  in  the  region  very  close  to  the  wall  re- 
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r-  Figure  5:  Reynolds  stress  distribution  across  the 

pipe  for  Re  =  2,  500 

Figure  3:  Mean  velocity  profile  17"*“  =  u/u*  versus 
log-law  for  Re  —  2,  500 

mains  controversial  (Kim,  Moin  and  Moser,  1987 
[31]).  Their  simulation  results  for  turbulent  chan¬ 
nel  flow  indicate  that  the  limiting  wall  behavior 
of  the  Reynolds  stress  takes  the  form:  u'v'  ~  y^. 
Our  simulation  results  seem  to  agree  with  this 
behavior. 

VorticUies 

The  distribution  of  the  mean  azimuthal  vorticity 
for  Re  =  2500  and  the  root  mean  square  val¬ 
ues  of  all  three  vorticity  components  are  plotted 
in  Figure  (6).  Near  the  wall,  the  rms  stream- 
wise  vorticity  clearly  shows  a  local  minimum  (at 
j/"*"  »  4.2)  before  reaching  a  maximum  at  the 
wall.  In  addition,  visualization  at  Re  =  2500 
shows  strong  streamwise  vortices  appearing  close 
to  the  wall  in  our  pipe  simulations  as  shown  in 
Figure  (7).  These  facts  support  the  conjecture 
that  streamwise  vortices  form  near  the  wall,  sim¬ 
ilar  to  the  findings  of  Kim  &  Moin  [31]  in  their 
channel  simulations. 

Figure  4:  Mean  (a)  and  rms  (b)  velocity  distri-  t  /o\  i  .  ,•  i  • 

In  figure  (8)  we  plot  a  cross-sectional  view  of 
bution  across  the  pipe  for  Re  =  4, 000  ,  . 

streamwise  vorticity  on  an  axial-radial  plane,  for 

Re  —  2500  and  Re  —  4000.  Elongated  vorticity 

streaks  close  to  the  wall,  in  the  mean  flow  di- 


Figure  7:  Stieamwise  vorticity  across  the  pipe  for  Re  =  2,  500 


Re=25{)0-Streamwise  vorticity 


Re=4000-Streamwise  vorticity 


Figure  8:  Streamwise  vorticity  along  the  pipe  for  a)  Re  —  2,  500  and  b)  Re  =  4,  000 
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Figure  6:  Mean  (a)  and  rms  (b)  vorticity  distri- 
bution'across  the  pipe  for  Re  =  2,  500 

rection,  are  clearly  observed.  These  figures  sug¬ 
gest  the  following  dynamics:  the  wall  shear  gen¬ 
erates  rings  of  azimuthal  vorticity  close  to  the 
pipe  surface.  These  azimuthal  vorticity  rings  are 
extremely  unstable  because  they  are  subject  to 
strong  stretching  and  tilting  by  the  mean  flow 
and  shear.  Once  these  azimuthal  rings  break  up, 
they  form  elongated  streamwise  vorticity  struc¬ 
tures  and  are  swept  downstream  by  the  mean 
flow. 

This  work  was  supported  by  ARPA  and  ONR 
under  Contracts:  N00014-92-J-1796  and  N00014- 
92-C-0216. 
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Abstract 

The  spatial  evolution  of  disturbances  in  plane  Poiseuille  flow  and  zero  pressure  gradient  boundary 
layer  flow  is  considered.  For  disturbances  governed  by  the  linearized  equations,  potential  for  significant 
transient  growth  of  the  amplitude  is  demonstrated.  The  maximum  amplification  occurs  for  disturbances 
with  zero  or  near  zero  frequencies.  Spatial  numerical  simulations  of  the  transition  scenario  involving 
a  pair  of  oblique  waves  has  been  conducted  for  both  flows.  A  fully  spectral  solver  using  a  simple  but 
efficient  fringe  region  technique  allowed  the  flows  to  be  computed  with  high  resolution  into  the  fully 
turbulent  domain.  A  modal  decomposition  of  the  simulation  results  indicates  that  non-linear  excitation 
of  the  transient  growth  is  responsible  for  the  rapid  emergence  of  low-frequency  structures.  Physically, 
this  corresponds  to  streaky  flow  structures,  as  seen  from  the  results  of  a  numerical  amplitude  expansion. 
Thus,  this  spatial  transition  scenario  has  been  found  to  be  similar  to  the  corresponding  temporal  one 
(Schmid  &  Henningson  [1]).  In  the  boundary  layer  simulations  the  streaks  are  seen  to  break  down  from 


what  appears  to  be  a  secondary  instability. 

1  INTRODUCTION 

We  will  present  an  investigation  of  bypass  transition, 
i.e.  transition  emanating  from  linear  growth  mecha¬ 
nisms  other  than  exponential  instabilities.  This  defi¬ 
nition  is  in  line  with  the  original  idea  of  Morkovin  [2], 
but  is  formulated  in  view  of  the  results  on  non-modal 
transient  growth  by  Butler  &  Farrell  [3],  Reddy  & 
Henningson  [4]  and  Trefethen,  Trefethen,  Reddy  & 
Driscoll  [5].  They  found  that  significant  growth  of 
the  disturbance  energy  was  possible  for  certain  two 
and  three-dimensional  disturbances  in  shear  flows 
at  subcritical  Reynolds  numbers,  where  the  largest 
growth  was  obtained  for  the  three-dimensional  per¬ 
turbations.  Physically,  the  growth  is  due  to  the 
Orr  and  lift-up  mechanisms  (Orr  [6]  art.  8,  Landahl 

[7] ).  Mathematically  it  can  be  explained  by  the  fact 
that  the  linearized  Navier-Stokes  operator  has  non- 
orthogonal  eigenfunctions,  a  necessary  condition  for 
subcritical  transition  to  occur  (Henningson  &:  Reddy 

[8] ). 

In  the  investigation  of  Henningson,  Lundbladh  &  Jo¬ 
hansson  [9]  the  lift-up  mechanism  was  found  to  play 
an  important  role  in  the  growth  of  both  infinitesimal 
and  finite  amplitude  localized  disturbances.  Similar 
results  were  obtained  in  a  study  of  oblique  breakdown 
by  Schmid  &  Henningson  [1],  In  the  latter  study  tem¬ 
poral  simulations  starting  from  a  pair  of  oblique  finite 
amplitude  waves  was  performed.  It  was  found  that 


non-linearity  rapidly  excited  components  with  zero 
streamwise  wavenumber,  i.e.  streamwise  vortices.  By 
the  lift-up  effect  the  vortices  generated  large  ampli¬ 
tude  low  and  high-speed  streaks  in  the  streamwise 
velocity  components.  The  breakdown  to  turbulence, 
which  has  recently  been  found  to  result  from  a  sec¬ 
ondary  instability  of  the  streaks  (Kreiss,  Lundbladh 
&  Henningson  [10]),  occurs  more  rapidly  than  tra¬ 
ditional  transition  initiated  by  the  growth  of  two- 
dimensional  waves. 

The  early  phases  of  oblique  transition  have  been  sim¬ 
ulated  in  the  boundary  layer  on  a  flat  plate  (Fasel  & 
Thumm  [11],  Chang  &  Malik  [12]  Joslin,  Street!  & 
Chang  [13]).  In  the  latter  investigations  the  “stream- 
wise  vortex  mode”  also  played  an  important  role 
and  the  initial  amplitude  necessary  to  trigger  tran¬ 
sition  was  found  to  be  lower  than  for  comparable  sec¬ 
ondary  instability  scenarios.  The  oblique  transition 
scenario  was  also  observed  in  a  study  of  a  compress¬ 
ible  confined  shear  layer  by  Gathmann,  Si-Ameur  & 
Mathey  [14].  In  their  study  the  oblique  waves  ap¬ 
peared  naturally  from  noise  introduced  at  the  inflow 
boundary. 

In  the  present  paper  we  report  on  the  analysis  and 
simulation  of  spatially  evolving  disturbances.  First, 
the  solution  algorithm  used  in  the  spatial  DNS  is  de¬ 
scribed.  Second,  the  linearized  equations  are  investi¬ 
gated  for  their  potential  of  transient  growth.  Then, 
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numerical  simulations  are  performed  to  probe  the  im¬ 
portance  of  the  linear  growth  mechanism.  For  the 
channel  flow'  the  effect  of  this  mechanism  is  assessed 
by  a  temporal-spanwise  Fourier  decomposition  as  well 
as  a  numerical  amplitude  expansion.  For  the  bound¬ 
ary  layer  flow  we  demonstrate  the  similarity  by  a 
Fourier  decomposition  of  the  simulated  flow. 

2  SIMULATION  ALGORITHM 

We  will  use  a  numerical  simulation  program  solv¬ 
ing  the  full  three-dimensional  incompressible  Navier- 
Stokes  equations  developed  by  Lundbladh,  Henning- 
son  &  Johansson  [15].  The  algorithm  is  similar  to 
that  of  Kim,  Moin  &  Moser  [16],  i.e.  Fourier  series  ex¬ 
pansion  in  the  horizontal  directions,  Chebyshev  series 
in  the  normal  direction  and  pseudo-spectral  treat¬ 
ment  of  the  non-linear  terms.  The  Chebyshev  expan¬ 
sions  have  the  novel  feature  that  the  second  derivative 
of  the  variables  are  expanded  instead  of  the  variables 
themselves.  This  results  in  a  better  conditioned  prob¬ 
lem  (see  Greengard  [17]),  thus  giving  better  numeri¬ 
cal  accuracy.  The  code  has  been  thoroughly  checked 
and  has  been  used  on  a  variety  of  supercomputers. 

2.1  The  fringe  method 

The  simulation  program  has  recently  been  modi¬ 
fied  to  handle  spatial  development  of  disturbances 
in  channel  and  boundary  layer  flows.  Forcing  terms 
were  added  to  the  Navier-Stokes  equations  in  part 
of  the  computational  domain  to  damp  disturbances. 
The  forcing  W'as  applied  in  the  following  manner. 


—  =  NS(u)  -t-  A(.r)(v  -  u)  +  g 
V-u  =  0 

w’here  u  is  the  solution  fluid  vector,  x  is  the  stream- 
w'ise  coordinate,  y  is  the  wall  normal  coordinate  and 
z  is  the  spanw'ise  coordinate.  NS{vl)  is  the  RHS  of 
the  (unforced)  momentum  equations,  g  is  a  distur¬ 
bance  forcing,  v  is  the  prescribed  inflow  velocity  vec¬ 
tor  which  in  general  w'ill  fulfill  the  continuity  equa¬ 
tion.  V  may  or  may  not  fulfill  the  Navier-Stokes  equa¬ 
tions.  Both  g  and  v  may  depend  on  the  three  spa¬ 
tial  coordinates  and  time.  Here  and  in  the  followung 
all  quantities  are  non-dimensionalized  by  the  channel 
half-height  h  and  the  undisturbed  centerline  veloc¬ 
ity  Uci  for  the  channel,  the  displacement  thickness  at 
the  inflow  (5q  and  the  free-stream  velocity  Uc^  for  the 


boundary  layer.  From  this  the  Reynolds  number  for 
the  channel  flow  is  defined  as  R  =  Ucih/v  and  for 
the  boundary  layer  as  R  =  Uoo^o/j^,  where  y  is  the 
kinematic  viscosity. 

A(a;)  is  non-zero  only  in  a  small  region  at  the  end 
of  the  computed  domain,  termed  the  fringe  region, 
hence  A  will  be  denoted  the  fringe  function.  A  is 
a  positive  function  whose  magnitude  determines  the 

rate  at  which  u  approaches  v  in  the  fringe  region. 

Using  this  approach,  inflow  conditions  can  be  pre¬ 
scribed  and  disturbances  can  flow  freely  out  of  the 
computational  domain  while  the  Fourier  series  repre¬ 
sentation  in  the  streamw’ise  direction  is  retained  from 
the  temporal  simulation  algorithm.  This  technique  is 
similar  to  that  described  by  Bertolotti,  Herbert  & 
Spalart  [18]. 

A  convenient  form  of  the  fringe  function  is  as  follows 
A(,r)  =  A„,,[5(^^^^)  -  5(^f^  -P  1)] 

^rise  ^fall 

Here  Xmax  is  the  maximum  strength  of  the  damping, 
^start  to  Xend  the  Spatial  extent  of  the  region  where 
the  damping  function  is  nonzero  and  Arise  and  Ajaii 
the  rise  and  fall  distance  of  the  damping  function. 
S(x)  is  a  smooth  step  function  rising  from  zero  for 
negative  x  to  one  for  x  >  1.  We  have  used  the  fol- 
low'ing  form  for  S,  which  has  the  advantage  of  having 
continuous  derivatives  of  all  orders. 


(0  a;  <  0 

5'(a:)  =  1/[1 +  exp(j^ -H  A)]  0  <  a;  <  1 

[  1  a;  >  1 

The  choice  of  the  fringe  parameters  is  governed  by 
several  factors.  In  general  it  would  be  desirable  to 
minimize  the  length  of  the  fringe  region  to  improve 
the  computational  efficiency.  An  analysis  of  a  simple 
wave  equation  yields  that  outflowing  disturbances  are 
damped  by  a  factor 

fd  =  exp[-  /  X{x)dx] 

^  J—co 

=  exp[^(xend  -  Xstart  -  +  )] 

c  2 

where  c  is  the  convection  velocity  of  the  disturbance. 
The  fringe  parameters  are  chosen  so  that  fd  >  10® 
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with  c  taken  as  the  maximum  velocity  of  the  lam¬ 
inar  flow,  to  ensure  that  only  a  negligible  amount 
of  disturbances  can  pass  through  the  fringe  region. 
The  simulation  code  uses  a  semi-implicit  time  step¬ 
ping  algorithm  and  the  fringe  forcing  is  applied  in  the 
explicit  part.  Thus  Xmaw  is  restricted  due  to  stabil¬ 
ity  considerations.  Together  with  the  requirement  of 
damping  this  gives  a  lower  limit  for  the  length  of  the 
fringe  region. 

The  damping  and  generation  of  the  disturbances 
must  not  introduce  small  scales  in  the  streamwise  di¬ 
rection  which  would  increase  the  resolution  require¬ 
ment  beyond  what  is  needed  in  the  physical  domain. 
In  addition  the  fringe  function  should  not  rise  to 
abruptly  to  avoid  undesirable  upstream  influence. 

The  function  v  is  used  to  prescribe  the  inflow  condi¬ 
tions.  For  the  channel  flow  it  is  simply  the  laminar 
parallel  flow  plus  the  desired  disturbances.  For  the 
boundary  layer  flow  it  can  be  chosen  as  a  parallel 
flow  with  the  velocity  profile  taken  from  a  boundary 
layer  solution  at  the  inflow.  However,  since  the  fringe 
forcing  goes  smoothly  to  zero  over  a  distance  Ajaii 
the  inflow  velocity  would  not  be  exactly  the  desired. 
In  addition,  the  decrease  in  boundary  layer  thickness 
from  the  outflow  to  the  inflow  value  may  start  a  few 
displacement  thicknesses  upstream  of  the  fringe  re¬ 
gion.  To  remedy  this  problem  and  thereby  reduce  the 
region  affected  by  the  upstream  influence  the  stream- 
wise  component  vi  is  for  the  boundary  layer  case  cho¬ 
sen  as  follows. 


=  U{x,y)  -k 

[U{x  +  x.^riod,  y)  -  U{X,  y)]  S  ( 

\  ^mix  J 

U{x,y)  is  typically  a  solution  to  the  boundary  layer 
equations,  for  zero  pressure  gradient  it  is  the  Blasius 
solution.  Xperiod  is  the  streamwise  length  of  the  sim¬ 
ulation  box.  Here  Xmix  and  Amix  are  chosen  so  that 
the  prescribed  flow  smoothly  changes  from  the  out¬ 
flow  velocity  to  the  inflow  velocity  within  the  fringe 
region.  S  is  as  given  above.  The  wall  normal  compo¬ 
nent  V2  is  then  calculated  from  the  equation  of  conti¬ 
nuity,  and  the  spanwise  velocity  V3  is  set  to  zero  for 
simulations  where  the  mean  flow  is  two  dimensional. 
This  choice  of  v  ensures  that  the  decrease  in  bound¬ 
ary  layer  thickness  is  completely  confined  to  the  fringe 
region,  thus  minimizing  the  upstream  influence. 


The  solver  for  the  spatial  problem  is  apart  from  the 
introduced  fringe  forcing  identical  to  the  one  used  to 
simulate  temporal  problems.  The  efficiency  is  also 
the  same  with  the  only  losses  arising  from  the  need 
to  extend  the  computational  domain  by  10-30%  to 
accommodate  the  non-physical  fringe  region,  and  the 
5-10%  extra  time  needed  to  apply  the  forcing  in  the 
fringe  region. 

2.2  Free  sti’eam  boundary  conditions 

Since  the  simulation  algorithm  discretizes  a  finite  do¬ 
main  in  the  wall  normal  direction,  for  the  bound¬ 
ary  layer  simulations  an  artificial  boundary  condi¬ 
tion  must  be  applied  at  the  top  (free  stream)  bound¬ 
ary.  Initial  simulations  were  performed  with  Neu¬ 
mann  boundary  conditions  on  the  velocities.  How¬ 
ever,  it  was  found  that  more  exact  results  could  be 
achieved  with  the  top  boundary  at  a  lower  position 
if  boundary  conditions  derived  from  the  solution  of 
the  inviscid  linearized  equations  were  used.  Thus  the 
number  of  grid  points  in  the  wall  normal  direction 
could  be  reduced.  These  boundary  conditions  take 
the  following  form. 

(lu  , , , ,  5v  , ,  I .. 

^  +  |i|u=^  +  |t|v 

Here  k  is  the  absolute  value  of  the  horizontal 
wavenumber  vector,  u  and  v  are  the  Fourier  trans¬ 
forms  of  u  and  v  defined  above.  These  boundary 
conditions  are  a  generalization  of  those  used  by  Ma¬ 
lik,  Zang  &  Hussaini  [19].  Since  they  are  applied 
in  Fourier  space  with  different  coefficients  for  each 
wavenumber,  they  are  nonlocal  in  physical  space. 

Typically  simulations  with  Neuman  boundary  condi¬ 
tion  require  the  upper  boundary  to  be  at  15-20  Sq  , 
whereas  the  improved  boundary  condition  can  be  ap¬ 
plied  at  8-10  Sq.  The  simulation  of  the  oblique  break¬ 
down  for  the  boundary  layer  used  Neumann  bound¬ 
ary  conditions  applied  at  15  Sq  . 

2.3  Code  verification 

The  simulation  algorithm  has  previously  been  ver¬ 
ified  on  a  number  of  temporal  simulations,  both  by 
comparing  to  eigenfunction  solutions  and  results  gen¬ 
erated  by  other  simulation  codes.  A  demonstration 
of  the  generation  of  inflow  disturbances  by  the  fringe 
method  is  given  in  figure  1.  Here  a  pair  of  neutral 
oblique  waves  with  a  peak  amplitude  of  1  x  each. 
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are  generated  in  a  plane  Poiseuille  flow.  Forcing  is  ap¬ 
plied  in  the  region  a;  =  —9  to  a;  =  0  after  which  the 
waves  have  attained  an  amplitude  of  the  prescribed 
value. 


Figure  1.  Forcing  of  two  oblique  neutral  waves  at 
R  =  8292.  Wall  normal  velocity  at  the  channel  cen¬ 
terline.  The  streamwise  and  spanwise  wavenumbers  are 
0.7.  The  fringe  region  extends  from  a;  =  — 9  to  a;  =  0 
after  which  the  forcing  is  zero.  Note  that  the  actual 
computational  domain  in  this  case  extends  beyond  30. 


Figure  2.  Damping  of  outflowing  disturbance  by  the 
fringe  region.  R=950.  Contours  of  wall  normal  veloc¬ 
ity  at  t  =  117.  Top  half  :  The  fringe  region  starts  at 
Xsiart  =  120,  bottom  half  :  Xgtart  =  52.5.  Contours 
start  at  a;  =  —0.0065  with  spacing  v  =  0.001,  negative 
contours  dashed. 

The  results  are  shown  for  a  spanwise  position  where 
the  two  waves  are  in  phase,  and  hence  the  amplitudes 
add  up.  The  forced  waves  are  the  full  eigenmodes  of 
the  linearized  equations,  with  nonzero  velocity  and 
normal  vorticity.  The  use  of  a  neutral  eigenmode  is 
practical  for  this  test  since  the  wave  amplitude  is  con¬ 
stant  downstream  of  the  fringe  function.  In  this  case 
the  prescribed  velocity  is: 


The  first  term  is  the  undisturbed  laminar  Poiseuille 

flow,  is  an  eigenvector  of  the  linearized  flow 

equations  with  frequency  w,  streamwise  wavenumber 

a  and  spanwise  wavenumber  (3.  Here  and  in  the  fol¬ 
lowing  A  is  the  maximum  value  of  the  rms  amplitude 
for  the  streamwise  velocity  of  each  wave. 

The  efficiency  of  the  outflow  damping  is  demon¬ 
strated  in  figure  2.  Here  we  show  a  localized  dis¬ 
turbance  in  a  Blasius  boundary  layer  flow  computed 
for  two  different  positions  of  the  fringe  region.  The 
disturbance  is  seen  to  be  damped  out  quickly  with 
negligible  change  upstream  of  the  start  of  the  fringe 
region.  The  spanwise  symmetric  disturbance  is  gen¬ 
erated  at  the  origin  at  1  =  0.  Its  exact  form  is  given 
in  Henningson,  Lundbladh  &  Johansson  [9]. 

2.4  Accuracy  and  computational  resources 

The  computations  of  the  full  transition  process  re¬ 
quires  large  grids  which  places  considerable  require¬ 
ments  on  the  computational  resources.  Most  of  the 
calculations  were  performed  on  a  CRAY-2  4/128. 
The  performance  on  this  machine  was  about  120 
Mflops  on  a  single  processor  or  450  Mflops  paral¬ 
lelized  on  four  processors,  corresponding  to  about  7 
and  1.8  micro  seconds  per  grid  point  and  temporal 
iteration.  Part  of  the  simulations  were  performed  on 
a  CRAY  YMP  and  a  CRAY  C-90  which  gave  a  per¬ 
formance  3/2  and  3  times  that  of  the  CRAY-2.  The 
total  simulation  time  was  roughly  250  hours. 

The  simulation  of  breakdown  in  the  channel  flow  used 
600  X  97  X  128  spectral  modes  in  the  streamwise,  nor¬ 
mal  and  spanwise  directions,  respectively.  This  was 
chosen  to  be  approximately  equal  to  corresponding 
temporal  simulations  where  a  grid  refinement  proce¬ 
dure  showed  convergence.  Two  calculations  were  per¬ 
formed  of  oblique  breakdown  in  the  boundary  layer 
case.  The  first  used  480  x  97  x  80  spectral  modes,  and 
the  second  used  720  x  121  x  120  spectral  modes.  As  a 
test  of  convergence,  four  maxima  of  the  wall  normal 
shear  of  the  streamwise  velocity  were  compared  be¬ 
tween  the  two  simulations  [x  —  xq  k,  200,250,300,350, 
y  ss  5  in  figure  9b).  The  differences  in  the  shear  at 
these  points  are  less  than  1%,  although  the  position 
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of  the  last  maximum  is  slightly  different.  For  the 
channel  flow  the  resolution  gives  a  grid  step  of  6  wall 
units  in  the  streamwise  direction,  4  for  the  spanwise 
and  4  for  the  largest  step  in  the  wall  normal  direc- 
tioh,  based  on  the  wall  friction  in  the  turbulent  re¬ 
gion.  Corresponding  numbers  for  the  boundary  layer 
simulation  with  the  higher  resolution  is  14,  6  and  4. 
Note  that  for  all  simulations  the  collocation  points  in 
the  horizontal  directions  are  actually  placed  at  2/3 
of  this  spacing  due  to  the  dealiasing  procedure.  The 
spanwise  symmetry  was  utilized  in  the  simulations  to 
reduce  the  number  of  computed  modes  to  half  of  that 
given  above. 

3  SPATIAL  INITIAL  VALUE  PROBLEM 

Before  we  turn  to  the  spatial  DNS  we  consider  the 
spatial  evolution  of  infinitesimal  perturbations  in  a 
parallel  shear  flow  U{y).  The  results  will  help  us 
choose  initial  conditions  as  well  as  to  interpret  the 
simulation  results. 

A  formulation  of  the  linearized  Navier-Stokes  equa¬ 
tions  is  chosen  in  terms  of  the  spanwise  and  tem¬ 
porally  Fourier  transformed  normal  velocity  v  and 
and  normal  vorticity  fj,  i.e.  v  —  f  exp(?/?z  —  iwt)  and 
r)  =  rjexY){i/3z  —  iuit).  In  this  form  the  governing 
equations  are 


^  ^  ” 

where  V  and  '  stands  for  the  differential  operator  in 
the  wall  normal  y-direction,  w  denotes  the  frequency 
and  /?  is  the  spanwise  wavenumber.  Together  with 
the  continuity  equation  and  the  definition  of  the  nor¬ 
mal  vorticity  fj,  the  above  equations  completely  de¬ 
scribe  the  evolution  of  three-dimensional  infinitesimal 
disturbances.  The  streamwise  and  spanwise  velocity 
components  can  be  recovered  as  follows, 


d'^u 

dx 

d^iv 

dx 


—  —  —ipVv  — 


The  substitution  v  =  v  exp(tax)  with  a  ^  C  trans¬ 
forms  the  above  equations  into  an  eigenvalue  prob¬ 
lem  where  the  eigenvalue  a  appears  up  to  the  fourth 
power.  A  closer  look  at  the  viscous  terms  reveals  that 
the  eigenvalue  appears  equidimensional  with  respect 
to  the  differential  operator  V.  This  suggests  a  trans¬ 
formation  of  the  independent  variable  y  of  the  form 
(Haj-Hariri  [20]) 

which  will  reduce  the  order  of  the  nonlinear  eigen¬ 
value  problem  by  two.  The  reduced  equations  read 


{iij  -  iaU){V‘^  -  2aV  -  p‘^)V  -f  iaU"V  ■+ 

4(p2  _  2aV-p‘^fV  =  0, 

R 

{iio  -  iaU)E  -  ipu'v+  -  2aV  -  p^)E  =  0. 
K 


Casting  the  above  equations  into  a  linear  eigenvalue 
problem  using  the  companion  matrix  technique  leads 
to 


with 


R2  =  4^2  2i[/P, 

K 

Ri  =  -2iioV  - 

R  R 

-iUV^  +iUp‘^I+iU''l, 

Ro  =  iioV^  -  iup^l  +  4p"  -  +  ^13% 

Tl  ft  ft 

Ti^~V  +  iUl, 

K 

To  =  -iwl  -  -2)2  +  l/?2j 
R  R  ’ 

S  =  ipU'l. 
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A  spectral  collocation  technique  using  Chebyshev 
polynomials  was  used  to  discretize  the  eigenvalue 
problem  in  the  wall  normal  direction.  Figures  3a 
and  3b  show  the  spectrum  of  the  spatial  evolution 
operator  for  plane  Poiseuille  flow  and  two  parameter 
combinations.  The  spectrum  of  the  spatial  evolution 
operator  determines  the  growth  or  decay  of  infinites¬ 
imal  disturbances  far  downstream  [x  oo).  Tran¬ 
sient  amplification  can,  however,  occur  before  the 
asymptotic  behavior  is  observed.  To  investigate  this 

transient  growth  we  reformulate  the  spatial  problem 

as  an  initial-value-problem  using  an  expansion  in  the 
eigenfunctions  of  the  linearized  operator.  The  spatial 
initial  value  problem  may  be  written 


cIk 

dx 


—  iAk 


where  A  =  diag(ai, .  . . ,  ajv)  is  a  diagonal  matrix  con¬ 
sisting  of  the  spatial  eigenvalues  and  k[x)  are  the  co¬ 
efficients  in  the  eigenfunction  expansion 


propagating  in  the  downstream  direction  can  be  in¬ 
cluded  in  the  above  expansion. 

The  local  energy  density  defined  in  terms  of  the  vec¬ 
tor  eigenfunction  expansion  can  be  written 

^(k)  =  k^Ak  =  k^F^Fk  =  ||A«;||2 

where 


Aij  ~  2  J  ^  ^  dy 

Here  the  kinetic  energy  is  used  as  a  measure  of  the 
disturbance.  Since  we  are  not  interested  in  the  trans¬ 
fer  of  energy  this  choice  will  suffice.  For  a  discussion 
of  appropriate  disturbance  measures  for  spatial  evo¬ 
lution  problems,  see  Henningson  &  Schmid  [21]. 

The  maximum  possible  amplification  G  of  energy 
density  is  then  given  as 


N 


G(x)  =  sup 

Ko 


S{kq) 


||Aexp(iA.x-)A“i||2 


with  (v  ti)J  as  the  j-th  vector  eigenfunction  of  the  The  above  analysis  follows  the  temporal  analog  and 
discretized  spatial  evolution  operator.  In  order  for  for  further  details  the  reader  is  referred  to  Reddy  & 
the  solution  to  be  well  posed  only  spatial  eigenmodes  Henningson  [4]. 


Re{a)  Re{a) 


Figure  3.  Spectrum  of  the  spatial  evolution  operator  for  plane  Poiseuille  flow  at  R  =  2000.  (a)  a  =  l,ui  —  0, 
(b)  a  =  l,uj  =  0.2.  The  shaded  half-plane  corresponds  to  modes  growing  downstream. 
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Figure  4.  Transient  amplification,  (a)  maximum  amplification  of  energy  density  versus  streamwise  location  for 
R  =  500,  1000,2000  and  /3  =  2,u)  —  0.  (b)  Gmax  as  a  function  of  frequency  lo  and  spanwise  wavenumber  /? 
for  R  =  2000..  The  contour  levels  are  5,  10,  20, 100.  The  irregularities  in  the  contours  are  due  to  the  limited 
number  of  wavenumbers  investigated. 


Figure  4a  displays  a  plot  of  the  maximum  ampli¬ 
fication  G{x)  versus  the  streamwise  location  x  for 
three  different  Reynolds  numbers.  Significant  tran¬ 
sient  growth  is  observed  before  the  onset  of  asymp¬ 
totic  decay  of  the  disturbance.  The  curves  in  figure 
4a  are  composed  of  two  separate  growth  curves  for 
symmetric  and  antisymmetric  w-disturbances  and  the 
cusps  in  Figure  4a  stem  from  a  switching  of  the  opti¬ 
mally  amplified  perturbation  from  a  symmetric  to  an 
antisymmetric  f-disturbance.  The  peak  Gmax  of  the 
amplification  curves,  i.e.  Gmax  =  sup,,,^.^  G(a;),  has 
been  plotted  as  a  function  of  the  frequency  w  and  the 
spanwise  wavenumber  /3  in  Figure  4b.  The  Reynolds 
number  is  R  —  2000,  and  Gmax  has  been  found  to  be 
determined  by  symmetric  u-perturbations.  As  can  be 
seen  in  Figure  4b,  the  largest  amplification  is  achieved 
by  steady  disturbances,  i.e.  disturbances  with  fre¬ 
quency  w  =  0.  The  maximum  occurs  for  (3  k,  2. 

4  SIMULATION  RESULTS 

Spatial  simulations  of  transition  require  a  large  com¬ 
putational  domain  to  contain  the  entire  growth  and 
breakdown  region.  Thus,  simulations  of  transition 
from  initially  two-dimensional  waves,  for  which  the 
growth  rate  is  rather  small,  have  not  been  able  to 
follow  the  flow  through  the  complete  breakdown  pro¬ 
cess.  In  contrast,  the  present  computations  are  able 
to  capture  the  complete  transition  process  due  partly 
to  the  rapidity  of  the  bypass  scenario,  partly  to  the 
high  efficiency  of  the  spectral/fringe  region  technique. 


4.1  Channel  flow 

We  will  now  investigate  the  spatial  analog  of  the 
oblique  transition  scenario  presented  by  Schmid  & 
Henningson  [1].  For  the  first  simulations  a  low  am¬ 
plitude  is  chosen  which  does  not  lead  to  transition 
but  for  which  considerable  non-linear  effects  appears. 
Figure  5  depicts  the  streamwise  development  of  en¬ 
ergy  density  in  selected  (w, /?)-modes  where  the  in¬ 
teger  pairs  (m,  n)  denote  the  multiples  of  the  fun¬ 
damental  frequency  and  spanwise  wavenumber,  re¬ 
spectively.  The  energy  densities  have  been  calculated 
by  Fourier  transforming  time  signals  in  the  time  and 
spanwise  directions.  The  Reynolds  number  is  2000, 
and  the  inflow  condition  consists  of  (l,±l)-modes 
with  an  amplitude  of  the  maximum  vertical  veloc¬ 
ity  =  0.005  in  each  wave.  Higher  modes  are  ex¬ 
cited  further  downstream  and  a  marked  preference  of 
modes  with  lower  frequencies  is  observed,  particularly 
the  (0,2)  mode.  This  suggests  that  the  linear  tran¬ 
sient  mechanism  described  earlier  is  responsible  for 
the  occurrence  of  low  frequency  disturbances.  Addi¬ 
tional  evidence  for  this  interpretation  is  the  close  cor¬ 
respondence  between  the  spatial  transition  and  the 
temporal  case  of  Schmid  &  Henningson  [1].  In  the 
latter  it  was  explicitly  shown  that  the  linear  tran¬ 
sient  mechanism  was  responsible  for  the  large  growth 
of  the  (0,  2)  mode. 
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Figure  5.  Spatial  evolution  of  energy  in  (w, /?)-modes. 
Since  the  inflow  has  a  spanwise  symmetry  which  is  up¬ 
held  downstream  by  the  flow  equations  the  energies  in 
are  equal.  For  (3  ^  Q  only  the  energy  in  the 
component  with  positive  j3  is  therefore  displayed  in  the 
graph.  The  curves  are  normalized  such  that  the  energy 
of  the  (1,1)  mode  at  inflow  is  set  to  unity. 

Another  tool  to  analyze  the  spatial  evolution  of  dis¬ 
turbances  is  a  numerical  amplitude  expansion.  The 
disturbance  velocity  field  is  decomposed  into  a  sum 
of  flow  fields  weighted  by  powers  of  the  initial  ampli¬ 
tude. 

N 

u'(A,)  =  -h 

1=1 

To  solve  for  the  N  unknown  flow  fields  Uj  it  is  nec¬ 
essary  to  perform  N  simulations  of  the  spatial  tran¬ 
sition  process.  The  number  of  flow  fields  has  been 
chosen  as  N  —  3.  This  results  in  the  following  sys¬ 
tem  of  equations  for  the  flow  fields  uy. 


The  results  of  the  amplitude  expansion  is  shown  in 
Figure  6.  The  streamwise  velocity  from  the  linear 
flow  field  ui  (Figure  6a)  shows  the  decay  of  the  in¬ 
coming  wave,  whereas  the  quadratic  flow  field  demon¬ 
strates  a  clear  favoring  of  highly  elongated  structures. 
In  the  cubic  field  smaller  scales  are  introduced.  The 
combined  flow  fields  ui, U2  and  U3  (Figure  6d)  shows 
a  close  resemblance  with  the  full  flow  field. 


Figure  6.  Flow  fields  from  a  numerical  amplitude  ex¬ 
pansion  for  R  =  2000.  (a)  linear,  (b)  quadratic  and  (c) 
cubic  component;  (d)  sum  of  the  first  three  terms  of 
the  amplitude  expansion  for  A,:  —  0.005;  (e)  original 
flow  field  corresponding  to  Ay  =  0.005.  Plotted  is  the 
streamwise  disturbance  velocity  in  a  wall  parallel  plane 
at  y  =  —0.56.  The  fringe  region  extends  from  x  =  42.5 
to  a;  =  50.  The  contour  levels  in  (a)-(c)  are  arbitrary, 
in  (d)  and  (e)  start  at  -0.0625,  spacing  0.025,  negative 
contours  dashed. 


/  Ayi  All 

Av2  AI2  ^^2  U2  =  u'(A.„2) 

\A„3  Alii  AlsJ  \113J  \u'(Ay3)/ 
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Figure  7.  Instantaneous  velocity  fields  for  channel  flow  transition.  Note  the  fringe  region  at  the  right  part  of 
the  computational  box.  (a)  Wall  normal  shear  of  the  streamwise  velocity  at  z  =  0.  (b)  Streamwise  velocity  at 
y  =  —0.9,  illustrating  the  downstream  increase  in  skin  friction.  Three  spanwise  periods  are  shown. 


Figure  7  displays  the  complete  spatial  transition  and 
breakdown  process  starting  with  a  pair  of  oblique 
waves.  The  waves  are  the  least  damped  eigenmodes 
with  zero  normal  vorticity  for  /?o  =  ±4/3  and  uq  = 
0.410.  The  amplitude  of  each  wave  is  T  =  0.06  and 
the  Reynolds  number  R  =  2000. 

The  rapidity  of  the  transition  scenario  is  apparent, 
and  the  formation  of  streaky  structures  as  well  as  the 
occurrence  of  spikes  and  detached  shear  layers  can  be 
observed.  On  the  right  of  the  computational  domain 
the  effect  of  the  fringe  region  which  starts  at  s  =  22.5 
can  be  seen. 

4.2  Boundary  layer 

The  inflow  conditions  for  the  boundary  layer  simula¬ 
tion  consists  of  the  Blasius  mean  flow  plus  a  pair  of 
oblique  waves.  Here,  the  waves  are  the  least  damped 
eigenmodes  with  zero  normal  vorticity  for  /?o  =  0.192 
and  Wo  =  0.08.  The  amplitude  of  each  wave  is 
A  =  0.01  and  the  Reynolds  number  at  the  inflow 
is  400. 

Figure  8  shows  the  development  of  the  coefficient  of 
friction  (cf  =  / pU^,  is  the  time  and  span- 


wise  averaged  wall  shear  stress)  for  the  simulation. 
It  is  evident  that  the  simulation  captures  the  com¬ 
plete  transition  process,  all  the  way  into  the  turbulent 
regime. 


Figure  8.  Coefficient  of  friction  Cf  =  2Tyj/pU'^,  is 
the  averaged  wall  shear  stress.  =  xUoo/v  where  x 
is  the  distance  from  the  leading  edge.  Lower  dashed 
line  shows  the  value  for  a  laminar  Blasius  boundary 
layer  (O.QMRx  '  )  and  the  upper  curve  is  the  turbu¬ 
lent  friction  0.370(logi?j,)“^  ®®'^  by  Shultz-Grunow  (see 
Schlichting  [22]  p.  643) 
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Figure  9.  Instantaneous  velocity  fields  for  boundary  layer  transition.  Note  the  fringe  region  at  the  right  part  of 
the  computational  box.  (a)  Streamwlse  velocity  at  y  =  2.93.  Values  range  from  0.34  to  1.08.  Three  spanwise 
periods  are  shown,  (b)  Streamwise  shear  zt  z  —  0.  Values  range  from  -0.18  to  1.9. 


Figure  9  shows  an  instantaneous  view  of  the  gen¬ 
erated  flow  field.  In  figure  9a,  which  shows  the 
streamwise  velocity  in  a  wall-parallel  plane,  the  ap¬ 
pearance  of  streamwise  streaks  is  observed  at  about 
x  —  xq  —  50.  The  streaks  subsequently  grow  to  a  large 
amplitude  and  become  unstable  to  a  nonstationary 
disturbances,  resulting  in  a  breakdown  to  turbulence 
at  about  x  —  xq  =  350.  Figure  9b  shows  the  stream- 
wise  shear  in  a  side  view  of  the  boundary  layer.  Shear 
layers  are  seen  to  intensify  and  become  unstable  prior 
the  breakdown,  where  the  shear  at  the  wall  also  in¬ 
creases  substantially  (cf.  figure  8). 

Figure  10  shows  the  energy  in  some  of  the  excited 
Fourier  components  during  the  transition  process.^. 
At  X  —  *0  =0  only  the  (1,±1)  components  are  ex¬ 
cited.  The  (1,±1)  modes  show  a  rapid  initial  growth 
similar  to  that  in  the  simulations  by  Schmid  &  Hen- 
ningson  [1],  who  also  set  the  initial  normal  vorticity 


to  zero. 

The  modes  (0,0)  (0,±2)  (2,0)  (2,  ±2)  subsequently 
increase  due  to  nonlinear  effects,  since  they  are  di¬ 
rectly  generated  by  triad  interactions  from  the  (1,  ±1) 
modes.  The  (0,±2)  mode  grows  more  rapidly  than 
the  other  modes  and  continues  to  grow  rapidly  until 
about  X  —  xo  =  100.  The  latter  part  of  this  growth 
was  by  Schmid  &  Henningson  found  to  be  due  to  a 
linear  forcing  of  the  streak  (u-component)  from  the 
vortex  (v,  re-components)  for  the  same  wavenumber. 

In  contrast  to  the  subcritical  amplitude  results  in  fig¬ 
ure  5,  a  second  phase  of  rapid  growth  starts  for  modes 
with  nonzero  u>,  eventually  completing  the  transition 
process.  This  second  phase  of  growth  can  best  be 
described  as  a  secondary  instability  on  the  base  flow 
with  a  spanwise  variation  given  by  the  (0,±2)  streak 
modes.  A  similar  rapid  growth  of  oblique  modes  from 


'  The  flow  was  integrated  until  the  whole  flow  field  was  periodic  in  time  (approximately  t  =  1000),  after  which  Fourier  analysis 
was  applied  to  32  fields  equally  spaced  within  a  period.  The  Fourier  analysis  was  applied  to  the  lower  resolution  calculation. 
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a  state  of  streamwise  streaks  was  found  for  tempo¬ 
ral  transition  in  plane  Couette  flow  by  Kreiss,  Lund- 
bladh  &  Henningson  [10]  and  in  plane  Poiseuille  flow 
by  Lundbladh,  Henningson  &  Reddy  [23].  In  the  two 
latter  studies  the  effect  could  be  more  unambiguously 
identified  as  a  secondary  instability  since  only  the 
streak  modes  were  significantly  excited  at  the  start 
of  this  phase. 

After  X  —  Xq  =  408  where  the  fringe  damping  is  ap¬ 
plied  all  Fourier  components  decay  rapidly  except  the 
(1,±1)  modes  which  are  brought  to  their  correct  in¬ 
flow  value. 


Figure  10.  Energy  in  Fourier  components  with  fre¬ 
quency  and  spanwise  wavenumber  (lo/loo,  P/ Po)  as 
shown. 

If  we  compare  figure  10  with  figure  8  we  see  that 
the  region  where  the  (1,±1)  modes  dominate  (up  to 
X  —  xq  =  QO  OT  Rx  —  80,  000)  corresponds  to  a  slow 
growth  of  the  wall  shear  stress  relative  to  the  lami¬ 
nar  value.  The  subsequent  rapid  increase  of  the  fric¬ 
tion  coincides  with  the  latter  part  of  the  growth  for 
the  (0,±2)  modes.  After  the  growth  of  these  modes 
has  leveled  off  the  wall  shear  stress  decays  but  more 
slowly  and  at  a  considerably  higher  level  than  the 
laminar  value.  The  wall  shear  has  a  minimum  at 
=  140,000  or  ic  —  So  =  220  after  which  the  fric¬ 
tion  increases  rapidly  during  the  secondary  instability 
growth. 

The  simulation  starts  at  a  subcritical  Reynolds  num¬ 
ber,  and  the  I'esult  shows  the  possibility  of  oblique 
transition  in  the  absence  of  exponential  growth,  as 
none  of  the  modes  involved  pass  through  the  unstable 
region  in  the  frequency-Reynolds  number  plane.  The 
transition  process  occupies  about  the  same  stream- 
wise  domain  as  in  the  simulations  of  secondary  in¬ 
stability  induced  breakdown  by  Kloker  &  Fasel  [24], 


in  spite  of  the  exponential  growth  of  the  two  dimen¬ 
sional  mode  and  higher  input  amplitude  in  the  latter 
case.  This  is  accentuated  by  the  results  of  Spalart 
&  Yang  [25]  who  simulated  an  even  larger  domain 
by  following  a  streamwise  periodic  box,  accounting 
for  the  streamwise  growth  of  the  boundary  layer  and 
disturbance  in  an  approximate  manner.  In  spite  of 
covering  a  larger  Reynolds  number  range  their  simu¬ 
lations  did  not  reach  the  turbulent  state. 

In  the  present  investigation  the  wave  amplitude  at 
the  inflow  is  low,  resulting  in  a  long  growth  region 
before  breakdown.  This  initial  amplitude  represents 
the  lowest  amplitude  disturbance  of  the  chosen  form, 
giving  transition  in  this  computational  box.  In  a 
simulation  with  A  =  0.0086  transition  did  not  oc¬ 
cur.  In  a  study  of  oblique  transition  Joslin,  Streett 
&  Chang  [13]  did  not  find  that  the  growth  was  suf¬ 
ficiently  rapid  to  cause  transition  within  their  com¬ 
putational  box,  although  the  inflow  is  at  a  higher 
Reynolds  number  with  the  same  initial  amplitude  as 
the  one  giving  transition  in  the  present  study.  The 
reason  may  be  their  use  of  complete  eigenmodes  as 
inflow  condition  (i.e.  including  the  normal  vorticity 
part  of  the  eigenmode),  which  implies  that  they  do 
not  have  the  rapid  transient  growth  of  the  oblique 
(1,±1)  modes  seen  in  the  present  case.  The  results 
of  Lundbladh,  Henningson  &  Reddy  [23]  indicate  that 
the  amplitude  required  for  transition  may  be  lowered 
even  further  if  a  linearly  optimal  distribution  is  used 
as  initial  data  for  the  oblique  modes. 

5  CONCLUSIONS 

The  spatial  transition  scenario  induced  by  a  pair  of 
oblique  waves  is  qualitatively  similar  to  its  temporal 
analog.  A  linear  mechanism  plays  a  dominant  role  in 
amplifying  the  disturbance  energy  transiently,  result¬ 
ing  in  the  preferred  formation  of  highly  elongated  flow 
structures.  If  the  amplitude  is  sufficiently  high,  these 
structures  quickly  break  down  to  produce  a  turbulent 
flow. 

The  nonlinear  generation  of  a  vortex  and  the  subse¬ 
quent  growth  of  streaks  is  quite  similar  to  that  seen  in 
the  temporal  simulation  by  Schmid  &  Henningson  [1]. 
In  addition  the  streaks  seem  to  break  down  due  to 
the  same  secondary  instability  mechanism  found  in 
Kreiss,  Lundbladh  &  Henningson  [10].  In  light  of 
these  findings,  and  those  of  other  investigations  dis¬ 
cussed  here,  we  conjecture  that  the  following  three 
stages  occurs  during  oblique  transition  in  shear  flows: 
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•  Initial  non-linear  generation  of  a  streamwise 
vortex  by  the  two  oblique  waves. 

•  Generation  of  streaks  from  the  interaction  of 
the  streamwise  vortex  with  the  mean  shear  by 
the  lift-up  effect. 

•  Breakdown  of  the  flow  due  to  a  secondary  in¬ 
stability  of  the  streaks,  when  these  exceed  a 
threshold  amplitude. 

Note  that  if  the  amplitude  of  the  inflow  disturbance  is 
large  enough  the  breakdown  may  be  so  rapid  that  the 
second  and  the  third  stage  overlap.  This  is  the  reason 
the  secondary  instability  is  not  so  readily  observed  in 
the  channel  flow  case. 
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SUMMARY 

It  is  argued  that  bypass  transition  on  a  flat  plate  can 
be  interpreted  as  a  consequence  of  the  subcritical  na¬ 
ture  of  the  instability  of  the  boundary  layer,  and  that 
the  minimum  bypass  Reynolds  number  should  coin¬ 
cide  with  the  one  at  which  the  turbulent  layer  relam- 
inarises  spontaneously.  This  threshold  is  found  by  di¬ 
rect  numerical  simulation  of  a  spatially  periodic  tur¬ 
bulent  layer  in  which  spatial  growth  is  modelled  by 
a  linear  normal  velocity.  The  computed  mean  pro¬ 
files  and  integral  properties  agree  well  with  experi¬ 
mental  results  at  the  higher  Reynolds  numbers,  but 
diverge  from  them  at  the  lower  ones.  While  experi¬ 
ments  turn  away  from  the  turbulent  correlations  be¬ 
low  Reg  »  300  —  500,  the  computations  follow  them 
until  relaminarising  abruptly  at  Reg  R5  200.  The  sim¬ 
ulations  use  relatively  small  periodic  computational 
boxes,  holding  only  a  few  boundary  layer  thickness, 
and  it  is  argued  that  this  provides  enough  feedback 
to  prevent  the  transitional  effects  observed  in  exper¬ 
iments  and  to  result  in  an  absolute  relaminarisation 
threshold.  The  Reynolds  number  obtained  in  this  way 
agrees  with  the  onset  of  bypass  transition  in  experi¬ 
ments  with  very  high  free  stream  turbulence  levels,  or 
with  strong  roughness  tripping. 

1.  INTRODUCTION 

It  is  common  knowledge  that  some  laminar  flows  can 
be  tripped  into  turbulence  at  Reynolds  numbers  at 
which  laminar  stability  theory  predicts  them  to  be 
stable.  In  some  extreme  cases,  such  as  the  circular 
pipe,  the  basic  parallel  flow  is  believed  to  be  stable  at 
all  Reynolds  numbers  [1,  pg.  515],  while  turbulence 
can  be  generated  without  difficulty,  and  occurs  spon¬ 
taneously  in  the  right  circumstances.  In  those  cases  it 
is  typically  true  that  the  minimum  Reynolds  number 
at  which  turbulence  appears  depends  on  the  perturba¬ 
tion  applied  (the  “trip”),  and  is  generally  lower  when 
the  perturbation  is  more  intense  (see  fig. 2).  It  is  of  the¬ 
oretical  and  practical  interest  to  find  whether  there  is 
an  absolute  minimum  Reynolds  number  below  which 
turbulence  cannot  be  initiated,  independently  of  the 
intensity  of  the  trip,  and  to  estimate  it.  That  is  the 
subject  of  the  present  paper. 

It  has  been  realised  for  some  time  that  tripped  (“by¬ 
pass”)  transition  is  fundamentally  different  from  the 
“regular”  kind,  in  which  background  noise  is  amplified 
by  linear  instabilities  and  eventually  grows  to  large 
amplitudes,  leading  to  secondary  breakdown  and  tur¬ 


bulence.  Since  in  this  case  there  is  no  linear  instabil¬ 
ities,  the  same  mechanisms  cannot  be  involved,  and 
there  is  no  reason  to  expect  that  the  same  transitional 
structures  should  be  present  in  both  cases.  The  idea 
that  the  usual  instability  mechanisms  are  “bypassed” 
in  subcritical  transition  has  given  this  route  to  turbu¬ 
lence  its  name. 

Bypass  transition  is  specially  prevalent  in  wall  bounded 
flows.  We  have  already  mentioned  the  circular  pipe. 
Plane  channels  also  transition  subcritically.  While  the 
first  linear  instability  appears  at  a  Reynolds  number 
of  5772,  based  on  the  mean  velocity  and  channel  half 
width,  it  is  known  experimentally  that  turbulence  can 
be  promoted  and  maintained  at  Re  w  1500  [2].  An¬ 
other  parallel  flow,  the  boundary  layer  along  the  at¬ 
tachment  line  of  swept  wings,  is  also  known  to  be  sub¬ 
critical,  with  linear  and  bypass  transition  Reynolds 
numbers  Res  -  -  545  and  245,  where  S 

is  the  transverse  strain  at  the  stagnation  line  [3].  In 
these  two  flows  the  bypass  Reynolds  numbers  seem  to 
be  absolute  limits.  Below  them  turbulence  cannot  be 
promoted  and,  if  it  is  generated  by  massive  pertur¬ 
bations,  it  decays.  The  same  is  true  of  the  circular 
pipe,  in  which  the  minimum  Reynolds  number,  based 
on  the  diameter,  is  around  2000  [4,5]. 

The  distinction  between  classical  and  bypass  transi¬ 
tion  is  clarified  when  expressed  in  the  language  of 
modern  bifurcation  theory.  Marginal  linear  instability 
can  be  interpreted  as  the  point  in  parameter  space  in 
which  two  different  solutions  of  the  equations  coexist: 
the  equilibrium  laminar  one,  and  another  solution,  in¬ 
finitesimally  different  and  possibly  unsteady,  which  is 
described  by  the  instability  eigenfunction.  As  we  move 
away  from  marginal  instability,  e.g.  by  changing  the 
Reynolds  number,  both  solutions  diverge  and,  while 
the  equilibrium  one  remains  laminar,  the  new  solu¬ 
tion  becomes  stronger  and,  possibly  through  a  new 
series  of  bifurcations,  leads  to  turbulence.  There  are 
two  main  kinds  of  elementary  bifurcations.  In  the  first 
one  the  new  solution  bifurcates  forward  in  Reynolds 
number,  and  no  turbulence  is  possible  until  the  bifur¬ 
cation  threshold  is  reached.  In  the  second,  subcrit¬ 
ical  case,  the  “turbulent”  solution  branches  towards 
Reynolds  numbers  below  the  bifurcation  (fig.  la),  and 
only  later,  perhaps  also  after  new  bifurcations,  turns 
forwards  towards  higher  Reynolds  numbers.  Stable 
(attracting)  solutions  are  marked  in  the  figure  as  solid 
lines.  In  this  case  only  the  laminar  solution  below  the 
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Figure  1.  Sketches  of  subcritical  transition.  Solid  seg¬ 
ments  mark  attracting  solutions,  while  dashed  ones 
represent  unstable  (repelling)  ones,  (a)  Generalised 
diagram;  the  vertical  axis  is  perturbation  amplitude 
with  respect  to  laminar  flow.  The  bifurcated  branch 
models  turbulent  flow,  (b)  Friction  coefficient  be¬ 
haviour  in  boundary  layers;  transition  is  assumed  to 
occur  with  little  change  in  Reynolds  number. 


bifurcation,  and  the  turbulent  one  above  the  turning 
point,  are  attracting,  and  there  are  two  different  crit¬ 
ical  Reynolds  numbers.  Laminar  flow  can  be  main¬ 
tained  up  to  the  bifurcation  point  B,  if  enough  care  is 
taken  not  to  perturb  it,  but  turbulent  flow,  the  upper 
branch  of  the  solution,  can  be  tripped  for  all  Reynolds 
numbers  above  A. 

Figure  lb  translates  this  model  into  the  behaviour  of 
a  transitional  boundary  layer.  The  turbulent  solution 
exists  only  for  those  Reynolds  numbers  above  Re  a, 
and  is  always  very  different  from  the  laminar  solution. 
At  the  bypass  Reynolds  number  the  turbulent  solu¬ 
tion  seems  to  end  abruptly,  since  the  solution  branch 
linking  it  to  the  bifurcation  point  B  is  unstable  and 
not  observable.  For  any  Reynolds  number  between  A’ 
and  B,  laminar  flow  can  be  tripped  towards  the  turbu¬ 
lent  branch  by  a  perturbation  large  enough  to  carry 
it  outside  the  basin  of  attraction  of  the  laminar  so¬ 
lution.  Above  Reg  transition  occurs  spontaneously. 
The  point  A’,  at  the  base  of  a  trajectory  carrying 
the  flow  to  A,  marks  the  lowest  Reynolds  number  for 
which  bypass  transition  is  possible,  and  the  easiest 
way  to  find  it  experimentally  is  to  study  the  reverse 
transition  from  turbulent  into  laminar  flow.  Consider 
a  process  in  which  the  Reynolds  number  of  an  existing 
turbulent  flow  is  lowered  slowly.  As  long  as  it  stays 
above  Rga  the  flow  will  stay  turbulent  but,  if  it  falls 
below  that  value,  in  the  range  for  which  no  turbulent 


solution  exists,  the  flow  will  relaminarise.  This  dis¬ 
tinction  between  the  spontaneous  transition  and  re- 
laminarisation  limits  was  already  noted  by  Reynolds 

[4]. 

It  is  important  to  realise  that,  once  a  flow  has  been 
made  turbulent  by  a  large  disturbance,  its  fate  is  inde¬ 
pendent  of  the  linear  instability  mechanisms.  This  is 
specially  true  of  wall  bounded  flows  for  which  the  in¬ 
stabilities  are  viscous,  with  characteristic  time  scales 
of  the  order  of  %  =  0{6'^  Ju),  where  8  is  the  bound¬ 
ary  layer  thickness.  In  contrast,  the  time  scale  of  the 
turbulent  fluctuations  is  given  in  terms  of  the  friction 
velocity  Uj  =  as  To  =  0{6/ur),  and 

are  always  fast  with  respect  to  the  instability  times, 
To/To  =  0{Re~^).  The  friction  Reynolds  number, 
Rct  =  Ujbjv,  is  at  least  0(100)  in  all  transition  situa¬ 
tions.  As  a  consequence  the  viscous  instability  mecha¬ 
nisms  are  too  slow  to  be  of  importance  once  a  vigorous 
turbulent  motion  is  active,  and  turbulence  survives  or 
decays  by  itself,  without  reference  to  them. 

1.1  Developing  boundary  layers 

The  discussion  in  the  previous  section  applies  to  paral¬ 
lel  flows,  for  which  a  unique  Reynolds  number  can  be 
defined  which  is  applicable  both  to  laminar  and  tur¬ 
bulent  regimes.  There  are  two  reasons  why  the  same 
model  cannot  be  used  directly  for  spatially  developing 
boundary  layers.  First,  there  is  no  unique  length  scale 
on  which  to  base  a  Reynolds  number  to  be  used  as  a 
bifurcation  parameter.  The  obvious  candidate,  the 
boundary  layer  thickness,  is  a  function  of  the  veloc¬ 
ity  profile  and  depends  on  whether  the  flow  is  laminar 
or  turbulent.  It  is  therefore  inconvenient  to  use  as  a 
test  for  subcriticality,  since  the  transition  and  relam- 
inarisation  Reynolds  numbers  are  based  on  different 
definitions.  The  alternative,  to  use  as  length  scale 
the  distance  to  the  leading  edge,  has  the  disadvantage 
of  being  nonlocal  and  dependent  on  the  development 
history  of  the  layer. 

The  second  difficulty  is  that  any  definition  of  Reynolds 
number  depends  on  the  development  stage  of  the  bound¬ 
ary  layer  and  changes  during  the  transition  process.  In 
a  parallel  flow,  such  as  a  pipe,  there  is  no  difference 
in  quoting  the  Reynolds  number  at  the  beginning  or 
at  the  end  of  the  transition,  since  neither  the  mean 
velocity  nor  the  pipe  diameter  change  during  the  pro¬ 
cess,  but  in  a  developing  boundary  layer  this  is  not 
so.  The  transition  is  not  instantaneous  and,  by  the 
time  the  new  flow  is  established,  its  scales  are  differ¬ 
ent  from  those  at  the  beginning.  Any  definition  of  a 
unique  transition  Reynolds  number  depends  therefore 
on  a  model  for  the  transition,  and  makes  sense  only 
if  the  process  can  be  shown  to  be  fast  enough  to  be 
considered  local  with  respect  to  the  spatial  develop¬ 
ment  of  the  layer.  In  which  sense  this  is  true  for  the 
boundary  layer  on  a  flat  plate  is  shown  by  the  fol¬ 
lowing  estimates,  which  are  based  on  the  analyses  in 
[6,7]. 
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Consider  relaminarisation.  In  a  turbulent  boundary 
layer,  most  of  the  velocity  difference  occurs  in  a  sub¬ 
layer  whose  thickness  is  0(0),  the  momentum  thick¬ 
ness,  and  turbulence  generation  and  dissipation  pro¬ 
cesses  act  on  time  scales  O(0/ur).  During  that  time 
the  fluid  is  convected  by  the  free  stream  velocity  Uo 
across  a  distance  Lg  =  0{dU„lur),  which  is  the  char¬ 
acteristic  length  for  relaminarisation,  since  it  describes 
the  decay  of  turbulence  left  to  itself.  The  streamwise 
development  length  of  the  layer  is  given  by  the  mo¬ 
mentum  equation, 

deidx  =  cjl‘l  =  {urlUof-  (1-1) 

The  length  needed  for  a  significant  change  in  the  value 
of  0  IS  Lx  —  0/(d0/dx)  =  6(UoIutY ,  and  the  ratio  of 
relaminarisation  to  development  lengths  is 


This  is  a  small  parameter,  typically  e  ~  0.05  at  the 
Reynolds  numbers  at  which  transition  occurs,  and  de¬ 
termines  in  which  sense  relaminarisation  depends  only 
on  the  local  characteristics  of  the  boundary  layer,  and 
with  which  precision  it  makes  sense  to  define  a  unique 
relaminarisation  or  transition  Reynolds  number.  From 
the  analysis  that  led  to  the  above  estimates,  it  follows 
that  it  also  determines  in  which  sense  other  aspects 
of  the  behaviour  of  the  turbulent  boundary  layer  can 
be  considered  local.  It  can  be  shown  [6,7]  that  the 
characteristic  thickness  of  the  full  boundary  layer  is 
6 /Lx  =  0(e),  while  the  displacement  and  momentum 
thickness  are  6*  6  eS.  Therefore,  even  if  the  basic 

relaminarisation  or  bypass  transition  events  are  short 
compared  to  the  streamwise  development,  Lg  <C  Lx, 
the  length  needed  for  the  transitional  boundary  layer 
to  achieve  equilibrium  across  its  full  thickness,  L;  = 
Uo^/ut,  is  comparable  to  the  development  scale. 

Three  different  transition  experiments  for  zero  pres¬ 
sure  gradient  boundary  layers,  forced  with  different 
levels  of  free  stream  turbulence,  are  shown  in  figure 
2.  They  show  the  characteristics  discussed  up  to  now. 
The  transition  Reynolds  number  decreases  as  the  level 
of  perturbation  increases,  and  the  transition  process 
is  fast,  followed  by  a  slower  relaxation  towards  the 
equilibrium  turbulent  correlation.  In  this  figure,  the 
experiment  corresponding  to  the  highest  forcing  inten¬ 
sity  is  probably  close  to  the  absolute  minimum  tran¬ 
sition  threshold,  since  the  free  stream  turbulent  in¬ 
tensity  (6%)  is  comparable  to  the  fluctuation  levels  in 
fully  developed  turbulent  boundary  layers. 

In  the  following  sections  we  present  numerical  experi¬ 
ments  on  the  behaviour  of  turbulent  boundary  layers 
at  low  Reynolds  numbers,  with  the  goal  of  determin¬ 
ing  the  minimum  relaminarisation  threshold  for  the 
boundary  layer  on  a  flat  plate  without  pressure  gra¬ 
dient.  In  §2,  the  numerical  scheme  is  introduced  and 
the  approximation  of  the  developing  layer  by  a  parallel 
flow  is  analysed.  The  results  are  presented  next,  and 
compared  to  low  Reynolds  number  experimental  data. 
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Figure  2.  Friction  coefficient  as  a  function  of  Rcx  = 
Uox/p  for  bypass  transition  on  a  flat  plate  at  three 
different  free  stream  turbulence  levels.  Long  dashes: 
u' /Uo  —  2.6%  [8].  Short  dashes  and  dots:  u' /Ug  = 
3%  and  6%  [9].  Solid  lines  are  turbulent  and  laminar 
correlations  from  [1,  pg.  600]. 

The  question  of  the  internal  time  scales  is  then  consid¬ 
ered  and,  finally,  conclusions  on  the  bypass  transition 
threshold  are  drawn  and  compared  to  experimental 
evidence. 

2.  THE  NUMERICAL  CODE 

Our  code  simulates  the  complete  Navier  Stokes  equa¬ 
tions  on  a  domain  stretching  from  the  wall,  located  at 
2/  =  0,  to  j/  =  oo.  It  is  described  in  detail  in  [10],  and 
is  an  adaptation  to  semi-infinite  domains  of  the  spec¬ 
tral  code  in  [11].  The  flow  variables  are  assumed  to  be 
spatially  periodic  in  the  two  homogeneous  directions 
X  and  z,  which  are  respectively  parallel  and  normal 
to  the  mean  velocity,  and  are  expanded  as  Fourier  se¬ 
ries  in  (x,  z)  £  (0,  Li)  X  (0,  L^),  and  as  Chebyshev 
series  in  t/  €  (0,  Ly  =  l).  Since  there  is  no  physical 
boundary  at  r/  =  Ly,  only  even  or  odd  Chebyshev 
polynomials  are  used  in  the  expansion,  saving  about 
half  of  the  computational  effort,  as  well  as  an  artificial 
accumulation  of  grid  points  at  that  numerical  bound¬ 
ary.  Dealiasing  by  the  2/3  rule  [12]  is  used  in  the  two 
homogeneous  directions,  but  not  in  y.  Time  stepping 
is  third  order  explicit  Runge-Kutta  for  the  nonlinear 
terms  and  implicit  Euler  for  the  viscous  ones. 

The  treatment  of  the  boundary  condition  at  infinity 
is  novel  [13].  An  extra  exponential  basis  function  is 
added  to  the  y-expansion  of  each  Fourier  component  of 
the  velocity  variables,  and  its  magnitude  is  computed 
as  part  of  the  time  marching  procedure.  It  is  shown 
in  [13]  that  the  exponential  accuracy  of  the  spectral 
scheme  is  conserved  as  long  as  the  voriiciiy,  which 
carries  no  extra  basis  function,  can  be  assumed  to  be 
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contained  inside  the  computational  box. 

The  code  solves  the  initial  value  problem,  in  which 
the  temporal  evolution  of  some  initial  flow  field  is 
computed.  In  the  simulations  discussed  here,  an  ini¬ 
tially  strong,  essentially  random,  perturbation  was  in¬ 
troduced  on  a  laminar  profile  and  followed  until  ei¬ 
ther  the  flow  settled  to  a  statistically  steady  turbulent 
field,  or  decayed  to  laminar.  In  general,  most  cases 
were  initialised  with  fields  corresponding  to  statisti¬ 
cally  stationary  turbulent  conditions  at  neighbouring 
Reynolds  numbers  or  box  sizes.  The  mean  y  profiles 
of  those  initial  conditions  are  approximately  correct 
but,  because  flow  field  consistency  is  a  function  of  box 
size,  the  details  of  most  of  them  were  wrong  and  did 
not  satisfy  continuity.  Continuity  is  automatically  en¬ 
forced  by  the  numerical  code  and  restored  after  the 
first  time  step. 

Most  simulations  were  made  with  grids  containing  24  x 
97  X  24  spectral  modes,  after  dealiasing.  This  cor¬ 
responds  to  Aa:'*'  ss  Az+  12.  A  similar  resolu¬ 
tion  in  X  was  used  in  [11]  for  a  turbulent  channel, 
but  with  A^"*"  «  7.  They  cite  previous  simulations 
with  resolutions  40%  coarser  in  x  and  20%  coarser 
in  z,  without  apparent  effect  in  the  low  order  statis¬ 
tics.  Our  resolution  in  y,  with  the  first  mesh  point  at 
Ay+  «  0.04,  is  similar  to  theirs.  For  a  boundary  layer 
at  Reg  =  670,  Spalart  [14]  proved  grid  independence  of 
the  mean  velocity  profiles  using  Ax+  «  32,  Az+  11, 
Ay+  K  0.09.  We  checked  our  mesh  by  running  a 
few  cases  at  an  increased  resolution  of  Aa;"*"  ss  10, 
Az+  «  8.  This  did  not  result  in  a  significant  change  in 
the  statistical  quantities  (<  5%,  which  is  of  the  same 
order  as  the  statistical  uncertainty  due  to  finite  sam¬ 
pling  time),  but  the  instantaneous  flow  fields  looked 
appreciably  cleaner  in  the  finer  grids,  and  there  was 
a  slight  trend  towards  decreasing  cy  with  higher  reso¬ 
lution  (see  figs.  4  and  5).  These  high  resolution  tests 
could  not  be  run  for  sufficiently  long  times  to  test  for 
relaminarisation,  but  their  statistics  are  included  here 
for  comparison.  The  profiles  in  figure  6  also  belong  to 
them. 

The  horizontal  extent  of  the  computational  box  was 
chosen  so  as  to  contain  just  a  few  copies  of  the  basic 
flow  structures,  substituting  the  random  distribution 
which  occurs  in  natural  flows  by  a  doubly  periodic  ar¬ 
ray  of  identical  flow  units.  The  adequacy  of  this  “min¬ 
imal”  approach  was  proven  in  [15]  for  the  near  wall 
region,  and  the  boxes  for  our  lowest  Reynolds  num¬ 
ber  experiments  were  scaled  in  wall  units,  (F+,  L+ 
~  250),  and  chosen  so  as  to  contain  approximately 
two  wall  velocity  streaks.  This  does  not  guarantee 
that  the  outer  flow  is  well  represented.  It  was  found 
in  [11]  that  the  velocity  correlation  function  in  a  chan¬ 
nel  at  a  somewhat  higher  Reynolds  number  decays  to 
zero  in  the  outer  layer  for  x/6  k  2,  z/b  «  1.5,  and 
that  a  computational  box  of  at  least  that  size  has  to 
be  used  if  the  outer  structures  are  to  be  well  described 
[15].  At  low  Reynolds  numbers  the  box  size  suggested 


by  the  wall  scaling  turns  out  to  be  sufficient  for  the 
outer  flow  L^,  >  26  20  0.  At  higher  Reynolds 

numbers,  Reg  >  450,  this  is  no  longer  true,  and  we 
use  computational  boxes  based  on  momentum  thick¬ 
ness.  As  a  consequence  the  wall  region  of  those  fields 
contain  more  independent  structures  than  their  low 
Reynolds  number  counterparts  (see  table  1). 

It  is  argued  below  that  the  appearance  of  collective  or 
intermittent  effects  at  the  lowest  Reynolds  numbers 
would  require  larger  computational  boxes  to  be  ade¬ 
quately  represented,  and  that  they  may  be  connected 
to  the  discrepancies  observed  between  computations 
and  experiments,  as  well  as  among  different  experi¬ 
ments,  in  the  neighbourhood  of  transition. 

2.1  The  modelling  of  spatial  growth 

It  is  well  known  that,  apart  from  exceptional  cases, 
the  velocity  distribution  for  developing  boundary  lay¬ 
ers  varies  with  the  streamwise  coordinate  x.  The  as¬ 
sumption  of  spatial  periodicity  is  not  valid,  and  ad  hoc 
corrections  have  to  be  made.  An  artifice  commonly 
used  in  transitional  studies  is  to  add  a  fictitious  sys¬ 
tem  of  body  forces  in  the  streamwise  direction  so  that 
the  desired  velocity  profile  becomes  an  exact  steady 
solution  of  the  Navier-Stokes  equations.  A  spatially 
periodic  solution  is  then  superimposed  on  the  flow. 
It  has  been  argued  convincingly  by  previous  investi¬ 
gators  [16]  that  this  approach  preserves  the  nonlinear 
structure  of  the  flow  instabilities  during  transition  and 
that,  if  the  size  of  the  computational  box  is  small  with 
respect  to  the  characteristic  length  scales  of  boundary 
layer  growth,  the  errors  are  not  locally  large,  although 
they  could  accumulate  over  long  integration  times. 

While  this  method  may  be  justified  for  the  calcula¬ 
tion  of  transition  from  small  disturbances,  in  which 
the  laminar  profile  is  important,  it  is  not  useful  to 
study  relaminarisation  where,  as  discussed  above,  the 
laminar  profile  is  never  realised  and  the  time  scales  of 
turbulence  are  very  far  removed  from  those  of  viscos¬ 
ity.  The  real  problem  is  to  approximate  locally  a  fully 
turbulent  flow,  and  a  better  alternative  is  to  follow 
directly  the  standard  approximate  similarity  analysis 
of  the  turbulent  boundary  layer  [6].  Our  method  is  a 
simplified  variant  of  the  one  used  in  [14]. 

The  boundary  layer  can  be  separated  into  two  zones. 
In  the  outer  one  the  mean  streamwise  velocity  is  within 
0{uj)  of  that  of  the  free  stream,  and  the  averaged  mo¬ 
mentum  equation  can  be  approximately  written  as 


There,  the  time  scales  of  the  largest  turbulent  eddies 
are  of  the  same  order  as  that  of  the  downstream  evo¬ 
lution  of  the  flow,  which  has  to  be  taken  into  account. 

Equation  (2.1)  admits  self  similar  solutions  in  which 
both  u  and  uv  are  only  functions  of  77  =  y/5{x),  where 
6  is  some  thickness  representative  of  the  the  outer 
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layer.  Equation  (2.1)  can  then  be  written  as 


fUod6\  du 
\  ^  dx  J  ^  dr] 


duv 

dr] 


(2.2) 


suggesting  that  a  reasonable  approximation  to  the  self 
similar  zero  pressure  gradient  boundary  layer  would 
be  to  solve  the  full  Navier-Stokes  equations  with  an 
additional  linear  normal  velocity, 
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1.48 
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899 
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752 

21.8 

4.77 

1.41 

adjusted  so  as  to  model  the  left  hand  side  of  (2.2). 
It  follows  from  the  integral  momentum  equation  (1.1) 
and  from  the  estimate  6  =  O(0/e)  [6],  that 

S  =  Oiul/Uod),  (2.4) 


which  is  of  the  order  of  the  inverse  of  the  slow  devel¬ 
opment  time  scale  for  the  boundary  layer,  and  slower 
than  the  time  scales  for  the  turbulent  fluctuations. 


From  the  strain  S  it  is  possible  to  define  a  Reynolds 
number 


Res 


Up 


(2.5) 


which  is  the  natural  numerical  parameter  of  the  sim¬ 
ulation. 


It  remains  to  analyse  the  wall  region,  in  which  con¬ 
vection  effects  are  usually  neglected,  and  where  u  = 
0{ut)  and  y  =  0{r'/ur)-  The  momentum  equation  in 
this  zone  can  be  approximated  by 


du  _  2 

dy 


(2.6) 


and  the  neglected  terms  are  0{yudu/dx).  It  follows 
from  the  previous  estimates  that,  even  if  we  keep  in 
this  zone  the  assumption  that  the  mean  flow  satisfies 
self  similarity  in  terms  of  outer  variables,  the  convec¬ 
tion  terms  in  (2.6)  are  0(fu^/Re^),  and  can  be  ne¬ 
glected  safely.  Finally,  it  can  be  shown  that  the  errors 
introduced  by  the  similarity  assumption  in  the  conti¬ 
nuity  equation  result  in  velocity  errors  which  are  0{e'^) 
in  the  outer  region,  and  negligible  near  the  wall. 

It  was  noted  in  [14]  that  this  mean  flow  analysis  does 
not  guarantee  that  the  turbulent  eddies  are  well  rep¬ 
resented.  This  can  only  be  expected  in  the  wall  re¬ 
gion,  for  which  it  was  shown  in  the  discussion  lead¬ 
ing  to  equation  (1.2)  that  the  turbulent  time  scales 
are  much  shorter  than  the  evolution  time  5~b  In 
the  outer  flow  both  scales  are  of  the  same  order,  and 
the  self  similarity  assumption  can  only  be  qualitative. 
Spalart’s  analysis  in  [14]  is  similar  to  ours,  but  he 
carries  his  analysis  of  the  mean  flow  to  O(e^)  while 
ours  is  only  true  to  0(e).  In  view  of  the  uncertainty 
in  the  modelling  of  the  outer  turbulent  eddies,  and 
since  the  goal  of  our  calculation  is  to  determine  the 
relaminarisation  Reynolds  number,  which  in  a  devel¬ 
oping  boundary  layer  can  only  be  related  to  bypass 


Table  1.  Geometric  parameters  of  the  principal  nu¬ 
merical  experiments.  All  runs  used  97  modes  in  the 
y  direction.  For  (x,  z),  the  cases  in  the  upper  block 
used  (24  X  24)  modes,  after  dealiasing.  Those  in  the 
lower  block  (32  x  43).  The  lowest  line  (32  x  85).  The 
upper  line  decayed  to  laminar,  and  table  entries  are 
based  on  laminar  values. 


transition  within  0(e),  we  do  not  feel  that  the  extra 
accuracy  is  necessary.  The  computer  times  needed  for 
our  model  are  considerable  shorter  than  those  in  [14], 
and  the  whole  computation  can  be  carried  in  a  large 
workstation. 

3.  NUMERICAL  RESULTS 

Table  1  contains  a  summary  of  the  numerical  experi¬ 
ments  discussed  in  this  paper.  Each  of  them  is  char¬ 
acterised  by  a  strain  parameter,  S,  which  controls 
the  forcing  velocity  and  the  boundary  layer  thickness. 
Other  inputs  are  the  viscosity,  and  the  size  of  the  com¬ 
putational  box.  The  top  boundary  condition  is  im¬ 
posed  at  y  =  1,  and  the  velocity  at  infinity  is  f/o  =  1. 
These  choices  fix  the  strain  Reynolds  number  Res, 
while  the  rest  of  the  parameters  are  measured  from  the 
solution.  The  statistics  of  the  low  resolution  cases  are 
accumulated  at  least  over  dimensionless  times  of  200, 
or  until  they  remain  stationary  within  1-2%.  Those  of 
the  higher  resolution  cases  are  only  good  within  5%. 
The  values  for  L+  and  Lf  characterise  the  box  size  in 
terms  of  the  inner  structure,  while  1/6  relates  the  size 
of  the  largest  eddies  to  the  computational  domain. 

Three  typical  wall  shear  histories  are  shown  in  figure 
3.  In  those  cases  in  which  turbulent  flow  can  be  main¬ 
tained,  the  wall  shear  remains  statistically  stationary 
over  long  times,  oscillating  randomly  on  a  time  scale 
which  will  be  discussed  in  the  next  section.  In  the 
cases  which  decay  spontaneously,  the  decay  is  fast, 
on  a  time  scale  comparable  to  a  single  oscillation  of 
the  turbulent  histories.  The  friction  coefficients  for 
different  values  of  the  numerical  Reynolds  number  are 
given  in  figure  4.  The  threshold  between  turbulent  and 
laminar  ranges  is  sharp,  with  no  intermediate  “tran¬ 
sitional”  cases  to  connect  the  turbulent  and  laminar 
branches  of  the  solution,  in  general  agreement  with 
the  subcritical  scenario  outlined  in  the  discussion  of 
figure  1. 
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Figure  3.  Time  evolution  of  instantaneous  wall  shear 
averaged  over  the  computational  box.  Long  traces: 
Res  =  364;  box  length  for  solid  trace:  L+  =  295; 
dashed:  L+  =  586.  Lower  short  trace,  laminarising 
flow  at  Res  =  274.  Time  is  normalised  with  time- 
averaged  wall  shear  T*"  =  tdu/dy\v,M- 


Figure  4.  Friction  coefficient  of  numerical  fields  versus 
Res-  Solid  symbols  are  low  resolution  cases.  Open 
symbols,  high  resolution.  Solid  line  is  laminar  solution 
of  equation  (2.2). 


The  turbulent  flow  fields  usually  contain  two  or  three 
low  speed  streaks  at  the  wall,  extending  vertically  for 
about  half  the  boundary  layer  thickness.  The  outer 
flow  is  dominated  by  large  horseshoe  vortices,  while 
the  inner  layer  contains  unsymmetrical  or  incomplete 
horseshoes,  which  seem  to  be  related  to  the  formation 
of  the  low  velocity  streaks  [20,  fig.  1].  All  this  is 
in  general  agreement  with  previous  experimental  and 
numerical  evidence. 

The  bulk  quantities  of  our  numerical  experiments  are 


Figure  5.  Boundary  layer  characteristics  versus  Reg. 
Top:  friction  coefficient,  Bottom:  form  factor  5* /d. 
Dashed  lines  are  transition  development  experiments, 
as  in  figure  2.  Open  triangles:  experimental  values 

[17] .  Diamonds:  resonant  experiments  [18].  Solid  line: 
Coles  [19]  experimental  correlation.  Closed  triangles: 
numerical  simulation  [14].  Squares:  present  simula¬ 
tion,  as  in  figure  4. 

plotted  in  figure  5,  together  with  values  from  exper¬ 
imental  boundary  layers,  and  with  a  few  numerical 
results  from  [14].  The  skin  friction  of  the  numerical 
fields  is  slightly  higher  than  the  experiments,  while  the 
form  factors  are  a  little  low,  but  the  disagreement  is 
comparable  to  the  experimental  scatter,  and  is  in  any 
case  within  the  expected  errors  of  0{ur /Ua). 

The  largest  discrepancies  occur  at  the  lowest  Reynolds 
numbers.  Except  for  the  experimental  values  from 

[18] ,  which  will  be  discussed  later,  our  turbulent  fields 
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Figure  6.  Boundary  layer  profiles  from  the  high  res¬ 
olution  simulations,  expressed  in  wall  variables.  Top: 
mean  velocity.  Bottom;  turbulent  intensities;  solid 
lines:  u';  dashed:  u';  dotted:  w'.  Reg  =  208,  295,  899, 
in  order  of  increasing  intensity. 

survive  at  Reynolds  numbers  lower  than  those  ob¬ 
served  in  experiments,  and  they  do  so  while  following 
the  turbulent  correlation  obtained  from  higher  Reynolds 
numbers.  This  is  confirmed  by  the  profiles  in  figure 
6,  which  show  that  the  law  of  the  wall  is  well  satis¬ 
fied  by  our  results  for  Reg  >  300,  and  still  holds  ap¬ 
proximately  at  our  lowest  turbulent  Reynolds  number 
Reg  —  208.  The  peak  location  and  approximate  in¬ 
tensity  of  the  fluctuation  profiles  agree  with  previous 
computations  [11,14],  but  extend  to  lower  Reynolds 
numbers. 

Our  results  suggest  a  relaminarisation  Reg  ss  200, 
while  the  most  often  quoted  lower  limit  for  sustained 


turbulence  in  a  boundary  layer  is  Reg  =  320  [21].  It 
was  noted  by  Spalart  [14]  that  this  latter  estimate 
is  doubtful,  since  Preston  refers  to  “fully  turbulent” 
flows,  which  are  those  satisfying  the  logarithmic  law, 
and  his  limit  is  bound  to  be  higher  than  that  for  self 
sustained  turbulence.  Spalart  presented  a  turbulent 
profile  at  Reg  =  300  which  does  not  exhibit  a  loga¬ 
rithmic  region  and  which  would  thus  not  be  considered 
turbulent  by  Preston,  and  he  quotes  self  sustained  tur¬ 
bulence  at  Reg  —  225,  but  shows  no  data.  From  fig¬ 
ure  6a,  our  first  “fully  developed”  simulation  would  be 
Reg  =  302.  All  these  observation  are  in  rough  agree¬ 
ment  with  a  minimum  sustainable  Reg  of  about  200, 
with  classical  velocity  distributions  appearing  above 
300. 

3.1  Intermittency 

Most  previous  experiments  below  Reg  ^  400  have 
friction  coefficients  lower  than  those  corresponding  to 
the  fully  turbulent  correlation,  as  well  as  form  factors 
closer  to  the  laminar  ones.  Since  all  low  Reynolds 
number  experiments  are  tripped,  it  is  easy  to  under¬ 
stand  how  this  could  be  an  effect  of  the  trip,  or  of 
the  incomplete  development  of  a  transitional  bound¬ 
ary  layer  (see  the  two  transition  curves  in  figure  5). 
References  [19,17]  carefully  avoid  this  problem  by  us¬ 
ing  only  measurements  beyond  the  stage  at  which  the 
profiles  become  independent  of  the  tripping  details. 
They  are  the  ones  closer  to  the  fully  turbulent  correla¬ 
tion  curves,  but  are  restricted  to  Reg  >  400.  Spalart’s 
lowest  Reynolds  number  {Reg  =  300)  falls  below  the 
turbulent  cj,  even  if  his  simulation,  like  ours,  is  spa¬ 
tially  periodic  and  unlikely  to  show  effects  of  insuf¬ 
ficient  development.  Our  results  follow  the  extrapo¬ 
lated  turbulent  correlations  up  to  the  limit  of  relami¬ 
narisation. 

Transitional  effects  are  also  seen  in  the  swept  attach¬ 
ment  line  boundary  layer,  a  parallel  flow  for  which  no 
development  effects  are  expected,  at  Reynolds  num¬ 
bers  below  Reg  «  300,  well  above  its  relaminarisation 
limit  of  Reg  «  200  [3].  That  flow  and  the  flat  plate 
boundary  layer  are  closely  related,  as  can  be  seen  from 
equation  (2.2).  In  the  attachment  line  the  main  ef¬ 
fect  is  a  strain  normal  to  the  mean  velocity,  which 
can  be  modelled  by  a  normal  velocity  v  =  —Sy,  sim¬ 
ilar  to  the  artificial  term  introduced  in  (2.2)  by  the 
spatial  growth.  Continuity,  however,  induces  a  trans¬ 
verse  straining  velocity  w  —  Sz,  whose  effect  on  the 
large  scale  structures  of  the  outer  region  is  not  neg¬ 
ligible.  Experimentally,  the  integral  characteristics  of 
both  flows  differ  by  only  20%,  and  their  relaminarisa¬ 
tion  Reynolds  numbers  appear  to  be  identical. 

A  similar  transitional  effect  on  the  friction  coefficient 
occurs  in  circular  pipes,  for  which  the  experimental 
curves  diverge  from  the  turbulent  law  for  Reynolds 
numbers  below  3500,  even  if  turbulence  can  be  main¬ 
tained  above  Re  «  2000  [1,  pg.  562]. 

In  all  these  flows,  large  scale  intermittency  is  known 
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to  occur  in  various  forms  for  Reynolds  numbers  below 
1.5-2  times  that  of  relaminarisation.  The  paradigm 
is  forced  transition  in  a  circular  pipe.  At  Re  tv  2200, 
the  pipe  becomes  unstable  to  large  perturbations,  and 
tripping  leads  to  the  appearance  of  turbulent  puffs, 
which  reach  a  definite  length  of  about  20  pipe  diam¬ 
eters,  and  propagate  downstream  without  change  of 
shape  or  intensity  [22].  Above  Re  tv  2300  puffs  grow 
with  downstream  distance  and  ultimately  merge  into 
larger  structures  (slugs)  which  at  somewhat  higher 
Reynolds  number  become  the  building  blocks  of  fully 
turbulent  flow  [5].  Individual  slugs  can  be  observed, 
depending  on  the  initial  perturbation,  for  Re  <  3200, 
close  to  the  end  of  the  transition  range  for  the  friction 
factor. 

Similar  phenomena  have  been  observed  in  the  attach¬ 
ment  line  boundary  layer  [3],  in  two  dimensional  chan¬ 
nels  [23],  and  in  tripped  boundary  layers  [24].  It  is 
tempting  to  attribute  at  least  part  of  the  decrease  in 
the  friction  coefficient,  compared  to  its  fully  turbulent 
value,  to  the  existence  of  occasional  laminar  regions  in 
experimental  boundary  layers  at  low  Reynolds  num¬ 
bers,  and  to  attribute  the  lack  of  transitional  effects 
in  our  simulations  to  the  small  size  of  our  computa¬ 
tional  box.  The  length  scale  of  most  of  the  transitional 
structures  mentioned  above  is  large  with  respect  to  the 
boundary  layer  thickness,  at  least  106,  and  cannot  be 
contained  in  our  computational  domain.  In  effect  our 
turbulent  flow  triggers  itself  continuously,  through  the 
effect  of  the  periodic  boundary  conditions,  and  inter- 
mittency  is  impossible.  In  contrast,  Spalart’s  simula¬ 
tions,  with  computational  boxes  five  times  longer  than 
ours,  could  show  some  intermittent  effects  at  the  lower 
Reynolds  numbers.  Such  boxes  are  outside  our  com¬ 
puter  capabilities,  but  a  single  experiment  with  a  box 
twice  as  long  as  usual,  at  Reg  =  300,  produced  a  de¬ 
crease  in  the  friction  coefficient  of  about  3%,  which  is 
statistically  significant  but  too  small  for  definite  con¬ 
clusions. 

Bandyopadhyay  [18],  reported  an  interesting  exper¬ 
iment  in  which  he  was  able  to  sustain  a  turbulent 
boundary  layer  over  a  transversely  grooved  surface 
which  was  hydraulically  smooth,  but  which  behaved 
as  rough  on  account  of  a  resonant  interaction  with 
the  viscous  sublayer.  He  could  maintain  a  fully  tur¬ 
bulent  flow  at  Reg  =  285  whose  bulk  characteristics 
showed  few  transitional  effects.  His  data  are  included 
as  open  diamonds  in  figure  5,  and  agree  with  our  com¬ 
putations  better  than  any  of  the  others.  Since  part  of 
the  effect  of  his  grooved  surface  is  to  constantly  ex¬ 
cite  the  layer,  and  thus  to  decrease  intermittency,  the 
agreement  supports  the  idea  that  at  least  part  of  the 
discrepancy  with  other  data  is  due  to  intermittent  ef¬ 
fects. 

4.  LAMINARISATION  AND  TRANSITION 
LENGTHS 

The  instantaneous  skin  friction,  averaged  over  the  whole 
computational  box,  shows  a  quasi-periodic  variation 


a 


Figure  7.  Average  blooming  period  for  several  Reg, 
versus  the  hysteresis  parameter,  a,  of  the  detection 
algorithm.  See  text  for  the  detection  method  and  for 
the  normalisation  of  the  data.  Q-  =  247,  A:  299, 
O:  365,  •:  502. 


that  was  already  identified  and  studied  in  [15]  for  the 
plane  channel.  In  experimental  flows,  or  in  large  com¬ 
putational  boxes,  this  “blooming”  cycle  is  not  appar¬ 
ent  because  different  points  of  the  wall  bloom  at  dif¬ 
ferent  moments  and  their  contributions  cancel  out.  In 
small  systems,  like  those  in  the  previously  cited  pa¬ 
per  or  the  ones  used  here,  only  one  or  a  few  areas  are 
active  at  each  moment,  and  their  high  skin  friction  is 
seen  in  the  average. 

The  length  of  these  bursts  of  activity  is  an  indication 
of  the  internal  time  scales  of  the  boundary  layer.  Sev¬ 
eral  skin  friction  histories  are  shown  in  figure  3.  In 
general,  these  histories  are  always  too  short  to  mea¬ 
sure  the  blooming  frequency  by  standard  spectral  means, 
and  only  approximate  values  can  be  estimated.  We 
have  used  a  zero  crossing  counting  technique  with  hys¬ 
teresis,  in  which  two  thresholds  are  defined  for  the  wall 
shear  Q  =  9u/dy\via\lj  in  terms  of  its  temporal  average 
Q  and  of  its  standard  deviation  cr.  A  zero  crossing  is 
defined  whenever  fl  crosses  upwards  the  upper  thresh¬ 
old  Q  +  aa  immediately  after  crossing  downwards  the 
lower  threshold  fi  —  a<7.  The  variation  of  the  mean 
interval  between  crossings  for  several  Reynolds  num¬ 
bers,  as  a  function  of  the  hysteresis  parameter  a,  is 
shown  in  figure  7.  It  is  normalised  in  wall  variables 
with  the  mean  wall  shear  fl.  Other  normalisation  were 
tried  and  found  marginally  less  successful.  The  cycle 
length  Qt  v  800,  is  comparable  to  the  one  identified 
in  [15]. 

A  history  from  a  case  just  below  the  minimum  Reynolds 
number  for  sustained  turbulence  is  also  included  in 
Fig.  3.  The  flow  decays  to  laminar,  but  a  trace  of  the 
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blooming  cycle  can  be  found  in  the  form  of  a  slight 
waviness  of  the  decay.  More  interestingly,  the  time 
scale  of  the  decay  is  comparable  to  that  of  the  turbu¬ 
lent  cycle.  It  was  shown  in  [15]  that  the  cycle  can  be 
understood  as  the  effect  of  a  short  triggering  event  fol¬ 
lowed  by  a  more  or  less  viscous  decay.  At  low  enough 
Reynolds  numbers  the  trigger  cannot  overcome  the  ef¬ 
fect  of  the  decay,  and  the  flow  laminarises.  According 
to  that  model  the  laminarising  rate  should  be  approx¬ 
imately  similar  to  the  decay  rate  of  the  blooming  cy¬ 
cle,  and  the  overall  time  scales  should  be  comparable. 
The  comparison  of  the  two  time  histories  in  Fig.  3  is 
consistent  with  that  view. 

An  interesting  question  is  whether  the  length  of  the 
computational  box  influences  the  length  of  the  bloom¬ 
ing  cycle.  Two  time  histories  for  boxes  whose  lengths 
differ  by  a  factor  of  two,  are  included  in  Fig.  3.  The 
detection  algorithm  gives  crossing  periods  which  are 
about  40%  longer  for  the  long  box  than  for  the  short 
one.  The  inspection  of  the  histories  suggests  that  this 
is  not  due  to  intrinsically  longer  cycles,  some  of  which 
are  almost  coincident  for  the  two  boxes.  The  main 
effect  seems  to  be  that  some  minor  cycles  are  missing 
in  the  long  box,  probably  due  to  the  statistical  can¬ 
cellation  of  their  effects  over  the  larger  averaging  area 
of  the  bigger  box. 

These  considerations  can  be  used  to  estimate  how  long 
a  laminarising  device  (e.g.  suction  or  acceleration) 
must  be  made  to  act  on  a  boundary  layer  to  damp 
the  initial  turbulence  completely.  The  suggestion  is 
that  the  total  time  that  the  device  acts  on  a  distur¬ 
bance  should  be  at  least  f2  At  «  800“^.  Assuming 
a  convection  velocity  Uc  ~  0.5t/o  for  the  important 
perturbations,  and  using  values  from  table  1,  the  re- 
laminarising  length  becomes  x/d  sa  300  —  400.  We 
have  not  been  able  to  find  experimental  data  for  this 
quantity. 

4.2  The  bypass  Reynolds  number 
We  can  now  return  to  the  original  subject  of  this 
investigation,  which  was  to  compute  the  minimum 
Reynolds  number  at  which  a  laminar  boundary  layer 
can  be  tripped  into  transition.  The  conceptual  model 
is  that  the  flow  can  be  tripped  if,  after  transition,  the 
resulting  Reg  is  within  the  existence  range  of  the  tur¬ 
bulent  solution.  During  the  transition  process  the  mo¬ 
mentum  equation  (1.1)  applies,  and  since  the  friction 
coefficient  cannot  become  negative  without  inducing 
separation,  Reg  cannot  decrease.  It  follows  that  the 
minimum  Rejmolds  number  for  which  bypass  transi¬ 
tion  can  be  induced  coincides  with  the  relaminarisa- 
tion  Reynolds  number,  Reg  ftf  200,  and  applies  to  per¬ 
turbations  which  are  large  enough  to  carry  the  layer 
immediately  to  its  turbulent  state.  Using  the  lami¬ 
nar  relations  for  the  Blasius  profile,  it  corresponds  to 
Rcx  «  9  X  10'^.  Both  values  agree  approximately  with 
the  onset  of  transition  in  the  most  strongly  perturbed 
case  of  figures  2  and  5,  and  suggest  that  this  case  cor¬ 
responds  to  the  transition  threshold  for  “infinitely” 


strong  perturbations.  That  threshold  also  agrees  ap¬ 
proximately  with  the  minimum  Reynolds  number  for 
roughness  induced  transition,  Reg  =  230,  suggested 
by  the  results  collected  in  [1,  pg.  510]. 

5.  CONCLUSIONS 

In  summary,  we  have  developed  a  simple  scheme  for 
the  direct  numerical  simulation  of  the  flat  plate  tur¬ 
bulent  boundary  layer  on  a  periodic  box,  and  we  have 
used  it  to  compute  the  relaminarisation  threshold  for 
that  flow. 

Our  computations  give  a  relaminarisation  Reynolds 
number  which  is  consistent  with  available  experimen¬ 
tal  estimates  for  the  minimum  Reg  for  bypass  transi¬ 
tion.  Above  that  threshold,  our  flows  show  no  tran¬ 
sitional  effects  and  remain  fully  turbulent.  This  is  at 
variance  with  experimental  results  at  very  low  Reynolds 
numbers,  and  we  suggest  that  the  difference  might 
be  connected  to  large  scale  intermittency  effects  that 
cannot  be  modelled  within  our  small  computational 
boxes.  The  agreement  of  our  results  with  those  of 
experiments  on  continuously  forced  boundary  layers, 
which  are  expected  to  be  relatively  free  from  intermit¬ 
tency,  supports  that  conclusion. 

We  have  identified  the  time  scale  for  turbulence  growth 
and  decay  within  the  layer  and  we  have  related  it  to 
the  minimum  length  over  which  relaminarisation  de¬ 
vices  should  act  to  damp  turbulence  (~  20^). 
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1.  Introduction. 

Combustion  theory  is  an  applied  science  which  is  syntheses  of  several 
fundamental  theories  such  as  chemistry,  heat  and  mass  transfer  theory,  hydrodynamics, 
turbulence  etc.  Now  the  knowledge  of  these  theories  is  adequate  to  make  calculations 
for  practical  purposes.  However  some  difficulties  still  remain  unresolved.  The  most 
important  one  is  associated  with  the  steep  dependence  of  chemistry  on  temperature.  As 
a  result  chemistry  is  confined  to  very  thin  zones  (flamelets).  Hence  very  large  memory 
and  speed  of  computers  are  needed  to  resolve  flamelets  in  DNS.  This  difficulty  is 
aggravated  by  the  large  number  of  intermediate  species. 

The  use  of  turbulence  closures  does  not  help  since  one  has  to  assume  that  eddy 
diffusivities  of  reacting  species  and  their  pdfs  (which  are  needed  to  average  chemistry 
rates)  are  the  same  as  that  of  conserved  scalar.  There  are  several  examples  indicating 
that  these  assumptions  may  lead  to  significant  errors  [1].  Therefore  there  is  a  need  to 
develop  some  new  approach. 

2.  Flamelet  model  for  turbulent  unpremixed  flames. 

As  was  shown  in  [1-5]  the  flamelet  conception  leads  to  drastic  simplification  of 
fluid  dynamics  equations.  It  will  be  considered  here  for  unpremixed  combustion.  In  this 
case  the  highest  temperature  and  the  highest  chemistry  rate  are  observed  on  the 
stoichiometric  surface 

St  •  Cf  -  c„  -t- 1  1 

z  = - ^ - - - — - =  z 

1  +  St  i  +  st  ' 


where  z  is  mixture  fraction,  Cf  and  Cq  are  mass  fractions  of  fuel  and  oxidant  and  St  is 
stoichiometric  ratio.  Quantity  z  would  be  equal  to  fuel  concentration,  if  combustion 
were  absent.  It  is  calculated  from  the  equation 


dz 

P^  +  PUk 
CA 


dz 

fx, 


VDpVz 


(1) 


Consider  now  heat  and  mass  transfer  equations 
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where  Ca  is  enthalpy  or  species  mass  fraction  and  pW^  is  the  chemical  source  terms. 
Let  us  choose  some  frame  moving  with  a  velocity  of  some  point  located  at  the  surface 
z=Zs.  This  velocity  is  equal  to 


dz  dz  h  &  ^ 
di  8\^  j  1<9X|,  j 


(3) 


(4) 


The  last  term  in  Eq.(4)  has  the  Kolmogorov  scaling.  Hence  each  surface  z^const 
moves  relatively  to  the  media  with  the  Kolmogorov  velocity  Vi,.  Hence  in  a  moving 
frame  the  velocity  within  a  flamelet  would  be  an  order  of  v^  Thus  the  left  hand  side  of 
Eq.(2)  is  an  order  of  PsCa*^*Vk/5  where  5  is  the  flamelet  thickness  and  subscript  s 
denotes  stoichiometric  surface.  On  the  other  hand  the  first  term  on  the  right  hand  side 
of  Eq.(2)  is  an  order  of  DpsC„/6  .  Comparing  both  estimates  one  can  conclude  that  the 
left  hand  side  of  Eq.(2)  can  be  neglected  if  5«q  where  r|  is  the  Kolmogorov  scale. 

Since  flamelets  are  thin  one  can  neglect  also  variations  of  Dp  and  derivatives  in 
the  directions  tangent  to  surface  z^z^.  Therefore  Eq.(2)  is  simplified  as 

D^  +  W„=0  (5) 

dz 


where  n  is  distance  along  the  direction  of  normal  to  surface  z=Zs.  It  is  convenient  to 
use  z  as  an  independent  variable  instead  of  n.  Since  dz/dn  is  almost  constant  within  a 
flamelet  one  has  final  equation 


d"c 

N — f +  W  =0 

dz- 


(6) 


2  ♦ 

where  N=DVz  is  scalar  dissipation. 

Consider  now  the  case  5»q  using  ideas  of  LES.  All  quantities  should  be 
averaged  over  distance  which  is  somewhat  less  than  5  and  subgrid  diffusivity  should  be 


introduced.  The  derivation  of  Eq.(6)  would  be  the  same.  The  final  result  remains 
unchanged  since  a  diflfusivity  is  not  present  explicitly  in  Eq(6).  There  is  but  one 
difference;  the  scalar  dissipation  averaged  over  a  flamelet  should  appear  instead  of  true 
scalar  dissipation.  This  difference  plays  a  minor  role  since  it  was  proved  in  [Ij  that  the 
source  term  in  all  combustion  systems  is  of  such  kind  that  solutions  of  Eq.(6)  depended 
weakly  on  N. 

Now  boundary  conditions  should  be  formulated.  This  problem  was  analyzed  in 
[6].  It  was  found  that  solutions  are  weakly  dependent  on  N  due  to  the  small  thickness 
of  flamelets  in  z-space.  Therefore  boundary  conditions  can  be  posed  at  z-l  (pure  fuel) 
and  z=0  (pure  oxidizer). 


3.  Scalar  pdf 

Since  the  flamelet  model  was  tested  using  turbulence  closure  there  was  a  need 
to  have  the  joint  pdf  of  z  and  N.  Theory  [7]  (see  also  [1])  was  used  for  this  purpose.  It 
was  based  on  assumption  about  independence  of  large-scale  fluctuations  (which  affect 
the  scalar  field  z)  and  small-scale  fluctuations  (which  affect  the  field  of  scalar 
dissipation).  This  assumption  inevitably  led  to  intermittency  since  meaningful  solution 
of  the  pdf  equation  had  the  following  form 

P(z)  =  (l-y)5(z)  +  YPj(z) 


where  y  is  intermittency  factor  and  Pt  denotes  conditional  pdf  within  a  turbulent  fluid 
where  scalar  fluctuations  are  observed. 

Calculations  were  based  on  two  particular  solutions  of  the  pdf  equation.  The 
first  one  was  valid  in  the  regions  of  negligible  intermittency  (y«l),  where  almost 
Gaussian  pdf  was  obtained.  The  second  one  was  valid  in  the  intermittent  region  (y«  1) 
It  was  expressed  through  the  Airy  function 


p(z)Pj(z)  = 


1.404  J.788Z 

__Ai(— - 
z,  z, 


2.338)p(Zj) 


(7) 


where  subscript  t  denotes  conditional  averaging  over  a  turbulent  fluid  (z,  =  z/y ). 

There  is  one  adjustable  parameter  in  Eq.(7).  Hence  all  the  non-dimensional 
moments  such  as  at/z,  are  some  constants.  Here  a,  =  .  They  were  found 

through  the  solution  of  eigen  value  problem  for  the  pdf  equation  without  any  empirical 
information.  In  particular  one  has  =0.555...  which  is  in  close  agreement  with 
numerous  experimental  data  (see  a  review  in  [1]).  These  data  indicate  also  that  Gt/zi  is 


almost  constant  through  the  whole  intermittent  region.  Therefore  very  simple 
approximation  of  the  pdf  and  intermittency  factor  can  be  found.  One  has 

=z"(1  +  gVz“)  =  Yz"  =y"'z'-(l  +  o"/z^) 


or 

y  =  (l  +  CT;7zf)/(l  +  ^Vz')  (8) 

Suppose  now  that  o  and'z  are  calculated.  Since  the  nominator  in  Eq.(8)  is 
known  then  y  can  be  calculated  also.  One  has  y>l  if  o<0.555  z .  Therefore  Eq.(8)  is 
valid  only  if  a>0.555z  and  the  boundary  between  intermittent  and  non-intermittent 
regions  can  be  defined  using  the  relation  o=0.555z .  If  o<0,555z  the  Gaussian  pdf 
should  be  assumed.  Otherwise  Eq.(7)  should  be  used. 

All  assumptions  of  the  theory  as  well  as  its  predictions  were  verified 
experimentally  (see  [1]  for  more  details). 

Quantities  z ,  a,  N  were  calculated  using  turbulence  closure  based  on 
equations  for  turbulence  energy,  eddy  viscosity  and  a  (see  [1]  for  more  details). 

Since  solutions  of  Eq.(6)  depend  weakly  on  N,  the  scalar  dissipation 
fluctuations  were  neglected,  i.e.  it  was  assumed  that  N=N,  in  Eq.(6). 


4.  Some  tests  of  the  flamelet  model. 

These  tests  were  performed  in  laboratory  jet  diffusion  flames.  The  first  one  was 
calculation  of  hydrocarbon  concentration.  Since  many  hydrocarbons  are  observed  in 
flames  (which  is  due  to  pyrolisis)  quantity  Cf  in  CsHg  flame  was  calculated  according 
to  the  rule 


Cj- 


I 

i 


12 

- c, 

12  +  n,  ‘ 


where  Cj  is  concentration  of  i-th  hydrocarbon  and  nj  is  its  El/C  atoms  ratio.  Quantity  Cy 
would  be  the  initial  fuel  concentration  in  the  absence  of  pyrolisis.  There  are  some 
indirect  evidences  based  on  laminar  premixed  flame  calculations  [8]  indicating  that  the 
rate  of  conversion  of  hydrocarbons  to  CO  is  much  more  than  the  rate  of  CO  oxidation. 
So  fast  chemistry  assumption  was  used  to  calculate  Cf  (Cf  =0  if  z<Zs,  Cf  =(l-z)/(l-  Zg)  if 
z>  Zs).  Results  are  shown  in  Fig.  1 . 
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Figure  1.  Quantity  Cf  in  propane  turbulent  diffusion  flames  from  [1] 

I-  d=3mm,  Uo=19.8m/s  1)  x/d=40,  2)  x/d=80,  3)  x/d=120,  4)  x/d=160, 

5)  x/d=200,6)  x/d=240;  II-  d=6mm,  Uo=10.7m/s  7)  x/d=40,  8)  x/d=80,  9) 
x/d=I20,  10)  x/d=160;  III-  d=3mm  11)  uo=19.8m/s,  12)  Uo=14.2m/s,  13) 
Uo=28.2m/s;IV-  d=6mm  14)  Uo  =7.3m/s,  15)  Uo=10.7m/s  16)  Uo=14.9m/s. 
Symbols  1-10  correspond  to  radial  profiles.  Symbols  11-16  correspond  to  axial 
profiles.  Solid  line  denotes  calculations. 

It  is  seen  in  Fig.  1  that  results  depend  neither  on  jet  diameter  nor  on  its  velocity 
uq.  Hence  the  fast  chemistry  assumption  is  valid  here.  Therefore  this  was  the  test  of  the 
pdf  model.  Note  that  the  far  tails  of  the  pdf  are  quite  essential.  For  example  the  lowest 
calculated  value  of  Cf^t  in  Fig.  1  would  be  an  order  of  magnitude  less  if  Gaussian  pdf  was 
used.  Some  other  tests  are  shown  in  Figs. 2-4. 
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Figure  4.  Conditionally  averaged  flame  temperature  in  H2-Ar-air  system  from  data 
[10],  Condition  is  z=Zs.  d=5,2mm,  uo=75-175m/s,  Uair=9.2m/s,  Ncr=83s  is  the 
value  of  N  at  flame  extinction. 


5.  NOx  formation. 

Calculations  of  NO^  in  C3H8  and  H2  flames  were  based  on  the  Zeldovich 
mechanism  using  partial  equilibrium  assumption  (two-body  reactions  were 
equilibrated).  Flame  radiation  (which  is  quite  important  in  laboratory  flames)  and 
buoyancy  were  taken  into  account  (see  [1]  for  more  details).  Results  are  shown  in 
Fig.  5  where  No^  is  maximum  mass  fraction  of  NO  at  the  flame  axis  and  T=d/  uq.  It  was 
found  that  when  the  scalar  dissipation  (or  mixing  rate)  was  increased  then  drop  of 
flame  temperature  was  accompanied  by  big  rise  of  atomic  oxygen  concentration.  The 
influence  of  both  factors  was  almost  counterbalanced  due  to  the  particular  value  of 
activation  energy  of  reaction 
N2  +  O  =  NO  +  N. 
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Figure  5.  Maximum  concentration  of  NO  at  the  flame  axis.  1-  [1],  H2-air  flame;  2- 
[11],  H2-air  flame;  3-  [12],  H2-air  flame;  4-  [1],  C3H8-air  flame.  Solid  lines  denote 
calculations  based  on  Eq.(6).  Dotted  lines  denote  calculations  for  adiabatic  flames 
(where  all  species  except  NO  are  equilibrated). 


Therefore  the  variation  of  N  was  relatively  unimportant.  The  mixture  fraction 
fluctuations  were  unimportant  completely  since  the  main  NO,;  production  occurred  in 
the  vicinity  of  the  surface  z=Zs. 

Therefore  quite  simple  method  was  developed  for  calculation  of  NO.,,  pollution 
for  industrial  combustors.  For  this  purpose  N  was  assumed  to  be  some  constant 
(depending  only  on  the  combustor  geometry)  divided  by  the  residence  time.  It  was 
used  for  15  aviation  gas  turbine  combustors.  Empirical  constant  for  each  combustor 
was  fitted  using  NO^  emission  data  obtained  at  four  regimes  (from  idle  to  take-off).  Its 
variation  from  one  combustor  to  another  was  not  very  large  (no  more  thhn  two  times). 
Results  are  shown  in  Fig.6  where  experimental  NO,;  emission  index  EINO^  is  plotted 
vs.  calculated  one. 
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Figure  6.  NOx  emission  index  in  gas  turbine  combustors. 


6.  Conclusion. 

The  data  presented  in  Secs.4  and  5  indicate  that  the  flamelet  model  provides 
adequate  description  of  turbulent  unpremixed  combustion.  Therefore  big  simplification 
of  the  problem  is  obtained  since  Eq.(6)  can  be  solved  before  the  start  of 
hydrodynamical  calculations  and  there  is  no  need  to  perform  simultaneous 
hydrodynamical  and  chemical  calculations.  If  turbulence  closure  is  used  then  all  the 
difficulties  associated  with  the  need  to  model  reacting  scalar  pdf  s  and  eddy 
diffusivities  of  reacting  species  can  be  avoided. 
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Summary 

Recent  advances  in  computer  power  have 
made  it  feasible  to  carry  out  Direct  Nu¬ 
merical  Simulation  (DNS)  of  fundamen¬ 
tal  test  problems  in  turbulent  combustion. 
Nevertheless  the  requirements  in  terms  of 
numerical  grid  resolution  remain  very  se¬ 
vere  and  engineering  computations  will  re¬ 
main  beyond  the  reach  of  DNS  for  some 
time  to  come.  Thus  there  is  an  undi¬ 
minished  role  for  statistical  modelling  us¬ 
ing  traditional  moment-closure  techniques 
and  DNS  can  be  used  to  provide  funda¬ 
mental  data  in  support  of  such  modelling. 
The  present  paper  describes  a  specific  ex¬ 
ample  of  the  use  of  DNS  results  to  improve 
the  quality  of  a  well-established  model  of 
premixed  turbulent  combustion.  A  brief 
outline  of  the  model  formulation  is  given, 
followed  by  a  short  description  of  the  DNS 
and  post-processing  techniques  employed. 
Some  results  of  immediate  utility  are  pre¬ 
sented  in  order  to  illustrate  the  usefulness 
of  the  approach,  and  the  parameterisation 
of  some  further  data  is  discussed  in  de¬ 
tail.  The  significance  of  the  main  improve¬ 
ments  to  the  modelling  is  indicated  and 
some  remaining  limitations  are  discussed. 
The  prospects  for  future  model  refinement 
by  improved  DNS  are  examined  and  found 
to  be  excellent. 


List  of  symbols 

Roman 

at  Tangential  strain  rate 

Cu  Constant,  eqn.(12) 

Cr  Constant,  eqn.(lO) 

c  Reaction  progress  variable 

c*  Chosen  value  of  c 

g  Constant,  eqn.(3) 

hm  Mean  curvature  of  flamelet 

Jo  Strain  and  curvature  correction 

kt  Strain  rate  function 

Ly  Length  scale  of  flamelet  wrinkling 
A  Local  flame  normal  vector 

P  Probabihty  density  function 

Pii  Autocorrelation  on  flame  surface 
p  exponent  of  e 

R  Radial  autocorrelation  offset 

Sij  Strain  rate  tensor 

Ui  Fluid  velocity  f-component 

u'  Rms  turbulence  intensity 

Unstrained  laminax  flame  speed 
Uf]  Kolmogorov  velocity  scale 

W  Integrated  reaction  rate  in  flamelet 
w  Mean  production  rate  of  c 

Wc  Instantaneous  production  rate  of  c 

x, y,z  Cartesian  coordinates 

y,  Z  Cartesian  autocorrelation  offsets 

Greek 

rj  Kolmogorov  length  scale 

p  Mean  of  In  e 

u  Kinematic  viscosity 

p  Density 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  “Application  of  Direct  and  Large  Eddy 
Simulation  to  Transition  and  Turbulence’’  held  at  Cltania,  Crete,  Greece,  in  April  1994. 
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S  Flame  surface  area  per  unit  volume 
<Ta  Standard  deviation  of  strain  rate 

Gy  Flame  orientation  factor 

Gg  Standard  deviation  of  In  e 

Ty  Kolmogorov  time  scale 

Overbars,  etc. 

0  Reynolds  average  of  quantity  ^ 

^  Favre  average  of  quantity  ({> 

(f)''  Favre  fluctuation  of  quantity  (j) 

Introduction 

Turbulent  combustion  is  a  phenomenon  of 
major  technological  importance.  An  over¬ 
whelming  proportion  of  the  world’s  energy 
production  depends  upon  combustion  in 
some  form,  and  practical  combustion  sys¬ 
tems  almost  invariably  contain  a  turbulent 
gaseous  flow  field.  The  present  work  is 
concerned  with  premixed  turbulent  com¬ 
bustion  in  which  the  reactants  are  already 
mixed  at  the  molecular  level  before  com¬ 
bustion  begins.  This  mode  of  combus¬ 
tion  is  relevant  to  spark-ignition  automo¬ 
bile  engines,  to  aero-engine  reheat  systems 
and  to  the  analysis  and  prevention  of  acci¬ 
dental  explosions  in  the  petrochemical  in¬ 
dustry. 

Turbulent  combustion  involves  chemi¬ 
cal  reaction,  heat  release  and  transport  of 
heat  and  mass  by  both  molecular  diffusive 
and  bulk- convective  motion.  It  is  perhaps 
paradoxical  that  in  general  the  small-scale 
molecular  processes  of  reaction  and  diffu¬ 
sion  are  well  understood  while  the  larger- 
scale  behaviour  of  the  turbulent  flow  field 
stiU  poses  significant  problems.  More  im¬ 
portantly,  the  details  of  the  strong  mu¬ 
tual  interaction  between  the  turbulence 
and  the  combustion  chemistry  remain  ob¬ 
scure  despite  recent  progress  in  experi¬ 
mental  diagnostic  techniques  [1].  Never¬ 
theless  experimental  observation  has  con¬ 
firmed  [2]  that  in  many  systems  of  prac¬ 
tical  interest  premixed  combustion  takes 
place  in  so-called  laminar  flamelets.  These 


occur  when  the  timescales  of  the  cou¬ 
pled  molecular  reaction  and  diffusion  pro¬ 
cesses  are  at  least  as  short  as  the  short¬ 
est  (Kolmogorov)  timescales  of  the  turbu¬ 
lence.  Then  all  of  the  chemical  reaction 
takes  place  in  thin  sheet-like  interfaces 
separating  unburned  reactants  from  fully- 
burned  products.  Such  reaction  sheets 
have  the  same  local  structure  as  a  wrin¬ 
kled  laminar  flame  subjected  to  straining 
and  distortion  by  the  turbulent  flow  field. 
This  important  finding  offers  a  rational 
basis  for  the  incorporation  of  combustion 
chemistry  and  heat  release  into  turbulent 
combustion  modelling  based  on  traditional 
statistical  moment-  closure  methods.  A 
model  formalism  due  to  Bray,  Moss  and 
Libby  (BML)  [3]  has  proved  successful  in 
this  regard,  combining  a  second-moment 
(Reynolds  stress)  closure  approach  with 
a  soundly-based  framework  for  the  con¬ 
struction  of  sub-models  for  the  mean  rates 
of  molecular  transport  and  chemical  reac¬ 
tion.  Existing  sub-models  are  based  on  the 
best  available  understanding  of  the  under¬ 
lying  physics,  but  a  number  of  major  un¬ 
certainties  remain.  Thus  there  is  an  urgent 
need  for  better  statistical  data  in  order  to 
validate  existing  sub-models  and  to  sup¬ 
port  the  development  of  new  ones. 

Such  data  is  best  obtained  by  experi¬ 
ment  wherever  possible.  In  many  cases, 
however,  the  required  data  is  simply  not 
accessible  by  means  of  current  experimen¬ 
tal  techniques.  An  alternative  approach, 
made  feasible  by  recent  advances  in  com¬ 
puter  power,  is  to  make  use  of  Direct 
Numerical  Simulation  (DNS)  of  turbulent 
flames.  This  approach  begins  by  accepting 
the  need  to  resolve  numerically  the  small¬ 
est  length  and  time  scales  of  both  the  tur¬ 
bulent  motion  and  the  reaction-diffusion 
zones  within  the  flame.  The  largest  prob¬ 
lem  that  can  be  tackled  is  then  set  by  the 
size  of  the  available  computing  resources. 
This  places  a  severe  limit  on  the  maximum 
attainable  Reynolds  number,  but  does  al- 
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low  for  the  collection  of  relevant  and  useful 
statistical  data.  In  particular,  DNS  allows 
for  the  collection  of  data  which  by  nature 
is  three-dimensional  and  time-dependent. 

The  present  paper  describes  the  appli¬ 
cation  of  statistical  results  obtained  from 
combustion  DNS  to  the  development  of 
a  mean  turbulent  reaction  rate  sub-model 
within  the  BML  framework.  The  reaction 
rate  sub-model  is  described  and  the  need 
for  supporting  data  is  indicated.  A  brief 
outline  is  given  of  the  DNS  procedure  and 
of  the  post-processing  methods  applied  to 
the  data.  Results  for  the  main  quantities 
of  interest  are  presented,  and  discussed  in 
terms  of  the  parameterisation  necessary 
for  modelling.  The  improved  model  for¬ 
mulation  is  explained  in  detail  and  is  of¬ 
fered  as  an  example  of  the  usefulness  of 
DNS  in  combustion  modelling. 

Model  Formulation 

Within  the  Bray-Moss-Libby  model  for 
premixed  turbulent  combustion  modelling 
[3]  the  chemical  state  of  the  reacting 
medium  is  described  by  means  of  a  reac¬ 
tion  progress  variable  c  defined  to  have  the 
value  zero  in  fresh  reactants  and  the  value 
unity  in  fully  burned  products.  A  precise 
definition  of  c  may  be  given  if  required  in 
terms  of  the  mass  fractions  of  individual 
chemical  species  present  in  the  reacting 
mixture  [4,  5].  The  conservation  equation 
for  the  Favre-averaged  progress  variable  c 
in  Cartesian  tensor  notation  is 

d  d  d 

where  p  is  the  mean  density,  is  the 
Favre-mean  velocity  and  pu'^c"  is  the 
turbulent  flux  of  progress  variable  given 
within  the  BML  formalism  by  a  second- 
moment  closure  model.  The  principal 
source  term  is  the  mean  turbulent  reaction 
rate  w  is  given  within  the  flamelet  formu¬ 
lation  by  the  expression 

w  =  pruIIqT,  (2) 


where  Pru^Iq  represents  the  reaction  rate 
per  unit  surface  area  of  the  flamelet  and  S 
is  the  flamelet  surface  area  per  unit  vol¬ 
ume.  Each  quantity  in  this  expression 
must  be  determined  separately.  The  un¬ 
burned  density  pR  is  either  known  or  can 
easily  be  deduced  from  the  available  ther¬ 
mochemical  data.  The  unstrained  planar 
laminar  burning  velocity  likewise  de¬ 
pends  on  the  thermochemical  properties  of 
the  unburned  gas  mixture  but  not  in  any 
simple  manner.  In  general  values  of 
must  be  obtained  as  a  function  of  mixture 
strength,  pressure  and  unburned  gas  tem¬ 
perature  either  by  means  of  a  correlation 
of  experimental  data  [6]  or  by  computa¬ 
tion,  solving  numerically  the  large  set  of 
stiff  equations  describing  the  full  laminar 
flame  chemistry  [7].  Both  the  flamelet  sur¬ 
face  area  per  unit  volume  S  and  the  strain 
and  curvature  correction  factor  Jq  depend 
on  the  details  of  local  interactions  between 
the  flamelet  and  the  turbulent  flow  field. 
The  former  is  a  highly  dynamic  quantity 
described  by  its  own  exact  balance  equa¬ 
tion  [8,  9]  containing  terms  relating  mainly 
to  strain  and  curvature  effects.  A  simple 
algebraic  expression  for  S  is  [10] 

(3) 

CTyLy 

where  c  is  the  Reynolds-averaged  progress 
variable,  ^  is  a  derived  (not  empirical)  con¬ 
stant  having  a  value  of  about  1.5  and  Ly 
is  an  integral  length  scale  associated  with 
flame  wrinkhng.  The  quantity  Oy  is  an  ori¬ 
entation  factor  given  by  the  mean  normal 
to  the  flame  conditioned  upon  being  on  a 
surface  of  constant  mean  progress  variable. 

The  factor  Iq  accounts  for  the  effects  of 
straining  and  curvature  on  the  local  lami¬ 
nar  flamelet.  It  is  related  to  the  properties 
of  the  laminar  flame  through  the  integral 


Io  = 


W{at,h,n) 

j-ooJ-^  VF(0,0) 

hjYi^dciidhjji 


(4) 
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where  at  is  the  hydrodynamic  strain  rate, 
i.e.  the  velocity  divergence  in  the  tangent 
plane  of  the  flamelet,  h„i  is  the  geomet¬ 
rical  mean  curvature  of  the  flamelet  and 
W^Ut-ihm)  represents  the  integral  of  the 
reaction  rate  taken  through  the  flamelet: 

/OO 

Wc{at,hm\z)dz  (5) 

-OO 

The  reaction  rate  Wc  is  the  local  and 
instantaneous  production  rate  of  the  re¬ 
action  progress  variable  c  within  the 
flamelet.  Given  a  suitable  definition  of  c  in 
terms  of  species  mass  fractions  it  is  possi¬ 
ble  using  (4)  and  (5)  to  include  chemistry 
of  arbitrary  complexity  in  the  model  for¬ 
mulation.  In  essence  the  evaluation  of  the 
integrated  reaction  rate  W  and  hence  the 
factor  Jo  may  be  carried  out  in  advance, 
and  the  results  stored  together  with  values 
of  the  unstrained  burning  velocity  in  a 
“flamelet  library”  for  interpolation  during 
a  subsequent  turbulent  flame  computation 
[4,  5]. 

In  order  to  evaluate  Jq  from  W  it  is  nec¬ 
essary  to  determine  the  joint  pdf  P(fq,  /i,„) 
and  to  parameterise  it  in  terms  of  known 
model  quantities.  This  is  the  principal 
subject  of  the  remainder  of  the  present  pa¬ 
per. 

Direct  Numerical  Simula¬ 
tion  and  Results 

The  data  used  to  deduce  the  model  im¬ 
provements  described  in  the  preent  paper 
were  obtained  by  Direct  Numerical  Sim¬ 
ulation  of  the  propagation  of  a  premixed 
flame  propagating  through  isotropic  tur¬ 
bulence  [11].  The  full  three-dimensional 
Navier- Stokes  equations  were  solved  to¬ 
gether  with  an  equation  for  a  reaction 
progress  variable.  One-step  Arrhenius  ki¬ 
netics  were  used  and  heat  release  was  as¬ 
sumed  to  be  small.  The  computational  do¬ 
main  consisted  of  128  nodes  in  each  spatial 
dimension  with  periodic  boundary  condi¬ 
tions.  A  pseudo-spectral  technique  was 


employed  with  second-order  Runge-Kutta 
time  advancement.  Initialisation  of  the 
turbulence  field  was  carried  out  using  a 
prescribed  spectral  distribution  of  turbu¬ 
lence  energy,  and  following  a  short  settling 
period  two  planar  laminar  flames  were  ini¬ 
tiated  back-to-back  near  to  the  central 
y  —  z  plane  of  the  domain.  The  flames 
propagated  outwards  in  the  positive  and 
negative  x-directions  through  the  field  of 
decaying  turbulence  until  either  the  edge 
of  the  domain  was  reached  or  the  turbu¬ 
lence  length  scale  was  judged  to  have  be¬ 
come  too  large.  Each  run  of  the  simula¬ 
tion  took  approximately  15  hours  of  CPU 
time  on  a  Cray  Y-MP  and  produced  about 
15  sets  of  full-field  data  on  all  variables. 
Data  from  four  separate  runs,  made  using 
different  initial  turbulence  intensity,  were 
studied  at  several  different  stages  during 
the  flame  propagation  [12].  In  every  case 
considerable  distortion  of  the  flames  was 
observed,  with  the  turbulent  flame  speed 
rising  rapidly  to  a  maximum  before  decay¬ 
ing  slowly  in  time  with  the  turbulence. 

Extensive  post-processing  of  the  results 
was  undertaken  in  order  to  extract  quanti¬ 
ties  of  interest.  Surfaces  of  constant  reac¬ 
tion  progress  variable  were  located  by  solv¬ 
ing  along  grid  lines  at  constant  (j/,  z)  for 
the  locus  x(c  =  c*),c*  =  0.1... 0.9  using 
cubic-sphne  interpolation  coupled  with  a 
bisection  technique  for  root-finding.  Each 
progress  variable  surface  was  found  to  be 
continuous  and  consisted  of  at  least  128^ 
sample  points.  Derivatives  of  progress 
variable  and  velocity  were  obtained  in 
spectral  space  for  best  accuracy  and  were 
interpolated  along  grid  lines  onto  surface 
points  by  means  of  cubic  splines.  The 
components  of  the  local  normal  vector 
N_=  — Vc/|Vc|  followed  immediately,  and 
the  tangential  strain  rate  at  was  computed 
by  forming  the  full  strain  rate  tensor  Sij  = 
lj2{duil dxj  -\-  duj/dxi)  at  each  surface 
point  and  rotating  it  into  surface  coordi¬ 
nates  by  aligning  one  direction  with  the 
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local  normal.  Similarly,  the  local  values 
of  the  two  principal  curvatures  of  the  sur¬ 
face  were  obtained  by  forming  the  tensor 
of  gradients  of  the  normal  vector,  rotat¬ 
ing  it  into  surface  coordinates  and  solving 
the  resulting  eigenvalue  problem  in  two  di¬ 
mensions.  Surface  pdf  data  was  collected 
by  sampling  each  of  the  quantities  of  in¬ 
terest  over  all  surface  points.  Results  for 
the  strain  and  curvature  pdfs  are  shown 
in  Figure  1.  The  pdf  of  surface  strain  rate 
(Fig. la)  has  positive  mean,  indicating  that 
the  effect  of  straining  is  extensive  on  av¬ 
erage,  but  there  is  a  significant  negative 
tail.  In  this  constant-density  simulation 
there  is  no  dilatational  straining  and  lit¬ 
tle  variation  of  the  pdf  with  progress  vari¬ 
able  through  the  flame.  The  mean  curva¬ 
ture  hm  is  the  arithmetic  mean  of  the  two 
principal  curvatures  of  the  surface  and  its 
surface  pdf  is  shown  in  Fig. lb.  The  mean 
is  zero,  but  there  is  slightly  greater  proba¬ 
bility  of  large  negative  curvatures.  This 
corresponds  to  the  formation  of  highly- 
curved  features  left  behind  by  Huygens- 
type  propagation  of  the  flame.  For  mod¬ 
elling  purposes  a  most  useful  result  is  the 
surface  joint  pdf  of  strain  and  curvature 
shown  as  a  contour  plot  in  Fig.lc.  This 
demonstrates  that  there  is  little  or  no 
correlation  between  strain  and  curvature 
at  a  surface  point,  so  that  the  joint  pdf 
may  be  decomposed  as  the  product  of  the 
marginal  pdfs  of  strain  rate  and  mean  cur¬ 
vature. 

Due  to  the  planar  initial  conditions  and 
the  periodic  boundary  conditions  the  tur¬ 
bulent  flames  remained  statistically  planar 
throughout.  Thus,  surfaces  of  constant 
mean  progress  variable  c  —  c*  remained 
parallel  to  y  —  z-planes  within  the  com¬ 
putational  domain.  These  mean  surfaces 
were  located  by  averaging  the  progress 
variable  over  y  —  z  planes  on  the  grid,  in¬ 
terpolating  and  solving  in  the  x-direction 
as  before.  This  information  enabled  the 
collection  of  pdf  data  conditioned  on  mean 


progress  variable,  leading  to  the  evaluation 
of  corresponding  conditional  mean  quan¬ 
tities.  For  example,  the  orientation  factor 
Gy,  defined  as  the  mean  of  the  local  nor¬ 
mal  component  in  the  direction  of  mean 
propagation,  was  obtained  by  construct¬ 
ing  the  pdf  of  the  x-wise  normal  compo¬ 
nent  conditioned  on  being  on  a  surface 
of  mean  progress  variable.  A  typical  un¬ 
conditional  pdf  of  the  x-wise  component 
of  N_  is  shown  in  Fig. 2a,  yielding  a  mean 
value  of  0.78,  virtually  independent  of  po¬ 
sition  in  c-space.  The  corresponding  con¬ 
ditional  pdf  is  shown  in  Fig. 2b,  from  which 
the  mean  Gy  was  evaluated  at  0.52,  in 
this  case  virtually  independent  of  c  and 
in  good  agreement  with  experiment  [13]. 
The  roughness  of  the  conditional  pdf  by 
comparison  with  the  unconditional  result 
is  a  reflection  of  the  severe  reduction  in 
sample  size  suffered  as  a  consequence  of 
conditioning. 

Finally,  the  length  scale  Ly  was  es¬ 
timated  using  a  procedure  based  on  its 
definition  [10,  13].  The  procedure  is  a 
two-dimensional  analogue  of  a  technique 
for  the  interpretation  of  experimentally- 
obtained  laser  sheet  photographs  on  which 
the  flame  appears  as  a  line  of  constant  in¬ 
stantaneous  progress  variable  [13].  This 
instantaneous  contour  may  be  intersected 
by  a  contour  of  constant  mean  progress 
variable  and  the  value  of  c  obtained  by 
running  along  the  mean  contour  forms  a 
square  wave  alternating  rapidly  between 
zero  and  unity.  The  length  scale  Ly  is 
then  given  by  the  correlation  length  of  the 
square  wave,  which  may  be  interpreted  as 
the  integral  length  scale  for  flame  surface 
wrinkling.  In  the  present  work,  an  instan¬ 
taneous  progress  variable  surface  x{c  —  c*) 
was  intersected  in  three  dimensions  by  a 
selected  c-plane.  This  resulted  in  a  two- 
dimensional  square  wave  having  the  value 
unity  for  c  >  c  and  zero  for  c  <  c.  An 
example  of  one  such  square-wave  is  shown 
in  Fig. 3a.  Each  line  within  the  plane  pro- 
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duced  a  one- dimensional  square  wave  sim¬ 
ilar  to  those  in  the  previous  experimental 
study.  A  two-dimensional  autocorrelation 
of  the  two-dimensional  square  wave  leads 
to  the  quantity 

Pi^{Y,Z)  =  c{y,z)c{yVY,z-\-Z)  (6) 

A  plot  of  the  autocorrelation  Pu  is  shown 
in  Fig.3b  where  the  strong  exponential 
central  peak  is  clearly  visible.  The 
isotropy  of  the  distribution  of  c  in  the 
plane  is  reflected  in  the  isotropy  of  the 
autocorrelation,  which  may  be  seen  very 
clearly  in  the  contour  plot  of  Pn  shown  in 
Fig. 3c.  Thus  the  two  coordinates  Y  and  Z 
may  be  replaced  by  a  single  radius  R,  and 
an  integration  of  Pu  over  R  leads  directly 
to  Ly-. 


(R)  -  c- 

il-c) 


Pn 


(7) 


The  autocorrelations  and  integrations 
were  carried  out  numerically  using  stan¬ 
dard  routines,  and  yielded  values  for  Ly 
close  in  magnitude  to  the  integral  length 
scale  of  the  turbulence  and  largely  inde¬ 
pendent  of  c.  Very  few  values  could  be 
computed  from  the  available  data  and  no 
firm  conclusions  could  be  drawn  concern¬ 
ing  the  dependence  of  Ly  on  local  turbu¬ 
lence  quantities. 


Parameterisation, 

Modelling  and  Discussion 

The  results  shown  in  Fig.l  for  the  sur¬ 
face  pdfs  of  strain  and  curvature  are  of  di¬ 
rect  relevance  in  modelling.  The  observed 
lack  of  correlation  between  the  strain  rate 
at  and  the  mean  curvature  implies 
that  they  may  be  assumed  to  be  statisti¬ 
cally  independent  and  that  the  joint  pdf 
P(at,hm)  may  be  decomposed  into  the 
product  of  the  marginal  pdfs  P{at)  and 
P(hm)-  Since  the  surface  mean  of  the 
mean  curvature  is  zero  it  is  tempting  to 


assume  further  that  the  net  effect  of  curva¬ 
ture  on  the  local  laminar  flamelet  is  zero. 
This  is  true  only  if  the  local  integrated  re¬ 
action  rate  (5)  is  an  odd  function  of  the 
curvature  for  all  strain  rates.  There  is  ev¬ 
idence  [14]  to  suggest  that  this  is  true  at 
least  for  small  values  of  the  mean  curva¬ 
ture:  the  net  effect  of  straining  appears  to 
be  rather  larger.  Integrating  over  hm  in 
(4)  then  yields 

* = /_! 

where  now  it  is  necessary  to  parameterise 
only  the  marginal  pdf  of  the  strain  rate  at- 
An  excellent  representation  for  this  pdf  is 
the  Gaussian  distribution 


P{at)dat  =  —7= — exp 

V27rCTa 


{at  -  a-tf 


dat 


(9) 

where  the  standard  deviation  a  a  is  given 
in  terms  of  the  Kolmogorov  time  scale 
as 


Oa  =  CrjTy  (10) 


In  a  similar  manner  the  mean  at  is  repre¬ 
sented  by 

dt  =  h/rrj  (11) 

where  u,j  is  the  Kolmogorov  velocity  and 
the  function  kt  is  expressed  as 

U^r 

kt  =  ato,  0  <  —  <  1-, 

Ur, 


h 


ato  exp 


( 

i-A)' 

L  V 

Ur]  J 

>  1 

Ur, 


(12) 


Values  of  the  constants  Cr,  hfo  and  Cu 
have  been  deduced  from  DNS  results  [12, 
15]  as  0.45,  0.28  and  0.25  respectively. 

This  parameterisation  of  the  strain  rate 
pdf  in  terms  of  Kolmogorov  quantities 
leads  to  a  formulation  for  closure  of  the 
turbulent  reaction  rate  model.  Standard 
expressions  for  the  Kolmogorov  length 
scale,  time  scale  and  velocity  are 

r]  =  {i/^le)T;  Trj  =  {u/e)^;  Urt  =  {ue)* 

(13) 


where  u  is  the  kinematic  viscosity  and 
e  is  the  dissipation  rate  of  turbulent  ki¬ 
netic  energy.  In  a  turbulent  reacting  flow 
field  several  uncertainties  remain  concern¬ 
ing  the  interpretation  of  these  expressions. 
The  sharp  increase  in  temperature  across 
the  flamelet  results  in  an  order  of  mag¬ 
nitude  increase  in  the  kinematic  viscosity, 
but  any  corresponding  changes  in  the  vis¬ 
cous  dissipation  rate  are  difficult  to  esti¬ 
mate  due  to  the  effects  of  thermal  expan¬ 
sion  on  the  local  velocity  field.  Thus  it  is 
not  clear  whether  v  and  e  are  to  be  taken 
as  instantaneous  values,  or  unconditional 
mean  values,  or  some  form  of  conditional 
mean  values,  conditioned  for  example  on 
the  instananeous  thermochemical  state  as 
expressed  through  the  reaction  progress 
variable.  Arguments  based  on  experimen¬ 
tal  data  may  be  advanced  to  support  any 
or  all  of  these  viewpoints  [14]  and  it  is  here 
that  a  major  uncertainty  remains.  Never¬ 
theless,  for  the  purpose  of  modelling  it  is 
necesary  to  make  some  assumptions.  It  is 
at  least  probable  that  there  will  be  a  signif¬ 
icant  difference  in  the  Kolmogorov  length, 
time  and  velocity  scales  between  reactants 
and  products.  Thus,  at  any  point  within 
the  turbulent  reacting  flow  field  the  Kol¬ 
mogorov  scales  must  be  interpreted  as  lo¬ 
cal  mean  values: 


n  =  ^,(3/4)^^(-1/4)^ 

=  ^(1/4)^£(1/4)^  ^14) 

In  most  current  turbulent  combustion 
models  a  balance  equation  is  solved  for 
the  Favre- averaged  viscous  dissipation  e. 
Since  this  is  a  mass-weighted  quantity  it 
naturally  favours  the  contribution  to  dis¬ 
sipation  from  the  high-density  unburned 
gas  over  that  from  the  low-density  fully- 
burned  products.  No  method  for  decom¬ 
posing  £  formally  into  reactant  and  prod¬ 
uct  conditional  mean  values  currently  ex¬ 
ists  since  these  quantities  themselves  are 
unknown.  Thus  the  unconditional  Favre 


average  is  the  best  available  estimate  of 
(e),  and  the  present  assumption  is  {e)  —  e. 
A  complication  arises  in  the  evaluation 
of  the  Kolmogorov  quantities  since  these 
involve  means  of  non-linear  functions  of 
£.  This  is  resolved  by  appealing  to  the 
lognormal  distribution  of  £  postulated  by 
Kolmogorov  [16]: 


P{£)d£  = 


\/^(J^£ 


exp 


(Ine  -  /i)^ 
2a2 


where  the  mean  of  In  £  is  given  by 


d£ 

(15) 


(16) 

and  the  standard  deviation  is  taken  to 
be  constant.  The  mean  of  any  power  p  of  e 
follows  from  the  relation  due  to  Oboukhov 
[16]  obtained  by  integrating  over  the  log¬ 
normal  distribution 

(£P)  =  (£)Pexp(-^p(l (17) 

The  magnitude  of  the  correction  to  the 
mean  value  is  shown  in  Figure  4,  and  is 
seen  to  be  fairly  small  over  the  range  of 
fractional  powers  required  here.  Never¬ 
theless  it  is  sensitive  to  the  value  assumed 
for  <Te  which  is  taken  as  unity  here.  Fur¬ 
ther  information  about  this  quantity  is  re¬ 
quired,  either  from  DNS  or  from  experi¬ 
mental  data. 

With  the  incorporation  of  the  foregoing 
assumptions  and  corrections  it  is  possible 
to  evaluate  the  modelled  strain  rate  pdf 
(9)  for  any  value  of  the  Favre- averaged  dis¬ 
sipation  £.  Note  that  the  chemistry  of  the 
reacting  mixture  enters  the  pdf  through 
the  appearance  of  the  unstrained  laminar 
flame  speed  in  (12).  This  evaluation  has 
been  performed  for  a  number  of  different 
fuel/ air  mixtures  and  results  are  shown  in 
Figure  5  for  a  stoichiometric  methane/air 
mixture  under  typical  experimental  condi¬ 
tions.  As  the  viscous  dissipation  rate  in¬ 
creases  the  distribution  tends  to  broaden 
markedly  and  to  shift  towards  higher  val¬ 
ues  of  mean  strain  rate. 


Combining  this  modelled  distribution 
with  values  for  the  reaction  rate  ratio 
W {at) /W [Q)  obtained  by  Rogg  [4]  for  the 
same  methane/air  mixture  it  is  possible  to 
evaluate  the  factor  Jq  from  (8)  over  the 
same  range  of  e  and  results  are  shown  in 
Figure  6.  The  deviation  from  unity  is  not 
large,  and  reflects  the  relative  insensitivity 
of  this  stoichiometric  flame  to  the  effects 
of  turbulence. 


Conclusions  and  Future 
Work 

The  usefulness  of  combustion  DNS  has 
been  demonstrated  through  the  applica¬ 
tion  of  DNS  results  to  the  refinement  of  an 
existing  model  of  premixed  turbulent  com¬ 
bustion.  Analysis  of  DNS  data  has  yielded 
valuable  physical  insight  and  has  led  to  a 
significant  improvement  in  understanding. 
Statistical  information  not  available  from 
experiment  has  been  obtained,  shedding 
new  light  on  important  relationships  be¬ 
tween  the  key  physical  parameters.  This 
in  turn  has  led  to  improved  modelling  of 
the  mean  reaction  rate  in  a  premixed  tur¬ 
bulent  flame. 

At  the  same  time  it  is  recognised  that 
serious  limitations  remain.  Nevertheless 
these  are  gradually  being  removed.  More 
recent  DNS  techniques  [17]  are  able  to 
treat  variable- density  flows,  while  contin¬ 
ued  advances  in  computer  power  are  ex¬ 
tending  the  range  of  accessible  Reynolds 
number.  New  numerical  techniques  based 
on  finite  differences  [18]  are  proving  es¬ 
pecially  suitable  for  combustion  applica¬ 
tions.  Also,  the  need  for  data  in  support 
of  combustion  modelling  is  likely  to  gi'ow 
as  models  become  more  sophisticated.  It 
is  clear  that  the  potential  for  DNS  in  com¬ 
bustion  is  very  great,  and  that  its  realisa¬ 
tion  promises  to  be  an  exciting  task. 
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Figure  1.  Statistical  data  for  modelling.  Examples  of  flame  surface  pdf  data 
extracted  from  DNS.  Taylor-scale  Reynolds  number  of  6.4,  u'  /  =  0.72. 

Further  details  in  [12]. 


Fig.  1c)  Joint  pdf  of  strain  rate  and  curvature. 
Scales  as  for  (a)  and  (b). 


Figure  3.  Determination  of  the  flame  wrinkling  length  scale  Ly.  Same  DNS  dataset  as  Figure  1 
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1.  Abstract 

Results  from  a  direct  numerical  simulation  of  a 
turbulent  mixing  layer  are  presented.  The  flow  evolves 
without  shear  and  the  mixing  mechanisms  associated 
with  the  turbulence  are  isolated.  In  the  first  set 
of  simulations  the  turbulent  mixing  layer  decays  as 
energy  is  exchanged  between  the  layers.  In  the 
second  set,  a  forced  mixing  layer  is  simulated  by 
continuously  supplying  energy  to  the  higher  energy 
side  to  maintain  a  stationary  kinetic  energy  profile. 
Reynolds  numbers  based  on  the  Taylor  microscale  of 
28  and  38  are  obtained  in  the  decaying  and  forced 
simulations,  respectively.  The  intermittency  of  the 
mixing  layer  is  quantified  by  calculating  the  skewness 
and  kurtosis  of  the  velocity  fields:  results  compare 
well  with  the  shearless  mixing  layer  experiments  of 
Veeravalli  k  WarhaftT  Eddies  of  size  of  the  integral 
scale  penetrate  the  mixing  layer  intermittently, 

transporting  energy  and  governing  the  growth  rate. 
The  scalar  dissipation  rate,  a  measure  of  the  mixing, 
peaks  in  the  mixing  layer.  The  triple  correlation 
models  proposed  by  Mellor  k  Yamada^  and  Launder® 
are  applied  to  the  inhomogeneous  mixing  layer  and 
evaluated.  The  isotropic  models  tend  to  underpredict 
these  correlations  by  as  much  as  60%  while  the 
more  complicated  anisotropic  models  are  shown  to 
be  significantly  more  accurate.  Both  models  for  the 
pressure  strain  tensor  are  also  shown  to  predict  values 
that  are  incorrect  by  as  much  as  50%. 

2.  Introduction 

Turbulent  mixing  layers  occur  in  a  wide  variety 
of  geophysical  flows.  For  example,  wind  blowing 
over  a  lake  or  ocean  generates  a  turbulent  layer  near 
the  water  surface  which  diffuses  downward'*.  As  a 
result,  fluid  is  entrained  from  below  by  a  variety 
of  mechanisms  such  as  engulfment  and  large  scale 
stirring  which  can  be  driven  by  the  turbulence  or 
instabilities.  The  effects  of  shear  on  the  entrainment 
rate  are  important  and  have  been  studied  widely  for 
unstratified®’®  and  stratified*"  flows  but  will  not  be 
considered  in  this  paper.  The  entrainment  process 


is  further  complicated  when  a  stable  density  gradient 
and  rotation  are  included*.  Parameterizing  the  mixing 
rate  in  terms  of  the  forcing  and  initial  turbulence  is 
necessary  for  developing  turbulence  models  which  can 
be  used  in  geophysical  flow  applications.  However,  as 
described  in  Fernando®,  there  is  little  consensus  on 
the  entrainment  rate  correlation. and  a  more  thorough 
description  of  the  entrainment  process  is  justified.  In 
this  paper  we  describe  the  results  of  a  set  of  turbulent 
mixing  layer  simulations  that  evolve  without  shear.  In 
this  manner  the  entrainment  mechanisms  associated 
with  the  turbulence  are  isolated  and  the  complications 
introduced  by  shear  are  avoided.  In  this  context  the 
mixing  layer  is  defined  as  the  region  between  two 
homogeneous  layers  of  differing  kinetic  energy.  Two 
simulations  are  discussed;  in  the  first  the  turbulence 
decays  while  in  the  second  the  region  with  higher 
kinetic  energy  is  continuously  forced  to  maintain  a 
steady  state.  The  simulation  results  are  compared  to 
related  experiments  for  validation  and  the  structure  of 
the  mixing  layers  are  further  investigated.  The  last 
section  of  the  paper  evaluates  the  accuracy  of  standard 
turbulence  models.  The  effects  of  stable  stratification 
are  currently  being  studied  but  are  not  presented  here. 

3.  Mathematical  details  of  the  simulation 

The  three  dimensional  pseudo-spectral  code  origi¬ 
nally  developed  by  Rogallo®  was  used  for  the  simula¬ 
tion.  The  governing  equations  are  transformed  into 
Fourier  space  (ki,  K2,  ks)  and  advanced  using  a  second 
order  Runge-Kutta  method.  Nonlinear  terms  are  eval¬ 
uated  in  physical  space,  to  save  computation  time.  The 
solution  consists  of  the  Fourier  coefficients  representing 
the  fluctuating  velocity,  Ui,  and  fluctuating  scalar,  9. 
The  simulation  is  computed  on  an  isotropic  128®  grid 
(see  Rogallo®  and  Holt*®  for  details). 

3.1  Initial  Conditions 

The  flow  field  is  initialized  with  a  isotropic  turbulent 
velocity  field  in  the  form  of  a  pulse  spectrum  (Holt*®). 
The  mixing  layer  is  created  by  Fourier  transforming  in 
the  y  direction  and  then  imposing  a  prescribed  profile, 
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f{y),  of  the  kinetic  energy: 


The  Taylor  microscale  is  defined  as 


uikj:,y,k,)  -  f{y)  u{kj:,y,k,). 

The  flow  becomes  homogeneous  in  the  horizontal  plane 
and  inhomogeneous  in  the  vertical  direction.  Periodic 
boundary  conditions  are  imposed  in  all  directions.  This 
requires  that  J{y)  be  periodic  and  two  mixing  layers  are 
actually  created.  Continuity  is  enforced  before  the  flow 
is  allowed  to  evolve.  After  about  one  eddy  turnover 
time  the  nonlinear  spectral  transfer  of  energy  associated 
with  turbulence  is  apparent  from  the  spectra.  For 
clarity,  in  the  remainder  of  the  paper  the  two  mixing 
layers  will  be  averaged  and  we  shall  speak  of  a  single 
mixing  layer. 

The  decaying  mixing  layer  evolves  without  turbulent 
production  of  any  kind.  In  contrast,  the  forced  mixing 
layer  is  maintained  by  continuously  adding  energy 
above  the  mixing  layer.  This  produces  a  flow  that  is 
analogous  to  oscillating  grid  experiments.  The  energy 
is  added  locally  in  the  vertical  direction  according  to 

u(k^,y,k,^)  =  u{k^,y,k^)  (1  +  5:(j/)), 

where  g(y)  is  a  Gaussian  function.  The  Fourier 
coefficients  in  the  mixing  layer  and  in  the  weakly 
energetic  region  below  are  largely  unaffected. 

3.2  Staitsiical  methods 

The  horizontal  planes  are  statistically  homogeneous 
and  turbulent  quantities  are  computed  by  averaging 
over  entire  planes.  Spectra  are  readily  calculated 
from  the  Fourier  coefficients.  Integrating  the  three 
dimensional  energy  spectrum, 

Eij  =  {uiUj*  +  Ui*Uj)/2 

over  concentric  rings  in  the  k^  —k^  plane  yields  a  radial 
spectrum  formed  as  function  of  y, 

Eij{K,y)  =  j  Eij[K,y,A{K)]dA{K) 

where  k  is  the  radial  wavenumber  {k^  +  kl)^!-  and 
A(k)  is  a  ring  in  that  plane  of  thickness  dA{K).  This 
spectrum  is  used  to  study  the  dynamics  of  the  mixing 
layer  and  to  monitor  the  large  scale  development 
as  the  flow  evolves:  when  energy  in  the  lower 
wavenumbers  becomes  large  the  periodic  boundary 
conditions  become  unrealistic  and  the  computation  is 
stopped.  It  is  also  desirable  to  keep  the  energy  peak 
between  k  =  b  and  10  since  this  assures  the  resolution 
of  many  individual  large  scale  structures. 


^ij  ,a  — 


/{duj/dxa) 


and  is  used  to  form  a  Reynolds  number,  Rex  = 
where  =  uyiLi.  The  transport  equations  for  the 
Reynolds  stresses  are  obtained  from  time  averaging  the 
fluctuating  momentum  equations  and  are  written  here 
for  reference. 


d{u'^Aw‘^)  d{u^Aw‘^)v  2  du  dw 

dt  dy  9o^  dx'^  dz 

du  du  dw  dw 

dxk  dxk  dxk  dxk 

d  du'^  d  dw'^ 
dy  dy  ^  dy  dy 


dv^  dv^  2  dv  2  ^ 

dt  dy  do^dy  dxk  dx^  ^ dx2  dx2 

2  d(pv)  „  g  —p; 

-  + 

9o  dy  9o 


d[q^ /2)  1  d{u“  +  -p  w‘^)v  1  d{pv) 

dt  2  9o  dy 

^  diij  duj  ^  ^  d  d{q^/2) 
dxk  dxk  dxo  8x2 


duv  duvv  1  du  dv  Id _ 

dt  dy  9o^  dy~^  dx  9ody^^ 

a  ^  ,4) 

dXk  dXk  0X2  dX2 

Similarly,  a  transport  equation  for  the  passive  scalar 
correlation  is  derived  from  the  fluctuating  scalar 
transport  equation 

d(9E/2)  —dQ  <902/2  ^  89  89 

dt  d'n  ^  dy  dxj^ 

uXo  uXo 
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4.  Results 

4.1  Unforced  mixing  layer 

The  decaying  or  unforced  mixing  layer  consists  of 
two  regions  of  approximately  homogeneous  turbulence, 
with  a  kinetic  energy  ratio  of  about  seven,  separated 
by  a  smooth  interface  (figure  1).  As  the  kinetic 
energy  decays  the  two  regions  exchange  energy.  The 
mechanisms  associated  with  entrainment,  such  as 
engulfment  due  to  large  scale  stirring,  and  turbulent 
diffusion  are  isolated  from  the  effects  of  mean  shear 
and  gravitationally  induced  instabilities.  Therefore, 
this  flow  provides  a  basis  for  understanding  the  growth 
of  a  mixing  layer  due  to  the  turbulence  alone. 

The  experiments  of  Veeravalli  &  Warhaft^  (referred 
to  as  VW)  provide  thorough  documentation  of  the 
statistical  quantities  in  a  shearless  mixing  layer  and 
serve  as  a  standard  of  comparison  for  our  simulation. 
These  experiments  were  performed  in  a  wind  tunnel 
with  a  composite  grid  that  generated  two  regions  of 
homogeneous  turbulence.  The  composite  grid  consists 
of  two  sets  of  parallel  bars  of  different  diameter  each 
spanning  an  equal  area  and  spaced  to  produce  equal 
solidity  (other  experiments  used  perforated  plates, 
see  VW  for  further  details  of  the  set-up  and  grid 
construction).  Immediately  downstream  of  the  grid 
each  region  is  characterized  by  a  distinct  kinetic  energy. 
The  mixing  layer  evolves  as  the  flow  is  uniformly 
advected  downstream.  In  the  simulation  the  flow 
decays  with  time  instead  of  distance  downstream  and 
any  horizontal  plane  can  be  considered  homogeneous. 

The  initial  parameters  of  the  simulation  were  chosen 
to  match  the  3.3:1  grid  experiment  of  VW  as  closely 
as  possible  (the  ratio  is  formed  with  the  bar  separation 
distances  between  the  two  grids).  This  experiment  was 
chosen  for  its  low  microscale  Reynolds  number  and 
data  that  includes  results  involving  a  passive  scalar 
(Veeravalli  &  Warhaft^^).  The  relevant  parameters  of 
the  initial  flow  fields  of  each  are  shown  in  Table  1. 
As  in  the  experiment,  the  simulated  turbulent  mixing 
layer  is  allowed  to  evolve  from  its  source  for  about  1 
or  2  eddy-turnover  time-scales,  t  =  k/e,  before  it  is 
considered  truly  turbulent.  The  development  time  is 
required  since  both  flows,  in  effect,  evolve  from  a  thin 
pulse  spectrum.  The  radial  spectra  for  the  vertical 
(figure  2a)  and  horizontal  (figure  2b)  energy  show  that 
the  flow  is  adequately  resolved  for  this  grid:  both 
have  approximately  three  decades  of  energy  difference 
between  the  maximum  and  minimum  levels  throughout 
the  mixing  layer.  The  vertical  velocity  field  is  slightly 
less  resolved  since  the  smallest  scales  in  the  flow  are 
associated  with  the  vertical  motion.  The  simulation 
differs  from  the  experiment  in  that  it  develops  from  a 


smaller  Rex  but  unlike  the  experiment,  each  horizontal 
plane  can  be  considered  statistically  homogeneous. 

4.1.1  Decay  rates 

The  decay  rate  of  homogeneous  grid  turbulence 
has  been  thoroughly  documented.  Data  from  early 
experiments  was  well  described  by  a  decay  power  law 
of  the  form  (Batchelor^^) 

k/ko^  A{r 

where  n  w  1,  fco  is  the  initial  kinetic  energy,  A  is  a 
constant  and  t*  is  a  dimensionless  evolution  time.  The 
virtual  origin,  t*  is  adjusted  to  yield  the  best  possible 
straight  line  that  can  be  drawn  through  the  data. 

Table  1:  Parameters  of  the  simulation  and  experiments 
of  Veeravalli  &  Warhaft  (1989) 


Decaying  Mixing  Layer  VW 


Initial  parameters 
k\  (cm^/s^)  4.6 

830. 

k2  (cm^/s^) 

.64 

134. 

ei  (mVs") 

.0055 

.641 

£2  (m2/s=*) 

.00067 

.103 

Ai  (cm) 

.091 

49 

A2  (cm) 

.097 

48 

Ai  (cm) 

.17 

3.6 

A2  (cm) 

.075 

1.49 

Rexi 

28 

78.1 

Rex2 

11 

29.8 

n  =  ki/ei  (s) 

.083 

.13 

T2  =  k2/ €2  (s) 

.094 

.13 

Decay  of  turbulence:  k/ko 

=  A(r-t:)-" 

ni,n2 

1.7,  2.4 

1.39,  1.42 

1.7,  2.4 

0.,  0. 

Ai ,  A2 

1.,  1. 

.27,  .34 

The  subscripts  1  and  2  refer  to  the  high  and  low  energy  sides  of 
the  mixing  layer,  respectively 


More  recent  work  (Riley^®,  Gad-el-Hak  &  Corrsin^"*, 
Bradshaw^®)  suggests  n  can  be  in  the  range  1.1  to 
1.7  with  a  consensus  for  a  value  near  1.2.  Decay 
rates  for  the  simulation  and  the  VW  experiments  are 
summarized  in  Table  1.  The  exponents  are  higher  on 
both  sides  of  the  simulated  mixing  layer  (1.7  and  2.4  for 
the  high  and  low  energy  sides,  respectively,  compared  to 
1.39  and  1.42  for  the  experiment)  and  are  probably  due 
to  the  lower  Rex  of  the  simulations.  For  Rex  <  10  the 
exponent  of  decay  grows  to  2.5  (Batchelor^^,  Bennett 
k,  Corrsin^®).  The  low  energy  side  of  the  mixing  layer 
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evolved  in  a  range  of  Rex  between  12.5  to  8:  therefore, 
a  higher  exponent  is  expected.  A  common  trend  in 
both  data  sets  is  a  higher  exponent  at  lower  Rex  which 
lends  further  merit  to  this  explanation.  This  trend 
is  subtle  for  the  3.3:1  grid  experiments  but  is  more 
pronounced  for  the  3:1  perforated  plate  experiment. 
For  this  experiment  the  decay  exponents  are  1.25  and 
1.43,  associated  with  Rex  —  21  and  44,  respectively. 

4.1.2  Turbulence  statistics 

The  moments  of  the  turbulence  as  functions  of  y  were 
computed  throughout  the  mixing  layer  development. 
A  dimensionless  evolution  time  t*  was  created  to 
relate  the  simulation  and  the  experiment.  The  only 
relevant  time  scales  in  the  flow  are  associated  with 
the  turbulence;  therefore  time  was  non-dimensionalized 
with  the  eddy  turnover  time.  Statistical  moments  for 
both  mixing  layers  collapse  over  At*  fa  0.66.  The 
normalized  variance  profiles  for  both  the  simulation  and 
the  experiment  are  shown  in  figure  3.  The  variance 
is  normalized  to  lie  between  0.  and  1.  The  location 
where  the  mapped  variance  is  .5  is  designated  as  yc  and 
the  half  length,  I112,  is  defined  as  the  vertical  distance 
between  the  locations  with  mapped  variance  values  .25 
and  .75. 

_  _ 3^2 

The  skewness,  S  —  vT’/{v?)  ,  of  the  velocity 

field  is  one  indicator  of  the  intermittent  nature  of 
turbulent  flows.  In  figure  4  the  normalized  skewness 
of  the  vertical  velocity,  5^,  is  shown  together  with 
the  experimental  results.  The  Gaussian  value  of  zero 
is  obtained  in  both  homogeneous  regions  while  the 
mixing  layer  exhibits  a  significant  negative  deviation. 
This  is  attributed  to  large,  intermittent  structures 
penetrating  downward  from  the  higher  energy  region 
into  the  relatively  weaker  region  below.  Since  the 
turbulence  in  the  upper  region  is  more  energetic  and  of 
larger  scale,  the  skewness  is  biased  to  the  negative.  The 
peak  of  the  skewness  appears  below  the  center  of  the 
variance  profile  indicating  the  stronger  influence  of  the 
higher  energy  region  on  the  lower.  The  peak  simulation 
skewness  is  -0.7  while  that  of  the  experiment  is  -1; 
both  occur  at  approximately  the  same  location.  The 
difference  between  the  simulation  and  the  experiment 
is  again  believed  to  be  a  Rex  effect.  The  skewness  of 
the  horizontal  velocity,  Sh,  should  be  zero  since  this 
direction  is  homogeneous  and  turbulent  eddies  have  no 
preferred  horizontal  direction.  Figure  4(b)  shows  Sh 
throughout  the  mixing  layer.  Although  the  skewness 
has  non-zero  values,  there  is  no  perceivable  trend  in 
the  simulation  data.  Averaging  over  a  larger  domain 
should  reduce  Sh  ■  A  small  but  inexplicable  peak  is 
noticed  in  the  experimental  Su-  This  could  be  a  side 
wall  effect  or  some  other  secondary  flow  influence. 


As  a  further  indication  of  the  intermittency  in  the 
mixing  layer,  the  kurtosis,  K  =  /{u^)  of  the  vertical 

and  horizontal  velocity  fields,  and  Kh ,  is  calculated 
and  shown  in  figure  5.  Large  values  of  the  kurtosis  are 
associated  with  a  sample  pool  with  a  small  number  of 
values  far  from  the  mean.  In  the  mixing  layer  Ky,  and 
to  a  much  lesser  extent  Kh,  exhibit  their  respective 
maximum  values.  Outside  the  mixing  layer  both  Ky 
and  Kh  retain  the  Gaussian  value  of  3.  This  is  an 
indication  that  the  eddies  penetrating  into  the  mixing 
layer  are  large  and  infrequent.  As  in  the  experiment  the 
peak  of  Ky  is  much  larger  than  that  of  Kh-  Smoother 
data  could  be  obtained  with  more  averaging.  However, 
this  would  require  more  grid  points. 

The  structure  of  the  mixing  layer  is  visualized  with 
vertical  planar  views  of  contours  of  kinetic  energy.  In 
figure  6  two  vertical  planes  at  t*  =  2.5  are  shown. 
Structures  of  high  kinetic  energy  (denoted  by  closely 
spaced  contour  lines)  are  typical  of  size  of  the  same 
order  as  the  integral  scale,  A  =  and  can  be  seen 

throughout  the  mixing  layer  but  appear  less  frequently 
on  the  weaker  side.  In  regions  with  less  energy  these 
structures  are  separated  by  areas  with  little  or  no 
energy;  they  are  responsible  for  the  intermittency  found 
in  the  statistics. 

4.2  Forced  mixing  layer 

The  more  complicated  and  geophysically  relevant 
case  of  a  forced  mixing  layer  was  also  simulated.  The 
energy  profile  is  maintained  by  adding  energy  to  the 
higher  energy  side  of  the  mixing  layer.  A  steady  profile 
develops  as  energy  is  transported  away  from  the  source 
entraining  adjacent  fluid.  A  passive  scalar  profile  with 
a  sharp  interface  is  constructed  (figure  7)  to  simulate 
conditions  in  an  ocean  or  lake  thermocline.  The 
vertical  coordinate  for  the  forced  cases  is  centered  at 
the  interface  and  is  normalized  by  the  source  half  width 
lsi/2,  defined  as  the  height  difference  that  contains  50% 
of  the  source  energy.  The  interface  is  far  enough  from 
the  source  to  insure  that  the  local  turbulent  kinetic 
energy  there  is  derived  almost  entirely  from  transport. 
As  in  geophysical  flows,  the  turbulence  deforming  the 
interface  and  mixing  the  scalar  resides  in  a  region  with 
little  turbulent  production. 

Turbulent  entrainment  again  develops  without  shear 
in  the  forced  mixing  layer.  Laboratory  experiments 
use  an  oscillating  grid  to  generate  turbulence  which 
then  diffuses  into  the  surrounding  region  (Hopfinger 
fc  Toly^^,  Hannoun^®).  Energy  is  added  isotropically 
and  locally  in  the  flow  field  by  boosting  the  Fourier 
coefficients  with  an  arbitrary  distribution.  When  the 
total  kinetic  energy  decays  by  4  or  5%  the  boosting 
process  is  initiated.  The  stationary  and  boosted 
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variance  profiles  are  shown  in  figure  7  and  relevant 
initial  parameters  are  displayed  in  Table  2. 

The ,  source  cannot  be  too  localized  due  to  its 
spectral  representation  so  a  smooth  boosting  function 
concentrated  in  a  small  vertical  region  is  used  (as 
discussed  above).  Continuity  is  enforced  in  fc-space 
after  each  boosting  event  causing  the  source  to  be 
slightly  less  localized.  The  spatial  decay  of  the 
turbulence  is  exponential  and  placement  of  the  scalar 
interface  becomes  a  compromise  between  minimizing 
the  effect  of  the  source,  by  placing  the  interface  far 
away,  and  maintaining  a  reasonable  Rex.  At  the 
location  chosen  18%  of  the  energy  dissipated  is  directly 
due  to  the  source  while  the  balance  is  from  turbulent 
transport.  This  is  acceptable  in  light  of  the  fact  that 
our  spatial  decay  rates  resemble  those  in  experiments. 


Table  2:  Initial  parameters  of  the  forced  mixing  layer 


k  (cm^/s^) 

16. 

e  (m®/s®) 

.00356 

A  (cm) 

.07 

A  (cm) 

.18 

Rex 

38 

r  =  k/e{s) 

.045 

4.2.1  Spatial  decay  and  isotropy 


In  figure  8  the  horizontal  rms  velocity,  it',  decays  with 
distance  from  the  source  as  it'  oc  i/*“”  where  n  =  1.7 
and  y*  is  the  vertical  distance  from  the  source  offset 
by  the  virtual  origin  and  normalized  by  the  source  half 
width.  The  virtual  origin  was  determined  as  described 
in  §4.1.1.  The  spatial  decay  rates  in  the  experiments 
range  from  n  =  1.  (Hannoun^®)  to  n  =  1.25  (Hopfinger 
&  Toly^^).  Only  a  portion  of  the  mixing  layer  is 
represented  in  figure  8,  and  it  cannot  be  assumed  that 
the  same  power  law  can  be  applied  throughout  (an 
observation  also  recognized  by  Hopfinger  &  Linden^®). 

Inside  the  mixing  layer  the  ratio  of  the  vertical  rms 
velocity  to  the  horizontal  rms  velocity  peaks  at  a  value 
of  1.2  (figure  9)  before  decaying  to  0.8  in  the  low 
energy  region.  The  experiments  of  Hannoun'-®  and 
(Hopfinger  &  Linden^®)  yield  values  of  1.32  and  1.25, 
respectively.  These  values  may  be  a  manifestation  of 
the  vertically  oscillated  grid.  However,  the  simulation, 
which  forced  the  mixing  layer  isotropically,  suggests 
that  the  anisotropy  may  be  independent  of  the  forcing 
and  may  be  a  feature  of  the  mixing  layer.  This  result 
is  further  substantiated  by  considering  the  normalized 
vertical  kinetic  energy  flux,  {{u^ /u' . 
Hannoun^®  found  the  value  peaks  in  the  mixing  layer 
and  then  decays  as  distance  from  the  source  increases. 


This  emphasizes  the  role  of  the  vertical  velocity  in  the 
mixing  layer  development. 

4.2.2  The  velocity  field  and  structure 

Compared  to  the  decaying  mixing  layer,  the 
intermittency  is  higher  in  the  forced  case,  primarily 
because  the  kinetic  energy  ratio  is  much  larger  and 
Rex  is  slightly  higher.  Figures  10  and  11  show  the 
skewness  and  kurtosis  of  the  vertical  and  horizontal 
velocities.  Near  the  source  and  below  the  mixing  layer 
S„  and  Sh  are  both  nearly  zero.  The  forced  mixing 
layer  is  statistically  stationary  and  averaging  over  time 
and  horizontal  planes  gives  smooth  results.  Peak  values 
of  Sv  and  Ky  reach  -1.5  and  12.,  respectively,  and  are 
biased  towards  the  weaker  side  of  the  mixing  layer  as 
in  the  decaying  case. 

The  mechanisms  of  entrainment  can  be  studied  by 
examining  planar  views  of  the  scalar  concentration  and 
kinetic  energy.  Several  features  are  observed  in  the 
two  vertical  planes  shown  in  figure  12.  As  in  the 
decaying  case,  large  stirring  structures  that  are  of  the 
size  of  the  integral  scale  deform  the  interface.  These 
eddies  intermittently  penetrate  deeply  into  the  interface 
and  mix  with  fluid  of  different  concentration  (regions 
denoted  by  a).  Fluid  parcels  are  separated  from  other 
fluid  of  similar  concentration  (b).  Mixing  occurs  at 
small  scales  once  the  large  scales  have  done  the  stirring 
(c).  The  interface  is  highly  contorted  on  the  high 
energy  side  and  relatively  unperturbed  on  the  opposite 
side.  The  interface  thickness  also  varies  with  location 
and  can  be  relatively  thin  (d).  The  profile  of  the 
scalar  dissipation  rate  normalized  by  the  mean  gradient 
(figure  13)  shows  the  peak  of  small  scale  mixing  located 
at  the  center  of  the  interface  even  though  the  energy  is 
larger  above. 

5.  Evaluation  of  Turbulence  Models 

The  contributions  to  the  growth  of  the  forced 
mixing  layer  can  be  evaluated  by  considering  the 
budget  equations  (1-5).  The  turbulent  flux  terms 
in  the  kinetic  energy  equation  (the  first  two  terms 
on  the  right  hand  side  of  (3))  are  plotted  in  figure 
14.  Energy  is  transported  away  from  the  source  by 
both  the  pressure  and  turbulent  velocity  fields  towards 
the  scalar  interface  as  indicated  by  the  negative  and 
positive  regions  in  figure  14.  The  transport  by  the 
turbulence  is  much  larger  than  the  contribution  from 
the  pressure  field.  Hopfinger  &  Linden'^®  predict  that 
both  mechanisms  are  of  the  same  order.  How'ever,  this 
may  only  be  valid  at  higher  Re.  The  net  transport  at 
the  interface  is  positive. 

A  commonly  used  turbulence  model  for  geophysical 
flows  was  developed  by  Mellor  &  Yamada^.  Versions 
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of  this  model  include  a  complex,  full  Reynolds  stress 
form  and  a  simpler  two  equation  version  similar  to  the 
model  proposed  by  Launder^  (referred  to  here  as  LRR), 
the  major  difference  being  the  determination  of  the 
length  scale.  Instead  of  solving  a  transport  equation 
for  the  dissipation  and  forming  a  length  scale  from 
k  and  e,  a  transport  equation  for  the  length  scale, 
/,  is  formed  directly  and  e  is  derived  from  k  and  1. 
The  Mellor-Yamada  (MY)  model  uses  assumptions  first 
proposed  by  Rotta^°  to  model  the  triple  correlation 
terms.  The  constants  in  this  model  were  evaluated 
using  experimental  data  from  homogeneous  shear  flows 
and  regions  of  boundary  layers  where  production  is 
balanced  by  dissipation  (buoyancy  effects  were  absent). 
The  model  predicts  the  flows  from  which  it  was 
calibrated  accurately  however  extensions  to  shear-less 
mixing  layers  may  be  inaccurate. 

As  described  in  LRR,  the  triple  correlation,  uiujv,  is 
considered  as  a  diffusive  term  and  typically  written  as: 


UiUjV 


dy 


,  _ duiUj 

+  (6) 


or  in  isotropic  form, 


capable  of  describing  the  difference  between  and 
{v?  +  w‘^)v  when  tl^  anisotropy  is  weak.  That  is,  while 
{v?  +  w^)(y)  2  v^(y),  the  differences  between  v^{y) 

and  (w.2  -f  w^)v{y)  can  be  substantial.  As  shown  in 
figure  16  the  predictions  with  the  anisotropic  model 
(6)  are  a  significant  improvement.  Figure  17  shows 
the  effectiveness  of  the  isotropic  MY  models  for  the 
triple  correlations  involving  the  scalar.  These  models 
are  formulated  similar  to  the  velocity  correlations 


6vv  =  —2  I 


(9) 


d9v  =  —I  q  See 


dee 

dy 


(10) 


where  Sgu  and  See  are  model  constants.  Again, 
the  predictions  of  dv"^  and  BOv  generally  track  their 
respective  triple  correlations  but  are  quantitatively 
incorrect.  Furthermore,  the  error  cannot  be  improved 
with  an  adjustment  in  the  isotropic  coefficient. 

The  pressure  strain  tensor,  Ilij,  can  be  decomposed 
into  slow  and  rapid  contributions. 


R..  — 


(r) 


UiUjV 


k^  duiUj 
e  dy 


while  the  MY  model  uses 

UiUjV  =  {5/5)lqSq  g— V 


(7) 

(8) 


Only  UiUjV  is  considered  since  this  refers  to  the 
one  inhomogeneous  direction.  Sq  and  Cg  are  model 
constants.  The  correlations  (u^  -p  w^)v,  and 
q‘^v  along  with  the  isotropic  MY  and  LRR  model 
predictions  (7)  and  (8)  are  shown  in  figure  15  using 
data  from  the  forced  mixing  layer.  The  models 
predict  {u'^  +  w^)v  fairly  well  but  is  greatly 
underestimated.  This  error  renders  prediction  of 
(ti^  +  t)“  +  w'^)v  incorrect  by  about  40%  in  the  mixing 
layer.  In  the  decaying  mixing  layer  the  MY  prediction 
of  (u~  iS  -p  iu^)v  was  inaccurate  by  60%.  The  error 
results  from  the  application  of  these  models  in  a  flow 
in  which  the  skewmess  is  large  and  where  the  eddies 
do  not  have  a  preferred  direction  of  orientation  (see 
figure  8).  A  structure  with  strong  vertical  motion 
w'ill  produce  a  large  while  an  equally  energetic 
horizontal  structure  may  not  produce  a  large  value 
of  (m^  -p  w^)v.  Consequently,  in  the  mixing  layer, 
>  (ii~  -p  iu^)v.  The  isotropic  models  are  not 


The  first  term  on  the  right  hand  side  is  due  to  large  scale 
correlations  and  the  second  is  related  to  the  mean  shear. 
Both  Rj-j-  and  RL  are  typically  modeled  as  functions 
of  the  turbulent  dissipation  rate,  the  anisotropy  tensor 
and  the  turbulent  kinetic  energy  with  the  constraint 
that  the  tensor  approach  zero  when  the  flow  becomes 
isotropic  (Speziale^^).  The  form  for  Ry  used  in  the 
MY  model  was  adapted  from  a  more  complicated  form 
of  the  LRR  model  but  in  the  absence  of  shear  both 
reduce  to  similar  forms 

Jlij  =  -Ciehij  (LRR) 

and 

^ij  =  -C2jhij  (MY) 

with  Cl  =  3.6,  C2  =  1.3  and  /  =  Although 

these  forms  are  comparable,  in  practice  they  differ 
since  e  and  /  are  determined  from  different  transport 
equations  in  the  LRR  and  MY  models.  As  shown  in 
figure  18  the  MY  models  for  Rn  -p  R33,  H22  and  R12 
yield  correct  trends  but  are  quantitatively  incorrect. 
As  Re  increases  the  pressure  strain  terms  become  more 
of  a  factor  in  the  budget.  Higher  Re  simulations  will 
be  made  to  evaluate  the  model  in  a  more  challenging 
regime. 
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6.  Conclusions 

The  simulations  agree  well  with  experiments  and 
can  be  used  to  further  study  the  structure  of  the 
mixing  layer  and  to  evaluate  turbulence  models.  The 
intermittency  of  the  mixing  layer,  quantified  by  the 
skewness  and  kurtosis,  is  visualized  with  contours 
of  the  scalar  field  and  offers  insight  into  methods 
for  improving  turbulence  models.  Standard  isotropic 
models  for  the  triple  correlations  do  not  perform  well 
for  the  simulated  mixing  layers  since  the  gradients 
of  +  w^)  and  are  too  similar  to  account  for 
the  large  difference  between  (u'^  +  w^)v  and  v^.  For 
example,  the  MY  model  predicts  (v?  +  w^)v  adequately 
but  underpredicts  and  +  w^)v  by  factors 

of  2.  The  anisotropic  LRR  model  performs  well  but 
is  complicated,  requiring  the  evaluation  of  the  cross 
correlations.  Both  the  MY  and  LRR  models  of  the 
pressure  strain  tensor  are  inaccurate  but  generally  track 
the  correlations. 

Future  simulations  will  include  the  effects  of  a  stable 
density  gradient.  Increasing  Rex  will  also  be  attempted 
since  large  scale  entraining  and  engulfing  mechanisms 
operate  in  these  higher  Rex  regimes.  It  has  been 
shown  that  for  flows  without  shear  the  isotropic  models 
yield  poor  predictions.  Alternative  parameterizations 
of  these  simpler  models  will  be  examined. 
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Notation 

bij  anisotropy  tensor 

Eij  energy  spectrum  tensor 

Eijitc,  y) 

radial  energy  spectrum  tensor 
k  <1^ turbulent  kinetic  energy 

K  kurtosis 

fi/2  half  length  scale  of  the  variance  profile 

/si/2  vertical  distance  containing  1/2  of  the  source 
P,p  mean,  fluctuating  pressure 

q  turbulent  velocity  scale 

Rex  Ag/jz,  microscale  Reynolds  number 

S  skewness 

t  time 

u,v,ui  fluctuating  velocity  components 

x,y,z  spatial  coordinates 

yc  height  of  the  centered  variance  profile 

yj  height  of  the  interface 

y*  dimensionless  distance  from  the  source 


Greek 

e  eii/2,  homogeneous  dissipation  rate  of  k 

eij  2i'Ui  kUj  k,  homogeneous  dissipation  rate  tensor 

7  scalar  diffusivity 

Q,d  mean, fluctuating  passive  scalar  concentration 

Qo  reference  scalar  concentration 

K  radial  wavenumber,  x/kiKi  -f  K3K3 

Ki  wavenumber  vector 

Xij^a  Taylor  microscale 

A  k^^^ /e,  integral  length  scale 

1/  kinematic  viscosity  _ 

Uij  pressure  strain  tensor,  p(uij  +  Ujj) 

T  k/e,  eddy  turnover  time 

X  scalar  dissipation  rate 

Primes  denote  rms  quantities,  overbars  represent 
ensemble  averages  and  “  denotes  Fourier  coefficients 
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Figure  2.  Radial  spectra  of  the  vertical  (a)  and  horizontal  (b)  energy.  Symbols  denote  positions  throughout 
the  mixing  layer,  (y  —  yc)/hl2  =  —1.3, —0.3, 0.0, 0.3, 1.3;  v  ,*,x  ,o,o.  The  vertical  dimension  is  offset  by 
the  center  of  the  mapped  variance  profile,  and  normalized  by  li^  the  half  length  of  the  mapped  variance 
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Figure  6.  Kinetic  energy  contours  in  two  vertical  planes  in  the  decaying  mixing  layer  at  t*  =  2.5.  Closely 
spaced  contours  denote  highly  energetic  regions. 
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Figure  7.  Horizontal  rms  velocity  normalized  by  maximum  value  before  ( -  )  and  after  ( - )  a 

boosting  event  displaying  the  direct  and  local  influence  of  the  source.  The  vertical  distance  is  offset  by  the 
interface  height  and  normalized  by  the  source  half  width.  The  scalar  profile  is  also  sketched  for  reference. 


Figure  8.  Decay  of  horizontal  rms  velocity  with  distance  from  the  source.  The  rms  velocity  is  normalized 
by  its  value  at  the  center  of  the  source. 
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Figure  12.  Scalar  concentration  in  two  vertical  planes  in  the  forced  mixing  layer.  Regions  with  large 
scales  (a);  regions  where  engulfment  has  pinched  off  parcels  of  fluid  of  different  concentration  (b);  regions 
marked  by  small  scale  mixing  (c);  regions  where  the  interface  has  become  thin  (d).  The  integral  scale  is 
drawn  as  a  scale  reference. 


Figure  13.  Normalized  scalar  dissipation  rate  as  a  function  of  y. 
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)  and  anisotropic  model  of 


Figure  16.  Vertical  profiles  of  the  triple  correlations  (cm^/s^).  Exact  (— 
Launder,  Reece  &  Rodi  (x  ),  (a)]  {u^  +  w^)v,  (b);  v'^v,  (c)\  {u^  +  +  w'^)v 


Figure  17.  Scalar  triple  correlations  ( - )  and  Mellor-Yamada  model  (o). 
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Figure  18.  Vertical  profiles  of  the  pressure  strain  tensor  (cm^/s^);  exact  ( - )  and  predictions  with 

Mellor-Yamada  (o). 
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1.  SUMMARY 

Direct  simulations  of  two  time-developing  turbulent 
wakes  have  been  performed.  Initial  conditions  for  the 
simulations  were  obtained  from  two  realizations  of  a  di¬ 
rect  simulation  of  a  turbulent  boundary  layer  at  momen¬ 
tum  thickness  Reynolds  number  670.  In  addition,  extra 
two-dimensional  disturbances  were  added  in  one  of  the 
cases  to  mimic  two-dimensional  forcing.  The  unforced 
wake  is  allowed  to  evolve  long  enough  to  attain  self¬ 
similarity.  The  mass-flux  Reynolds  number  (equivalent 
to  the  momentum  thickness  Reynolds  number  in  spatially 
developing  wakes)  is  2000,  which  is  high  enough  for  a 
short  range  to  be  evident  in  the  streamwise  one¬ 

dimensional  velocity  spectrum. 

Several  turbulence  statistics  have  been  computed  by  av¬ 
eraging  in  space  and  over  the  self-similar  period  in  time. 
The  growth  rate  in  the  unforced  flow  is  low  compared 
to  experiments,  but  when  this  growth-rate  difference  is 
accounted  for,  the  statistics  of  the  unforced  case  are  in 
reasonable  agreement  with  experiments.  However,  the 
forced  case  is  significantly  different.  The  growth  rate, 
turbulence  Reynolds  number,  and  turbulence  intensities 
are  as  much  as  ten  times  larger  in  the  forced  case.  In 
addition,  the  forced  flow  exhibits  large-scale  structures 
similar  to  those  observed  in  transitional  wakes,  while  the 
unforced  flow  does  not. 

2.  INTRODUCTION 

The  plane  wake  studied  here  is  one  of  several  canonical 
free  shear  flows  that  are  used  as  test  flows  for  the  de¬ 
velopment  of  turbulence  models  and  turbulence  control 
strategies.  In  addition,  plane  wakes  are  of  particular  in¬ 
terest  in  high-lift  airfoil  configurations,  where  one  lifting 
surface  (a  flap)  may  be  operating  in  or  near  the  wake  of 
an  upstream  surface.  The  numerical  simulations  reported 
here  are  the  first  of  several  to  be  performed  to  provide  data 
for  turbulence  modeling  relevant  to  such  a  configuration. 

It  is  well  known  that  a  turbulent  plane  wake  will  approach 
a  self-similar  evolution,  with  thickness  growing  like 
where  x  is  streamwise  distance.  However,  the  rate  at 
which  this  growth  occurs  can  vary  considerably.  For 
example,  in  the  experiments  of  Wygnanski  et  al.  }  the 

growth  rate  5  ^  is  the  half-width  of  the  wake,  defined 
below,  and  6  is  the  momentum  thickness)  varied  from  0.29 
to  0.41  depending  on  the  details  of  the  body  that  generated 


the  wake.  Even  larger  growth  rates  can  be  obtained  using 
two-dimensional  forcing. Furthermore,  as  pointed  out 
by  George^  and  as  observed  by  Wygnanski  et  al.,^  even  if 
the  mean  velocity  profiles  of  various  plane  wakes  are  the 
same  (when  properly  scaled),  profiles  of  the  turbulence 
statistics  need  not  be. 

As  in  many  free-shear  flows,  the  evolution  of  large-scale 
coherent  structures  in  the  plane  wake  has  been  of  great 
interest  (e.g.  Refs.  4  and  5).  Part  of  the  reason  for  this  in¬ 
terest  is  that  the  well-known  features  of  transitional  wakes 
(e.g.  the  Karman  street)  have  been  observed  in  the  tur¬ 
bulent  wake  as  well.  However,  the  extent  to  which  such 
structures  are  dynamically  important,  and  how  they  might 
vary  among  different  wakes  is  not  clear. 

The  apparent  non-uniqueness  of  the  self-similar  plane 
wake  is  a  problem  because  it  complicates  the  modeling  of 
the  flow.  At  the  same  time,  it  provides  an  opportunity  to 
control  the  evolution  of  the  wake.  Progress  in  predicting 
and/or  controlling  the  wake  evolution  will  be  facilitated 
by  more  detailed  information  on  both  the  statistics  and 
structures  in  plane  wakes,  how  they  are  related,  and  how 
and  why  they  vary  among  different  wakes.  Direct  nu¬ 
merical  simulation  is  an  ideal  tool  for  providing  some 
of  this  information  because  it  provides  absolute  control 
of  the  initial/inlet  conditions  and  very  detailed  informa¬ 
tion  about  the  flow.  Two  such  simulations  with  differing 
initial  conditions  were  performed  to  address  these  issues, 
and  some  of  the  preliminary  results  are  reported  here.  The 
simulations  are  described  in  §3,  a  statistical  description  of 
the  two  flows  is  presented  in  §4,  and  the  structural  features 
of  the  flows  are  discussed  in  §5.  Finally,  some  concluding 
remarks  are  given  in  §6. 

3.  THE  SIMULATIONS 

The  numerical  simulations  discussed  in  this  paper 
were  performed  by  solving  the  three-dimensional  time- 
dependent  incompressible  Navier-Stokes  equations.  For 
computational  efficiency,  a  temporally  evolving  plane 
wake  was  simulated  rather  than  the  spatially  evolving 
flow  typical  of  experiments.  The  spatially  and  temporally 
evolving  wakes  differ  in  that  different  integral  quantities 
are  preserved.  In  the  time-developing  wake,  the  cross¬ 
stream  integrated  mass  flux  deficit  m  =  -  8U  dy 
is  preserved  (the  velocity  deficit  is  6U  =  U  -  Uoo, 
where  U  and  Uoo  are  the  mean  and  free-stream  ve¬ 
locities,  respectively),  while  in  the  spatially  evolving 
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Figure  1.  Streamwise  one-dimensional  energy  spectra 

at  y  =  0  in  the -  unforced  wake  simulation  at 

jm  =  91.5  and - the  forced  wake  simulation 

at  jm  =  50.0.  The  straight  line  shows  a 
dependence. 

wake,  the  integrated  momentum  flux  deficit  U^6  = 
-  6U {UoQ  -t-  6U)dy  is  preserved.  In  the  limit  of 
small  deficits,  the  temporally  evolving  wake  is  equivalent 
to  a  spatially  evolving  wake  viewed  in  a  frame  moving 
with  the  free  stream,  and  in  this  limit,  the  mass  flux  deficit 
is  given  by  rh  =  [food-  In  the  time-developing  wake, 
the  free  stream  velocity  is  irrelevant,  only  the  deficit  is 
important.  Thus,  in  what  follows,  nondimensionalization 
will  be  based  on  m  and  the  initial  magnitude  of  the  veloc¬ 
ity  deficit,  A.  In  both  flows  described  here,  the  Reynolds 
number  Rem  =  rh/i/ is  2000.  This  Reynolds  number  is 
high  enough  to  produce  a  short  spectral  range  in 

the  streamwise  one-dimensional  spectrum  (figure  1). 

In  this  study,  the  solution  domain  is  periodic  in  the  stream- 
wise  (a;)  and  spanwise  (z)  directions  with  periods  50m/A 
and  12.5m/A  respectively.  These  domain  sizes  were  se¬ 
lected  to  correspond  to  those  in  the  boundary  layer  sim¬ 
ulations  from  which  the  initial  conditions  were  obtained 
(see  below).  The  domain  is  infinite  in  the  cross-stream 
(y)  direction.  A  Galerkin  spectral  method^  was  used  to 
solve  the  equations. 

Initial  conditions  were  generated  using  two  realizations 
of  a  turbulent  boundary  layer  with  a  momentum  thickness 
Reynolds  number  of  670,  as  computed  by  Spalart^.  One 
boundary  layer  was  used  for  each  side  of  the  wake,  with 
equal  free  stream  velocities  attained  at  y  =  ±oo.  Thus, 
the  simulations  represent  a  temporally  evolving  approx¬ 
imation  to  the  wake  of  a  zero-thickness  flat  plate  with 
turbulent  boundary  layers  at  zero  angle  of  attack.  In  addi¬ 
tion  to  the  boundary  layers  and  their  turbulence,  one  of  the 
two  simulations  included  extra  two-dimensional  forcing 
in  the  initial  condition.  This  forcing  was  used  to  mimic 
the  expected  receptivity  of  the  trailing  edge  of  the  plate 
to  two-dimensional  disturbances.  To  model  the  uncon¬ 
trolled  nature  of  the  two-dimensional  disturbances  in  a 
flat-plate  wake,  the  forcing  was  introduced  by  amplifying 
all  the  two-dimensional  modes  in  the  boundary  layer  ini¬ 
tial  conditions  by  a  factor  of  20.  In  similar  simulations  in 
a  mixing  layer,®  this  amplification  factor  was  needed  to 
produce  a  significant  effect.  The  amplification  increased 


the  total  initial  disturbance  energy  by  a  factor  of  13,  and 
the  total  energy  per  unit  plan  area  added  to  the  flow  by  the 
forcing  was  0.7mA. 

4.  SELF-SIMILARITY  AND  STATISTICS 

Developed  small  deficit  plane  wakes  evolve  self-similarly, 
with  thicknesses  growing  like  (or  in  a  spatially 
developing  wake).  Since  in  a  time-evolving  wake  the  total 
mass  flux  deficit  m  is  constant,  this  implies  that  the  max¬ 
imum  velocity  deficit  magnitude  (Rq)  decays  like 
In  a  spatially  evolving  wake,  the  momentum  thickness  9  is 
constant,  which  implies  that  a  decay  of  the  deficit 
holds  in  this  case.  By  scaling  large-scale  quantities  with 
the  local  thickness  and  the  velocity  deficit,  statistical  pro¬ 
files  at  different  times  (or  different  downstream  locations 
in  the  spatially  evolving  flow)  collapse  onto  a  single  curve. 
In  what  follows,  the  numerically  simulated  plane  wake  is 
examined  for  evidence  of  such  self-similar  evolution. 

A  variety  of  different  thickness  measures  can  be  used  to 
characterize  the  wake  locally.  To  facilitate  comparison  to 
previous  experimental  data,  we  will  use  the  half-width  b, 
which  is  defined  to  be  the  distance  between  the  y-locations 
at  which  the  mean  velocity  is  half  of  Uq  (note  that  some 
investigators  take  the  half-width  to  be  half  this  distance). 

Shown  in  figure  2  are  the  time  evolutions  of  and  (/q 
for  the  unforced  and  forced  cases.  Both  these  quantities 
should  evolve  linearly  during  self-similarity,  and  indeed 
in  the  unforced  flow  both  have  substantial  periods  of  linear 
growth.  The  normalized  growth  rate  (a)  is 

1  dh^  d{bA/m)^ 

- 7 -  ’  ID 

m  dt  dr 

where  the  nondimensional  timer  is  given  by  r  =  tA^fm. 
In  the  unforced  flow  a  =  0.23,  which  is  significantly 
smaller  than  the  experimental  value  of  0.34  in  Ref.  9. 
In  contrast,  the  forced  case  has  no  extended  period  of 
self-similar  growth,  though  there  are  short  periods  during 
which  b^  and/or  Uq  develop  linearly.  The  best  chance 
for  self-similarity  in  the  forced  case  occurs  near  the  end  of 
the  simulation  (r  >  40).  Here  bllQ  (figure  2(c))  appears  to 
be  reaching  a  plateau  indicating  that  6  and  Uq  are  evolving 
together  (a  =  1 .63  at  this  time  in  the  unforced  flow). 
Furthermore  the  statistical  profiles  discussed  below  are 
roughly  consistent  with  self-similarity. 

Another  global  quantity  that  can  be  examined  for  evidence 
of  self-similarity  is 

/OO 

£  dy  ,  (2) 

-OO 

the  integrated  rate  of  dissipation  of  kinetic  energy  {e  = 
IvSijSij,  where  Sij  is  the  strain-rate  tensor  and  i/  is  the 
kinematic  viscosity).  This  quantity  has  units  of  velocity 
cubed  and  therefore  should  scale  with  Uq.  Thus  £/Uq 
should  be  a  constant  during  self-similarity.  In  figure  2(d), 
it  is  shown  that  ^/Uq  is  indeed  approximately  constant 
for  40  <T<  90  in  the  unforced  case,  but  the  evidence  for 
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Figure  2.  Evolution  of  (a)  (6A/m)2,  (b)  {A/Uq)^,  (c)  bUo/m,  and  (d)  S/U^  or  e/{20U^)  in  the - unforced  and 

- forced  wake  simulations,  respectively. 


Figure  3.  Collapse  of  (a)  SU/Uq  and  (b)  v?-/U^  in  scaled  coordinates  at  four  times  during  the  self-similar  period  at 
- r  =  42.8, - r  =  56.6, .  r  =  71.7  and - r  =  91.5. 


self-similarity  is  less  convincing  during  the  approximately 
self-similar  period  (r  >  40)  in  the  forced  case. 


The  self-similarity  of  the  unforced  flow  is  further  sup¬ 
ported  by  the  mean  velocity  and  Reynolds  stress  pro¬ 
files,  when  plotted  in  self-similar  coordinates.  Shown 
in  figure  3  are  the  mean  velocity  and  streamwise  ve¬ 
locity  variance  at  four  times  in  the  self-similar  period 
(42.8  <  r  <  91 .5)  of  the  unforced  flow.  The  collapse  of 
these  curves  is  good.  Profiles  from  times  outside  of  this 
period  (not  shown)  do  not  collapse  nearly  as  well.  As  in 
the  mixing  layer  simulations  in  Ref.  8,  the  breakdown  of 
self-similarity  at  late  times  appears  to  be  caused  by  the 
finite  size  of  the  computational  domain.  In  the  forced 
flow,  the  mean  and  variance  profiles  also  collapse  quite 
well  during  the  approximate  self-similar  period  (r  >  40). 


Figure  4.  Comparison  of  time-averaged  (in  scaled  coor¬ 
dinates)  wake  deficit  profiles  from - ,  the  unforced 

wake  simulation, - the  forced  wake  simulation,  and 

•  the  experiments  of  Ref.  9. 
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Figure  5.  Comparison  of  the  time-averaged  (in  scaled  coordinates)  components  of  the  Reynolds  stress  tensor  from 
- ,  the  unforced  simulations,  and  •  the  experiments  of  Ref.  9. 


Since  the  average  quantities  collapse  in  self-similar  coor¬ 
dinates,  they  can  also  be  averaged  in  time  over  the  self¬ 
similar  period,  reducing  the  statistical  noise  in  the  profiles. 
Tlie  results  of  such  averaging  are  shown  in  figures  4  and  5 
for  the  mean  velocity  and  Reynolds  stress  components, 
respectively.  Also  shown  are  the  data  from  Ref.  9.  Note 
that  the  magnitudes  of  the  Reynolds  stress  components  in 
the  forced  case  are  an  order  of  magnitude  larger  than  the 
curves  shown  in  figure  5,  and  are  therefore  omitted  (see 
figure  6).  Since  the  wake  is  statistically  symmetric,  the 
statistical  sample  in  these  profiles  has  been  increased  by 
averaging  the  two  sides  of  the  wake  together.  Only  half 
of  each  average  profile  is  shown.  The  agreement  between 
the  experimental  and  unforced  computational  mean  ve¬ 
locity  is  very  good.  However,  the  mean  profile  from  the 
forced  flow  does  not  agree  as  well,  and  is  not  smooth. 
This  is  presumably  because  of  the  poor  statistical  sam¬ 
ple  of  the  large  structures  that  dominate  the  forced  flow 
(see  §5).  The  components  of  the  Reynolds  stress  tensor 
in  the  unforced  computation  shown  in  figure  5  have  the 
same  general  shape  as  those  measured  in  the  Weygandt  & 
Mehta®  experiments,  but  the  magnitudes  are  smtiller. 

Part  of  the  reason  for  this  difference  in  Reynolds  stress 
magnitude  is  the  difference  in  growth  rates  noted  above. 
As  was  pointed  out  by  George,^  a  variety  of  self-similar 
turbulent  flows  could  occur  in  the  same  flow  situation, 
and  even  if  the  (normalized)  mean  velocities  are  the  same, 
the  growth  rates,  Reynolds  stresses,  and  dissipation  rates 
(for  example)  can  differ.  In  fact  there  is  a  direct  relation¬ 
ship  between  the  magnitude  of  the  (normalized)  Reynolds 
shear  stress  and  the  growth  rate  a.  To  see  this,  express 
the  mean  velocity  and  Reynolds  shear  stress  in  self-similar 


form: 

SU  =  Uof{0  ~uv  =  Rg{0,  (3) 

whereC  =  y/6, /and^(aretheself-similarprofiles,and 
is  the  scale  for  the  Reynolds  stress.  In  the  time-developing 
wake,  the  mean  velocity  equation  (in  the  inviscid  limit)  is 

861/  duv 

Substituting  the  self-similar  forms,  evaluating  the  deriva¬ 
tives,  and  rearranging  yields 


/  +  c/' 


2bR  , 
mallQ  ^ 


(5) 


If  two  different  wakes  have  the  same  /,  then  they  must 
have  the  same  g'  profile  and  the  scaling  R  must  be  given 
by 


(6) 


Since  m/{UQb)  is  a  shape  factor  of  order  one  (see  fig¬ 
ure  2(6’)),  the  Reynolds  shear  stress  should  scale  like 
(7q  a.  It  is  reasonable  to  assume  that  all  components  of 
the  Reynolds  stress  tensor  scale  this  way,  and  that  at  least 
some  of  the  differences  in  the  velocity  variances  shown 
in  figure  5  are  due  to  growth  rate  differences. 


Profiles  of  the  Reynolds  stress  tensor  components  normal¬ 
ized  by  UqU  are  shown  in  figure  6  for  both  the  simulations 
and  the  experiments  of  Ref.  9.  This  scaling  with  a  has  in¬ 
deed  reduced  the  differences  among  the  different  wakes. 
The  unforced  simulation  and  the  experiments  agree  well 
with  regard  to  the  level  of  and  uv,  but  the  level 
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Figure  6.  Comparison  of  the  time-averaged  (in  scaled  coordinates)  profiles  of  u^,  v'^,  and  uv  normalized  by  U^a 
from - ,  the  unforced  wake  simulation, - the  forced  wake  simulation,  and  •  the  experiments  of  Ref.  9. 


Figure  7.  Time-averaged  (in  scaled  coordinates)  vorticity 

correlation  tensor  profiles  WjWy.  - Wj, - 

.  - 


of  v'^  is  still  about  30%  higher  in  the  experiments.  It 
is  interesting  that  the  levels  of  and  v'^  in  the  forced 
case  can  be  several  times  larger  than  those  in  the  other 
data,  while  the  and  uv  profiles  agree  reasonably  well 
for  all  three  wakes  when  scaled  with  U^a.  Apparently 
the  strong  forcing  of  the  two-dimensional  modes  has  pro¬ 
duced  a  wake  that  is  qualitatively  different  from  the  other 
two  wakes  (see  §5).  As  pointed  out  in  Ref.  3,  the  pro¬ 
files  of  all  the  Reynolds  stress  tensor  components  are  not 
expected  to  collapse  perfectly  in  this  scaling  due  to  the 
unknown  variation  of  the  various  terms  in  the  Reynolds 
stress  balance  equations.  A  similar  variation  in  the  shapes 
of  the  profiles  in  different  wakes  was  reported  in  Ref.  1 . 


Figure  8.  Terms  in  the  balance  equation,  scaled  by 

(/q/6.  - production - dissipation .  time 

derivative, - turbulent  diffusion,  and - pressure 

diffusion. 


In  addition  to  velocity  statistics,  vorticity  statistics  can  be 
obtained  from  the  simulations.  As  in  Ref.  8,  the  scaling  of 
f  with  Uq  implies  that  the  vorticity  variances  should  scale 
like  Ref,UQ/b^,  where  =  UQb/y.  However,  since 
Re^  is  a  constant  in  a  self-similar  wake,  the  Reynolds 
number  factor  would  only  be  important  when  comparing 
wakes  at  different  Reynolds  numbers.  The  vorticity  vari¬ 
ances  averaged  over  the  self-similar  period  in  the  unforced 
flow  are  shown  in  figure  7.  The  relative  magnitudes  of 
the  variances  of  the  vorticity  components  are  in  general 
agreement  with  those  found  in  previous  computations  of 
homogeneous  shear  flows^®  and  plane  mixing  layers^. 
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Figure  9.  Contours  of  spanwise  vorticity  in  an  x-y  plane  in  (a)  the  unforced  flow  at  r  =  91 .5  and  {b)  the  forced  flow 
at  T  =  50.0.  The  contour  increments  are  (a)  2.5f/o/6  and  {b)  IOUq/B,  and  negative  contours  are  dotted.  Tic  marks  are 
at  5?h/A  intervals. 


Some  of  the  more  difficult  statistical  quantities  to  deter¬ 
mine  experimentally  are  the  terms  in  the  balance  equa¬ 
tions  for  the  Reynolds  stresses.  As  an  example,  consider 
the  equation  for  =  uju{,  which  in  this  case  of  the 
time-developing  wake  is  given  by 


the  =  Cq /i(C)  profile,  with  the  result 


b  dq^ 


(8) 


dq^  _ d6U  dq^v  dpv  2  du^  du^  1  d^q^ 

dt  dy  dy  dy  Re  dxj  dxj  ^  Re  dy^ 

(7) 

The  terms  on  the  right  hand  side  are  interpreted  (in  order  of 
appearance)  as  production,  turbulent  diffusion,  pressure 
diffusion,  dissipation,  and  viscous  diffusion.  The  average 
of  the  terms  in  this  equation  over  the  self-similar  period 
in  the  unforced  flow  are  shown  in  figure  8. 

Since  the  shear  is  zero  at  the  center  of  the  wake,  the 
production  is  zero  there.  Production  of  q^  thus  peaks  in  the 
maximum  shear  region  and  turbulent  diffusion  provides 
transport  to  the  center  of  the  wake.  Turbulent  diffusion 
also  transports  to  the  edge  of  the  wake,  and  is  th^ 
responsible  for  most  of  the  growth  in  the  width  of  the  q^ 
profile.  There  is  also  a  small  transport  from  the  edge  of 
the  wake  to  the  center  by  pressure  diffusion.  The  negative 
time  derivative  near  the  center  of  the  wake  produces  the 
decay  in  the  maximum  q^,  and  the  growth  in  the 
width  of  the  turbulent  region  is  reflected  in  the  positive 
time  derivative  at  the  edge  of  the  wake.  For  a  self-similar 
wake,  the  time  derivative  can  be  computed  directly  from 


At  the  centerline,  h  =  q'^/UQ  is  0.12  and  the  shape  factor 
■m/{UQh)  is  1.04  (see  figure  2(c)),  resulting  in  a  centerline 
value  of  the  time  derivative  of  0.028.  This  is  somewhat 
larger  than  the  value  (0.023)  computed  from  the  simula¬ 
tion  data  and  plotted  in  figure  8.  The  discrepancy  is  a 
measure  of  the  departure  of  the  unforced  simulation  from 
self-similarity,  and  the  adequacy  of  the  statistical  sample. 

5.  STRUCTURES 

The  large  statistical  differences  between  the  forced  and 
unforced  wakes  discussed  in  §4  are  a  manifestation  of 
differences  in  the  structure  of  the  turbulence  in  these  two 
flows.  This  difference  can  be  seen  in  figure  9,  where  span- 
wise  vorticity  contours  in  x-y  planes  of  both  the  forced 
and  unforced  flows  are  shown.  In  the  forced  case,  there 
are  concentrations  of  vorticity  fluctuations  that  occur  al¬ 
ternately  on  one  side  of  the  wake  or  the  other,  similar 
to  the  Karman  street  commonly  observed  in  transitional 
wakes.  By  examining  other  x-y  planes  (not  shown),  one 
can  determine  that  these  large-scale  features  are  spanwise 
coherent.  The  vorticity  concentrations  are  also  accom¬ 
panied  by  large  incursions  of  irrotational  fluid  into  the 
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Figure  10.  (a)  Contours  of  spanwise  vorticity  in  an  x-y  plane  (contour  increment  of  IOUq/B)  and  (b)  top  view  of 
regions  where  enstrophy  (wj-Wj)  is  larger  than  8700I7q/&^  in  the  forced  flow  at  r  =  26.3.  Tic  marks  are  at  5A/rh 
intervals. 


wake.  In  contrast,  the  unforced  wake  exhibits  no  such 
vorticity  concentrations,  and  relatively  small  incursions 
of  irrotational  fluid.  It  appears  to  consist  of  a  slab  of 
turbulence  with  undulating  boundaries.  Forcing  was  also 
found  to  produce  large-scale  structures  similar  to  those  in 
transitional  flows  in  the  turbulent  mixing  layers  of  Ref.  8. 

Another  striking  difference  between  the  two  flows  is  that 
the  forced  flow  appears  to  have  vorticity  fluctuations  of 
much  smaller  scale.  This  is  consistent  with  the  appear¬ 
ance  of  the  streamwise  spatial  spectra  in  figure  1  and  the 
fact  that  finer  spatial  resolution  was  required  to  compute 
the  forced  flow.  Comparing  figure  9(a)  and  figure  9(b),  it 
appears  that  the  forced  flow  has  a  larger  Reynolds  number 
than  the  unforced  flow  since  there  are  larger  large-scale 
features,  and  smaller  small-scale  features.  Indeed  the  cen¬ 
terline  value  of  the  turbulence  Reynolds  number  / (ea) 
is  an  order  of  magnitude  larger  in  the  forced  case  than  in 
the  unforced  case  (4000  versus  460),  this  despite  the  fact 
that  the  Reynolds  numbers  based  on  m  are  the  same  in 
the  two  flows. 

The  mixing  layer  simulations  of  Rogers  &  Moser^’^  ^  sug¬ 
gest  that  whenever  there  is  a  flow  region  that  is  dominated 
by  large-scale  strain,  but  largely  devoid  of  (spanwise) 
vorticity,  it  is  likely  that  long  coherent  vortices  aligned 
with  the  extensional  strain  (so-called  rib  vortices),  will 
develop.  Such  a  region  might  be  expected  between  the 


vortices  in  a  Karman  Street,  and  indeed  rib  vortices  have 
been  observed  in  simulations  of  transitional  wakes. A 
strain-dominated  region  of  this  type  appears  to  exist  in  the 
forced  flow  shown  in  figure  9(&)(at  x  w  35rh/A),  but  no 
rib  vortices  were  found  at  this  time.  However,  at  an  earlier 
time  (r  =  26.3,  figure  10),  the  strain-dominated  region  is 
also  present  and  rib  vortices  occur  there.  The  rib  vortices 
can  be  seen  in  figure  lO(fi)  as  the  long  thin  streamwise- 
oriented  regions  oflarge  enstrophy  at  a;  35m/A.  These 
vortices  span  the  strain-dominated  region,  and  do  not  oc¬ 
cur  elsewhere  in  the  forced  flow  or  anywhere  in  the  un¬ 
forced  flow,  which  has  no  such  strain-dominated  regions. 
The  reason  for  the  disappearance  of  the  rib  vortices  at 
later  times  has  not  yet  been  investigated. 

6.  CONCLUSIONS 

Two  turbulent  time-developing  plane  wakes  (forced  and 
unforced)  have  been  simulated  numerically,  and  at  least 
the  unforced  wake  evolves  self-similarly  for  a  significant 
period.  The  growth  rate  of  the  unforced  wake  is  low  by 
30%  compared  to  experimentally  observed  growth  rates. 
In  the  unforced  flow,  the  magnitude  of  ^the  components 
of  the  Reynolds  stress  tensor  except  are  in  general 
agreement  with  the  experimental  data  of  Ref.  9  when 
scaled  by  the  growth  rate.  The  vertical  velocity  variance 
is  lower  than  the  experiments  b>  30%. 
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The  forced  flow  is  not  convincingly  self-similar.  But,  to¬ 
ward  the  end  of  the  simulation,  it  appears  to  be  beginning 
a  self-similar  growth  period.  However,  the  growth  rate 
a  is  an  order  of  magnitude  larger  than  in  the  unforced 
flow,  and  the  turbulence  levels  are  several  times  larger, 
even  when  the  difference  in  growth  rates  is  accounted 
for.  Also,  the  turbulence  Reynolds  number  is  much  larger 
than  in  the  unforced  flow,  even  though  the  bulk  Reynolds 
numbers  are  the  same.  Finally,  the  forced  flow  exhibits 
large-scale  structures  similar  to  those  observed  in  transi¬ 
tional  wakes,  though  no  such  structures  were  present  in 
the  unforced  flow.  The  strong  forcing  has  resulted  in  a 
qualitatively  different  turbulent  flow.  It  is  not  clear  if  this 
difference  would  be  maintained  if  the  flow  could  continue 
to  evolve. 
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SUMMARY 

A  set  of  direct  numerical  simulations  of  tempo¬ 
rally  evolving  incompressible  plane  wakes  started 
from  a  variety  of  initial  conditions  have  been  per¬ 
formed.  The  intent  is  to  explore  the  effect  of  ini¬ 
tial  conditions  on  the  development  of  three  di¬ 
mensionality.  It  was  found  that  the  existence 
of  an  obhque  disturbance  at  a  streamwise  wave¬ 
length  equal  to  the  two-dimensional  subharmonic 
wavelength  plays  a  very  important  role  in  the  de¬ 
velopment  of  the  wake.  The  Reynolds  number 
and  the  presence  or  absence  of  longer  wavelength 
disturbances  were  also  found  to  be  important  at 
late  times  in  the  development  of  the  flow.  Dis¬ 
turbance  phase  was  found  to  have  an  effect  on 
the  details  of  the  structure  of  the  wake,  but  has 
relatively  little  effect  on  the  wake  growth. 


1  INTRODUCTION 

The  primary  instability  in  plane  wakes,  the 
Kelvin- Helmholz  instability  which  grows  into  the 
familiar  Karman  vortex  street,  has  come  to  be 
relatively  well  understood.  Secondary  instabil¬ 
ity  modes  and  eventual  transition  to  turbulence, 
however,  are  still  not  well  understood,  and  are 


the  subject  of  ongoing  research. 

One  of  the  key  research  issues  has  to  do  with 
the  apparent  non-uniqueness  of  the  far  field  de¬ 
velopment  of  wakes.  Experiments  by  Wygnan- 
ski,  Champagne,  and  Marasli  [1]  showed  that  the 
asymptotic  growth  rate  of  incompressible  plane 
wakes  depended  significantly  on  the  specific  ge¬ 
ometry  of  the  wake  generator.  Numerical  calcula¬ 
tions  by  Chen,  Cantwell,  and  Mansour  [2]  showed 
that  detailed  features  in  the  late  stages  of  three- 
dimensional  development  of  a  compressible  pla¬ 
nar  wake  were  sensitive  to  the  relative  phase  of 
disturbance  modes  in  the  initial  field. 

The  purpose  of  the  present  work  is  to  exam¬ 
ine  the  relationship  between  initial  flow  con¬ 
ditions  and  secondary  development  in  incom¬ 
pressible  plane  wakes.  A  series  of  simulations 
were  run  on  the  massively  parallel  NAS  Intel 
iPSC/860,  located  at  the  NAS  A- Ames  Research 
Center.  The  simulations  were  used  to  explore 
the  effects  of  various  combinations  and  phasings 
of  initial  laminar  disturbances  on  the  develop¬ 
ment  of  three  dimensionality  and  transition  to 
turbulence.  These  disturbances  included  two- 
and  three-dimensional  modes  from  fundamen¬ 
tal  through  sub-subharmonic  streamwise  wave- 
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lengths.  The  wake  Reynolds  numbers  based  on 
initial  flow  halfwidth  and  mean  centerline  defect 
velocity 

(1) 

V 

were  between  119  and  2768.  The  low  end  of  this 
range  was  chosen  to  match  experiments  on  spa¬ 
tially  evolving  plane  wakes  by  Corke,  Krull,  and 

Ghassemi  [3].  The  high  end  is  intended  to  allow 

the  study  of  moderately  turbulent  wakes,  and  is 
limited  by  the  capabilities  of  the  computational 
hardware  used. 

2  METHOD 

The  simulations  were  carried  out  using  a  newly 
developed  code  based  on  an  algorithm  similar  to 
one  introduced  by  Corral  and  Jimenez  [4].  The 
algorithm  allows  Fourier  spectral  methods  to  be 
applied  to  problems  with  one  infinite  and  two  pe¬ 
riodic  directions  without  having  to  resort  to  non¬ 
linear  mapping  of  the  infinite  direction  to  a  finite 
domain.  This  is  accomplished  by  computing  only 
the  rotational  region  of  the  flow.  The  boundary 
conditions  for  the  computed  region  are  obtained 
by  matching  to  known  asymptotic  solutions  for 
the  bordering  irrotational  regions. 

The  basic  approach  is  to  divide  the  flow  into  three 
domains  in  the  non-periodic  direction  as  shown  in 
Figure  1.  Domain  I  extends  from  —  oo  to  Yi(t), 
domain  II  from  Yi{t)  to  T2(Z),  and  domain  III 
from  Y^i^t)  to  +oo.  The  boundaries  Tilf)  and 
Y2{t)  are  chosen  such  that  domain  II  contains  all 
the  vorticity  in  the  flow,  and  domains  I  and  III 
are  vorticity  free.  This  choice  of  Yi(t)  and  Y2(t) 
requires  that  the  vorticity  magnitude  and  vortic¬ 
ity  gradient  at  the  top  and  bottom  of  domain  II 
be  zero  (or  in  practice  very  small).  This  is  the 
case  for  many  flows  of  interest,  particularly  at 
high  Reynolds  number  where  the  interface  be¬ 
tween  rotational  fluid  and  irrotational  fluid  is 
sharp.  Choosing  yi(t)  and  Y2(t)  in  this  way  al¬ 
lows  the  vorticity  in  domain  II  to  be  treated  as 
fully  periodic.  The  vorticity  equations  govern¬ 
ing  the  flow  may  then  be  solved  with  a  pseudo- 
spectral  technique  which  uses  standard  complex 
Fourier  transforms  in  all  three  directions. 

The  inherent  non-periodic  nature  of  the  flow  only 
enters  into  the  equations  of  motion  through  the 
nonlinear  term  of  the  momentum  equation.  The 
vorticity,  ljj,  is  not  directly  affected  by  the  images 
of  the  flow  vorticity  created  by  artificially  intro¬ 
ducing  periodicity  in  the  non-periodic  direction. 


It  can  accurately  be  treated  as  being  periodic. 
The  velocity,  Uj,  which  is  a  solution  of  a  Pois¬ 
son  equation  involving  the  vorticity  as  a  source 
term,  is  affected  by  the  vorticity  images  and  must 
be  corrected  to  remove  the  effect  of  the  artifi¬ 
cial  periodicity.  This  is  accomplished  by  adding 
an  incompressible,  irrotational  component  to  the 
velocity  field  in  domain  II  which  matches  it  to 

analytic  asymptotic  solutions  for  the  velocity  in 

domains  I  and  III. 


2.1  Numerical  Algorithm 

The  vorticity  form  of  the  Navier- Stokes  equations 
is 

^j,t  T  (-jkl{,^lm.n'^n^Tn),k  —  ^^j,kk  (2) 

—  ^jki'^i^k  (a) 

where  Uj  and  Uj  are  the  vorticity,  and  velocity 
components  in  the  j  direction,  and  €jki  is  the  al¬ 
ternating  unit  tensor 


ejki  =  < 


r  1. 
-1, 
to. 


if  (1,2,3),  (3,1,2), 

or  (2,3,1) 

if  (i,fc,/)=(3,2,l),(l,3,2),  (4) 
or  (2,1,3) 

if  j  =  k,  j  =  I,  OT  k  =  1. 


In  order  to  maximize  the  available  resolution  for 
a  given  number  of  grid  points  while  at  the  same 
time  keeping  the  vorticity  at  the  edges  of  the  re¬ 
solved  box  small  as  required  for  the  asymptotic 
matching,  a  growing  uniform  grid  is  used  in  the 
non-periodic  X2  direction.  To  implement  this, 
the  coordinates  in  each  direction  are  rescaled  to 
an  interval  of  27r,  the  “natural”  interval  for  Fast 
Fourier  Transforms. 

=  2irxi/Li 

6(f)  =  27r(2;2-Ei(f))/X2(f) 

6  =  2tTX3/L3  (5) 

where  Li  and  L3  are  the  fixed  box  lengths  in 

the  periodic  xi  and  X3  directions  respectively  and 
L2{t)  =  Y2{t)  -  Fi(f)  is  the  time  varying  box  size 
in  the  aperiodic  X2  direction. 

Applying  these  coordinate  transforms  to  the  vor¬ 
ticity  equations  yields 

T  ^ jkli^^lnq’^q^n) ,m^mk  T  ^2 

—  (6) 

—  ^jkl'^l^rn^'mk  —  ^jkl'^l,m.-^mk  (7) 
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Domain  III 


Y2(t) 


Domain  II 


Domain  I 


Yi(t) 


Figure  1:  Numerical  domains  for  computation 


^  J  27r/Xj,  if  j=k; 

J^jk  — 


10, 


7  = 


otherwise. 

if 

otherwise. 


(8) 

(9) 


where  u*  =  Uj  -  F2,t(06'52j/27r  is  a  grid  stretch¬ 


ing  velocity. 

The  flow  is  periodic  in  the  streamwise  and 
spanwise  ^3  directions 


$(ei  +  27r,6,6;0  =  ^(6,6,6;^)  (lO) 

$(6,6,6 +  27r;t)  =  $(6,6,6;  0  (n) 

where  $  is  any  dependent  variable.  The  vorticity 
is  zero  outside  the  resolved  box 


ojj  =  0  for  6  <  0  or  6  >  27r  (12) 

and  the  velocity  perturbations  go  to  zero  at  in¬ 
finity 

%(6,6,6;6^'^"t^o-  (13) 

The  governing  equations  are  solved  in  domain  II 
using  a  standard  Fourier  pseudo-spectral  tech¬ 
nique  treating  the  vorticity  as  periodic  in  the  ape¬ 
riodic  direction  ^2.  Note  that  all  of  the  terms  in 
equation  6  can  be  treated  as  periodic  since  by 
construction  ujj  0  at  the  top  and  bottom  of 
the  computational  box. 


The  governing  equations  are  advanced  in  wave 
space  with  nonlinear  terms  which  are  calculated 
in  physical  space  at  each  timestep  using  a  veloc¬ 
ity  which  is  the  sum  of  the  periodic  velocity  cal¬ 
culated  from  equation  7  and  an  aperiodic,  irro- 
tational  velocity  which  matches  the  velocity  and 
velocity  gradient  to  asymptotic  solutions  outside 
the  resolved  domain. 

Only  one  component  of  Uj  need  be  solved  for, 
since  the  remaining  two  components  can  be  con¬ 
structed  from  continuity  and  the  definition  of  vor¬ 
ticity.  It  is  convenient  to  solve  for  the  cross¬ 
stream  velocity  112- 
Taking  the  curl  of  equation  7  gives 

—  ^jkl^l,Tn^mk'  (1*1) 

The  U2  part  of  equation  14  is  transformed  in  the 
two  periodic  (6  a-nd  6)  directions,  but  not  in 
the  non-periodic  direction  giving  the  second  order 
ordinary  differential  equation  in  6 

^2,22/ i'2  +  +  kllLl)u2 

-  -6A/ie2jA;Wfc/47r6  (15) 

The  general  solution  to  equation  15  is 

fiz  =  "b  Aexp{L2{kil L\  L\)'^^2) 

+Bexpi-L2{kllLi  +  kjl  11)^2)  (16) 
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where  U2  is  the  particular  solution  of  equation 
15  (zero  in  domains  I  and  III  where  the  vorticity 
is  zero,  calculated  numerically  from  the  vorticity 
field  in  domain  II),  and  A  and  B  are  functions 
of  =  L'2{k\l L\  -f  k^l L\)  to  be  determined  by 
matching. 

The  solution  for  the  velocity  must  be  bounded  at 
^2  =  ±00,  hence  in  the  three  domains 


I 

U2  +  Aiie^^'^ 

II 

III 


(17) 


Matching  the  velocities  and  velocity  gradients  at 
the  domain  boundaries  ^2  =  0  and  ^2  =  27r  and 
solving  for  Ajj  and  Bj  gives 

U2^u^  +  l((u£2(0)//i'  -  u^{0))exp{-K(2) 
-{u^2i^Tr)/K  +  uf(27r))ea;p(A'6))  (18) 


K 


r  /  ^'1  ,  ^3  ' 


(19) 


Solutions  for  fii  and  U3  are  constructed  from  the 
resulting  solution  for  U2  in  domain  II  and  the 
total  solution  for  the  velocity  is  transformed  to 
physical  space  in  the  periodic  directions.  The 
cross  product  of  the  velocity  and  the  vorticity 
is  taken  to  form  the  periodic  nonlinear  term. 
The  nonlinear  term  is  then  transformed  back  into 
wave  space  to  advance  the  vorticity  and  scalar 
fields  in  time. 


2.2  Time  Advance  and  Dealiasing 

The  time  advancement  method  used  was  the  sec¬ 
ond  order  Runge-Kutta  scheme 


li 

(20) 

-p  At/($";t") 

(21) 

+  j-($n-H.^n+l)) 

(22) 

where  n  is  the  time  index. 

Following  the  approach  of  Rogallo  [5],  alias¬ 
ing  was  controlled  with  a  combination  of  high 
wavenumber  masking  and  phase  shifting.  All 
modes  with  wavenumbers  such  that 


h2  1,2 

— j — ±.  I 


kl 

nI 


(23) 


are  set  to  zero.  This  eliminates  all  two-  and 
three-dimensional  aliasing,  leaving  only  the  one¬ 
dimensional  aliasing  term  in  each  direction.  The 
one-dimensional  alias  errors  are  dealt  with  by 
phase  shifting  the  data  a  random  fraction  of  a 
grid  cell  width  in  each  direction  at  every  other 
time  substep  followed  by  a  further  shift  of  exactly 
one  half  a  grid  cell  width  in  each  direction  at  the 

subsequent  time  substep.  This  random  shifting 

cancels  the  aliasing  error  to  second  order  in  time, 
the  same  order  as  the  time  advancement  algo¬ 
rithm.  Using  this  dealiasing  technique  instead  of 
a  perfect  (2/3  rule  or  multiple  phase  shift)  tech¬ 
nique  reduces  both  memory  requirements  and  op¬ 
erations  per  timestep. 


2.3  Initial  Conditions 

All  the  simulations  were  initiated  with  a  Gaussian 
mean  streamwise  velocity  profile 

ui  =  Uo-  Au^oexp(-ca;2).  (24) 

The  centerline  velocity  defect,  Au^O)  was  chosen 
to  be  0.692t7o  and  c  was  chosen  to  be  0.69315. 
This  profile  was  used  in  the  experiments  of  Sato 
and  Kuriki  [6],  Corke  et  al.  [3],  and  in  the  compu¬ 
tations  of  Chen  et  al.  [2].  It  gives  an  initial  wake 
halfwidth  of  bo  =  1.0.  The  halfwidth  is  defined 
as  as  half  the  width  of  the  mean  velocity  profile 
at  half  the  maximum  mean  defect  velocity.  The 
mean  profile  is  generated  by  averaging  over  a;i-a;3 
planes. 

Small  disturbances  which  were  periodic  in  the 
streamwise  and  spanwise  directions  were  added 
to  the  mean  flow. 


^(ei,-e2,6;0)  =  i 

-1  Real[£ioo$iooexp(fa^i) 

+  £010^010  exp(i - - - ) 

+  £ooi®ooi  exp(i - - - ) 

-lOOAlOO 


-f  £i""$i™exp(f(a,ei±/56  +  0'™)) 


+  £°i°0°'°exp(f 


•  “6  ±  06 


xOlO 


-) 


-f  gOoi^ooigxp(i°"^^  ^  ^  ‘^°°^)]  (25) 


where  $  is  any  of  the  dependent  flow  variables, 
^  =  ^(6)  is  the  mean  flow,  and  $  =  $(^2) 
is  a  disturbance  eigenfunction.  The  quantities 
a  and  /?  are  streamwise  and  spanwise  wavenum¬ 
bers  respectively,  and  0  is  a  disturbance  phase  an- 
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gle.  Subscripts  indicate  a  two-dimensional  distur¬ 
bance,  superscripts  indicate  a  three-dimensional 
disturbance,  and  the  position  of  the  “l”s  indi¬ 
cate  the  streamwise  wavelength  of  the  mode.  As 
an  example,  is  the  disturbance  amplitude 
of  the  three-dimensional  disturbance  at  the  sub¬ 
subharmonic  streamwise  wavelength. 

The  disturbance  eigenfunctions  correspond  to 
the  most  unstable  cross-stream  eigenmode  for 
the  given  disturbance  angle  and  wavelength  as 
determined  by  linear  theory.  All  the  simula¬ 
tions  were  initiated  with  two-dimensional  dis¬ 
turbance  modes  at  a  wavelength  equal  to  the 
fundamental  (Karman)  mode  (£100  >  0).  The 
three  dimensional  disturbances  were  pairs  of 
oblique  waves  with  equal  and  opposite  spanwise 
wavenumbers  oriented  60°  to  the  spanwise  direc¬ 
tion  (/?/a  =  tan{60°)).  This  particular  choice  of 
three-dimensional  modes  was  motivated  by  pre¬ 
vious  stability  analysis  by  Lasheras  and  Meiburg 
[7]  which  suggested  that  the  most  unstable  three 
dimensional  modes  should  be  wave  pairs  at  an¬ 
gles  near  60°  at  the  subharmonic  wavelength.  Ex¬ 
perimental  observations  by  Cimbala,  Nagib,  and 
Roshko  [8]  and  Corke  et  al.  [3]  supported  these 
results. 

The  amplitude  for  each  disturbance  eigenfunc¬ 
tion  was  chosen  such  that  the  integral  over 
of  the  disturbance  velocity  eigenfunction  for  the 
given  mode  was  equal  to  0.02UobQ  where  Uo  is 
the  freestream  velocity  and  bo  is  the  initial  wake 
halfwidth. 

In  the  following  discussion,  all  quantities  are  nor¬ 
malized  appropriately  by  Uq  and  bo.  Initial  dis¬ 
turbances  wiU  be  referenced  using  the  convention 
introduced  above.  For  example,  the  A°oo  con¬ 
dition  represents  a  two-dimensional  fundamen¬ 
tal  plus  60°  waves  at  the  subharmonic  and  sub¬ 
subharmonic  streamwise  wavelengths. 

3  RESULTS 

3.1  Flow  Structure 

Figure  2  shows  perspective  views  of  three- 
dimensional  enstrophy  isocontours  for  four  times 
in  the  development  of  a  Re  =  119  wake  started 
from  the  A^qo  condition  (two-dimensional  fun¬ 
damental  disturbance  and  a  pair  of  oblique  dis¬ 
turbances  at  the  subharmonic  wavelength).  The 
freestream  flow  direction  is  from  left  to  right. 
The  contour  level  was  chosen  to  be  the  maximum 
mean  wake  defect  velocity  divided  by  the  wake 


halfwidth  at  each  time,  which  is  a  rough  measure 
of  the  mean  gradient  in  the  flow. 

The  development  of  this  wake  is  typical  of 
the  wake  computations  initiated  with  a  two- 
dimensional  fundamental  disturbance  and  a  pair 
of  oblique  disturbances  at  the  subharmonic  wave¬ 
length.  The  initial  development  is  primarily 
two  dimensional,  with  the  fundamental  (Karman) 
mode  growing  strongly  as  predicted  by  linear  the¬ 
ory.  The  flow  develops  well  defined  spanwise 
rollers  with  relatively  weak  streamwise  structures 
stretching  between  rollers  on  the  same  side  of  the 
wake.  Once  the  spanwise  rollers  are  established, 
the  three  dimensional  disturbances  begin  to  grow 
strongly.  The  streamwise  structures  will  become 
more  intense  on  one  side  of  the  wake  or  the 
other,  depending  on  the  phase  of  the  oblique  sub¬ 
harmonic  disturbance.  This  asymmetry,  which 
is  induced  by  the  relative  phase  of  the  distur¬ 
bances,  was  also  observed  by  Chen  et  al.  [2]  in 
two-dimensional  computations  of  a  compressible 
wake  initiated  with  disturbances  at  the  funda¬ 
mental  and  subharmonic  wavelengths.  In  the  case 
presented  here,  ((?!)°^°  =  0)  the  streamwise  struc¬ 
tures  on  the  top  of  the  wake  dominate,  though 
the  structures  on  the  bottom  of  the  wake  are 
still  strong.  As  the  streamwise  structures  grow 
in  strength,  they  begin  to  distort  the  spanwise 
rollers,  and  eventually  become  the  dominant  fea¬ 
tures  in  the  flow. 

Figure  3  is  an  enstrophy  isocontour  plot  for  a 
Re  =  346  wake  started  from  condition  A^qq?  the 
same  as  the  wake  in  figure  2.  The  flow  is  at  a  time 
corresponding  to  figure  2c.  Note  that  the  contour 
level  for  figure  3  is  twice  the  maximum  mean  wake 
defect  velocity  divided  by  the  wake  halfwidth,  so 
the  structures  in  figure  3  have  a  much  higher  rela¬ 
tive  strength  than  those  in  figure  2c.  This  higher 
Reynolds  number  wake  exhibits  the  same  sort  of 
flow  structure,  with  strong  streamwise  structures 
running  between  distorted  spanwise  rollers.  The 
streamwise  coherent  structures  are  much  more  in¬ 
tense  than  in  the  lower  Reynolds  number  flow, 
and  the  spanwise  rollers  are  far  more  convoluted. 
This  is  consistent  with  the  increase  in  intensity  of 
the  vorticity  and  decrease  in  the  smallest  length 
scale  expected  with  an  increase  in  the  Reynolds 
number. 

In  stark  contrast  is  the  flow  in  figure  4a.  This 
is  again  a  Re  =  119  wake  at  a  time  correspond¬ 
ing  to  figure  2c,  but  started  from  condition  Ajooi 
^100  —  0,  a  two-dimensional  fundamental  distur- 


Figure  2:  Enstrophy  isocontour  for  Re  =  119  wake,  condition.  =  0.  (a)  t  =  24.4.  (b)  t  = 
53.1.  (c)  t  =  97.9.  (d)  t  =  203.3.  Contour  is  |a;|  =  max(Au)/6i. 


Figure  3:  Enstrophy  isocontour  for  Re  =  346 
wake,  A?oo  condition.  =  0.  t  =  102.7.  Con¬ 
tour  is  |a;|  =  2  max(Ait)/6i. 


bance  and  a  pair  of  oblique  disturbances  at  the 
fundamental  wavelength  and  zero  relative  phase.. 
The  contour  level  is  the  maximum  mean  wake 
defect  velocity  divided  by  the  wake  halfwidth. 
With  these  initial  conditions,  the  three  dimen¬ 
sionality  never  develops  to  any  significant  extent. 
The  streamwise  structures  are  present,  but  at  a 
very  weak,  dynamically  insignificant  level,  far  be¬ 
low  the  contour  level  shown.  This  is  true  even  at 
much  higher  Reynolds  numbers.  Figure  4b  is  a 
flow  started  from  the  same  conditions,  but  with 
Re  =  1384.  Though  the  streamwise  structures 
are  strong  enough  to  appear  at  the  contour  level 
shown,  and  have  a  greater  impact  on  the  flow 
structure  as  evidenced  by  the  visible  corrugation 
in  the  spanwise  rollers,  they  are  still  very  weak 
and  dynamically  unimportant  as  compared  to  the 
streamwise  structures  in  the  flows  started  from 
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Figure  4:  Enstrophy  isocontours  for  wakes,  AJqo 
condition.  -  0.  Contour  is  |cj|  = 

max(A'u)/6i.  (a)  Re  —  119,  t  =  102.8.  (b)  Re  = 
1384,  t  =  100.2. 


Figure  5:  Enstrophy  isocontour  for  Re  =  119 
wake,  condition.  All  (f>  =  0.  t  =  102.8. 
Contour  is  |6u|  =  max(Au)/6z.  Arrow  identi¬ 
fies  streamwsie  structure  from  sub-subharmonic 
oblique  disturbance. 


the  A?oo  condition.  Similar  results  are  found  for 
computations  started  from  the  same  set  of  ini¬ 
tial  disturbances,  but  with  =  7r/2.  This  re¬ 
sult  differs  markedly  from  the  compressible  wake 
computed  by  Chen  et  al.  [2],  which  showed  strong 
three-dimensional  development  for  one  phase  and 
only  weak  three-dimensional  development  for  the 
other. 

The  effect  of  the  addition  of  longer  wavelength 
disturbances  is  illustrated  by  the  flow  in  fig¬ 
ure  5.  This  Re  =  119  wake  was  started  from 
the  AjIi  condition,  which  is  the  initial  condi¬ 
tion  for  the  flow  in  figure  2  with  the  addition  of 
two-dimensional  disturbances  at  the  subharmonic 
and  sub-subharmonic  wavelengths  and  a  pair 
of  oblique  disturbances  at  the  sub-subharmonic 
wavelength.  Note  that  the  field  shown  is  twice 
the  size  of  the  fields  in  the  other  figures  (four 
fundamental  wavelengths  long  instead  of  two). 
At  the  time  shown,  the  wake  has  undergone  a 
change  in  scale.  The  initial  Karman  vortex  street, 
which  contained  four  pairs  of  spanwise  rollers, 
has  evolved  into  a  flow  with  two  main  spanwise 
structures  at  the  subharmonic  wavelength,  each 
of  which  is  composed  of  a  pair  of  spanwise  coher¬ 
ent  structures  of  opposite  sign  of  vorticity.  These 
spanwise  structures  are  the  result  of  rollers  on 
the  same  side  of  the  wake  merging  together.  The 
flow  has  the  same  general  appearance  as  the  other 
flows  presented,  with  distorted  spanwise  struc¬ 
tures  connected  by  stream  wise  structures  running 
between  vortices  on  the  same  side  of  the  wake. 
In  this  case  the  dominant  streamwise  structures 
(see  arrow)  are  at  a  sub-subharmonic  wavelength, 
with  weaker  streamwise  structures  at  the  sub¬ 
harmonic  wavelength.  Note  that  the  streamwise 
structures  in  this  case  appear  almost  exclusively 
on  the  top  side  of  the  wake.  This  is  a  combined  ef¬ 
fect  of  the  phasing  between  the  two-dimensional 
fundamental  and  the  oblique  subharmonic,  and 
the  phasing  between  the  two-dimensional  subhar¬ 
monic  and  the  oblique  sub-subharmonic,  both  of 
which  favor  the  streamwise  structures  on  the  top 
side  of  the  wake. 


3.2  Effect  of  Initial  Conditions  on  Wake 
Growth 

Figure  6  shows  a  plot  of  the  square  of  the 
wake  halfwidth,  b^,  versus  non-dimensional  time 
t  for  three  simulation  runs  started  from  the 
A%o  condition.  The  phasing  between  the  two- 
dimensional  disturbance  and  the  oblique  distur- 
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Figure  6:  Square  of  normalized  wake  halfwidth  v.  normalized  time  for  Re  =  119  wakes  with  various 
disturbance  phases,  yl^oo  condition.  =  0,  and  | 
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Figure  7:  Square  of  normalized  wake  halfwidth  v.  normalized  time  for  Re  =  119  wakes,  A%^, 
and  Ajoo  conditions.  All  0  —  0. 
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Figure  8;  Square  of  normalized  wake  halfwidth  v.  normalized  time  for  various  Reynolds  numbers, 
A%q  condition,  =  0. 
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Figure  9:  Comparison  of  halfwidth  v.  downstream  distance  for  computed  Re  =  119  wake  and  experi¬ 
ments  of  Corke  et  al.  [1].  Computed  flow  started  from  is  condition,  =  0.  wavelength. 


bances  was  varied  between  =  0  (oblique 

disturbance  crossing  occurs  at  a  maximum  in 
the  two-dimensional  disturbance  magnitude  as 
for  the  flow  in  figure  2)  and  =  7r/2  (obhque 
disturbance  crossing  occurs  at  a  zero  in  the  two- 
dimensional  disturbance  magnitude).  Variation 
in  phase  of  the  oblique  subharmonic  disturbances 
has  no  discernible  effect  on  the  growth  of  the  wake 
until  very  late  times.  At  such  late  times  the  corre¬ 
spondence  between  the  temporally  evolving  wake 
in  the  computation  and  a  spatially  evolving  wake 
becomes  poor.  The  computed  flow  is  likely  to  be 
distorted  by  the  confines  of  the  finite  computa¬ 
tional  domain,  whereas  in  a  spatially  developing 
flow  of  infinite  extent  all  possible  subharmonics 
are  available  to  break  the  periodicity  and  allow 
for  further  active  growth. 

Figure  7  shows  a  comparison  of  the  square  of 
the  wake  halfwidth  versus  time  for  three  com¬ 
putations  with  different  initial  disturbances,  all 
with  Re  =  119.  The  sohd  line  is  the  0°  phase 
computation  from  figures  2  and  6  (AJqq  condi¬ 
tion).  The  dotted  line  is  the  computation  in  fig¬ 
ure  5  condition).  The  dashed  line  is  the 

wake  in  figure  4a  (Aj™  condition).  AU  the  dis¬ 
turbance  phases  are  zero.  After  a  time  of  ap¬ 
proximately  75,  the  wake  started  from  the 
condition,  which  has  the  longer  wavelength  dis¬ 
turbances,  has  a  growth  rate  approximately  dou¬ 


ble  that  of  the  wake  started  from  the  condi¬ 
tion.  This  is  due  to  the  fact  that  the  longer  wave¬ 
length  disturbances  allow  the  wake  to  undergo  an 
increase  in  streamwise  scale  as  described  above. 
In  contrast,  the  wake  started  from  the  A^qq  con¬ 
dition,  which  never  develops  strong  streamwise 
structures,  exhibits  only  very  weak  growth  after 
the  initial  rollup.  The  late  time  growth  for  this 
wake  is  almost  entirely  due  to  viscous  diffusion. 

Wygnanski  et  al.  [1]  studied  a  set  of  small  de¬ 
fect  turbulent  plane  wakes  created  with  a  variety 
of  wake  generators.  The  generators  were  care¬ 
fully  designed  such  that  the  momentum  thick¬ 
ness,  0,  was  constant  for  all  the  experiments.  The 
Reynolds  number  for  the  various  wakes,  based 
on  freestream  velocity  and  momentum  thickness, 
varied  between  640  and  3220.  They  found  that 
the  growth  rate  followed 


where  x  is  the  streamwise  coordinate  and  xq  is  a 
virtual  origin.  The  coefficient  Aq  was  found  to 
vary  between  0.270  for  a  solid  strip  set  perpen¬ 
dicular  to  the  flow  direction,  and  0.382  for  a  flat 
plate  with  a  traihng  edge  flap  which  was  oscil¬ 
lated  at  the  frequency  of  the  Karman  mode. 

The  straight  lines  in  figure  7  indicate  the  upper 
and  lower  bounds  for  the  growth  rates  observed 
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by  Wygnanski  et  al.  [1]  transformed  into  the  ap¬ 
propriate  computational  variables  using  x  —  xq  = 
Uoii  —  to)-  Note  that  these  lines  have  not  been 
shifted  to  account  for  the  virtual  origins  for  the 
various  flows.  Only  the  slopes  of  the  lines  are 
significant. 

Though  none  of  the  wakes  in  figure  7  are  fully  tur¬ 
bulent,  the  wakes  started  from  the  A^oo 
conditions,  both  of  which  develop  strong  three- 
dimensionality,  have  late  time  growth  rates  com¬ 
parable  to  the  range  of  growth  rates  observed  by 
Wygnanski  et  al.  [1].  The  Ajjl  condition  wake  in 
fact  grows  faster  than  the  highest  growth  rate  in 
the  range. 

Figures  8a  and  8b  show  a  comparison  of  the 
square  of  the  wake  halfwidth  versus  time  for  three 
computations  all  started  from  the  A°qq  condi¬ 
tion,  but  at  three  different  Reynolds  numbers. 
The  straight  lines  are  again  the  bounds  on  the 
range  of  growth  rates  observed  by  Wygnanski  et 
al.  [1].  The  solid  line  is  the  0°  phase  computation 
from  figure  2  which  has  Re  =  119.  The  dotted 
line  is  the  computation  from  figure  3  which  has 
Re  =  346.  The  dashed  line  (figure  8b  only)  is  a 
computation  with  Re  =  2768.  At  very  early  times 
increasing  the  Reynolds  number  initially  reduces 
the  wake  growth  rate.  This  is  to  be  expected  since 
at  very  early  times  the  growth  is  dominated  by 
viscous  diffusion.  After  a  time  of  approximately 
25,  as  the  disturbances  grow  to  significant  am¬ 
plitudes,  the  growth  rates  of  the  Re  —  346  and 
Re  =  2768  cases  rapidly  outpace  the  growth  rate 
of  the  Re  —  119  case.  After  the  first  hump  in 
the  growth,  the  growth  of  the  Re  =  346  flow  re¬ 
turns  to  a  high  rate  whereas  the  growth  of  the 
lower  Reynolds  number  flow  becomes  sluggish. 
The  Re  =  2768  flow,  which  has  developed  turbu¬ 
lent  fine  scales  even  before  the  first  peak  in  the 
growth  curve,  closely  follows  the  development  of 
the  Re  =  346  wake  up  to  a  time  of  50.  Its  width 
then  appears  to  enter  a  cycle  of  growth  and  decay, 
with  only  a  weak  average  growth  rate. 

This  leads  to  the  conclusion  that  at  moderate 
Reynolds  numbers,  where  stream  wise  structures 
grow  strongly  but  do  not  immediately  break  down 
to  turbulence,  there  exists  a  mechanism  which  al¬ 
lows  rapid  spreading  of  the  wake.  This  growth 
mechanism  is  related  to  the  fact  that  coherent 
streamwise  structures  in  the  moderate  Reynolds 
number  flows  are  very  strong.  These  strong 
coherent  three-dimensional  structures  dominate 
the  growth  dynamics  at  late  times.  At  lower 


Reynolds  numbers,  the  coherent  structures  are 
damped  by  viscous  diffusion  and  are  not  as  dy¬ 
namically  active. 

At  a  Reynolds  number  of  2768,  which  is  suffi¬ 
ciently  high  for  the  wake  to  break  down  to  tur¬ 
bulence  very  quickly,  the  growth  pattern  in  the 
early  stages  follows  that  of  the  Re  =  346  wake, 
which  is  dominated  by  coherent  structures.  How¬ 
ever,  at  later  times,  the  growth  rate  is  similar  to 
that  of  the  Re  =  119  wake,  which  is  dominated  by 
diffusion.  At  early  times,  before  the  breakdown 
to  turbulence  occurs,  the  flow  spreads  rapidly  un¬ 
der  the  influence  of  a  nearly  in  viscid  growth  of  the 
Karman  mode  and  the  initial  development  of  the 
coherent  streamwise  structures.  However,  once 
the  wake  develops  fine  scales  the  coherent  struc¬ 
tures  are  destroyed.  Once  the  fine  scales,  with 
their  associated  turbulent  diffusion,  disrupt  the 
coherent  structures,  the  wake  reverts  to  a  diffu¬ 
sion  dominated  state,  with  a  relatively  low  rate 
of  growth  at  the  latest  times  calculated.  It  is  pos¬ 
sible  that  at  later  times,  and  with  the  addition  of 
longer  wavelength  disturbances,  the  growth  rate 
of  the  Re  =  2768  wake  will  increase. 

All  of  the  flows  in  figures  6  through  8  which  have 
oblique  disturbances  at  the  subharmonic  wave¬ 
length  have  the  common  feature  of  undulations 
in  the  growth  curve.  This  starts  at  a  time  of  be¬ 
tween  50  and  80  with  a  peak  which  corresponds 
to  the  rollup  and  saturation  of  the  Karman  mode. 
This  is  followed  by  a  period  of  neutral  or  negative 
growth,  followed  by  growth  again.  This  cycle  of 
strong  growth  followed  by  weak  growth  continues 
as  the  flow  develops. 

Corke  et  al.  [3]  studied  this  phenomenon  in  a 
Re  =  119  spatially  developing  wake  produced  by 
a  symmetric  airfoil  at  zero  angle  of  attack.  They 
forced  their  wake  with  a  two-dimensional  distur¬ 
bance  at  the  fundamental  frequency  and  a  pair  of 
oblique  modes  at  the  subharmonic  in  a  manner 
similar  to  the  computations  presented  here.  They 
concluded  that  the  fluctuations  in  the  growth  of 
the  wake  were  due  to  a  parametric  resonance  be¬ 
tween  the  fundamental  mode  and  the  oblique  sub¬ 
harmonic  mode.  The  two-dimensional  mode  sat¬ 
urates  and  begins  to  feed  energy  into  the  three- 
dimensional  oblique  mode  through  a  secondary 
instability  mechanism.  The  oblique  mode  in  turn 
saturates,  and  the  two-dimensional  mode  begins 
to  grow  again. 

Figure  9  shows  a  comparison  between  the  wake 
width  for  the  Re  =  119,  =  0  case  from 
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figure  6  and  data  from  figure  4  from  Corke  et 
al.  [3].  The  computed  flow  has  been  renormal¬ 
ized  to  match  momentum  thickness  and  shifted 
to  put  the  virtual  origin  for  the  computed  flow 
at  X  =  0.  The  coordinates  were  transformed 

using  X  j  —  Uolt  j  ^  computation 

{b j O^Corke  —  ip j computation •  This  lescaling  does 

not  account  for  differences  in  forcing  magnitude 

or  for  the  virtual  origin  of  the  experimental  wake. 

Nevertheless,  the  match  between  the  computed 
flow  and  the  experimental  data  is  quite  reason¬ 
able. 

The  results  shown  in  figure  8  for  the  Re  =  346 
and  Re  =  2768  computations  indicate  that  this 
resonant  exchange  of  energy  occurs  at  higher 
Reynolds  numbers.  Moreover  it  continues  even 
at  late  times  in  the  Re  =  346  computation,  when 
the  streamwise  structures  dominate  the  flow. 

Figures  5  and  7,  which  show  the  case  with  the 
long  wavelength  disturbances,  indicate  that  this 
type  of  resonance  continues  even  after  a  change  in 
scale  of  the  wake.  When  the  streamwise  scale  of 
the  flow  doubles,  the  resonance  begins  to  occur 
between  the  two-dimensional  subharmonic  and 
the  three-dimensional  sub-subharmonic.  This  ac¬ 
counts  for  the  increasing  magnitude  of  the  three- 
dimensional  sub-subharmonic  as  the  wake  contin¬ 
ues  to  grow  (cf.  the  discussion  of  figure  5).  It  is 
reasonable  to  assume  that  as  one  adds  more  and 
more  subharmonics,  this  process  of  scale  change 
and  resonance  should  continue,  at  least  for  the 
moderate  Reynolds  numbers  discussed  here. 


4  CONCLUSIONS 

The  results  presented  here  indicate  that  oblique 
disturbances  at  the  subharmonic  wavelength  are 
important  to  the  initial  development  of  strong 
three-dimensionality.  Simulations  started  with  a 
fundamental  disturbance  and  a  three  dimensional 
disturbance  at  the  subharmonic  wavelength  de¬ 
veloped  strong  streamwise  structures  stretching 
between  corrugated  spanwise  rollers  on  the  same 
side  of  the  wake.  These  structures  create  very 
high  gradients  in  the  velocity  field  of  the  wake 
and  lead  to  strong  growth.  Simulations  started 
with  three  dimensional  disturbances  at  the  fun¬ 
damental  wavelength  only  remain  almost  two- 
dimensional  with  very  weak  gradients  and  slug¬ 
gish  growth. 

The  Reynolds  number  has  an  effect  on  inten¬ 
sity  and  scale  of  the  structures  in  the  flow. 


Wakes  with  higher  Reynolds  number,  but  not 
so  high  as  to  immediately  become  turbulent,  de¬ 
velop  much  stronger  streamwise  structures,  which 
dominate  the  flow  dynamically  and  serve  to  en¬ 
hance  the  wake  growth  at  later  times.  Wakes 
with  Reynolds  numbers  sufficiently  high  to  al¬ 
low  rapid  breakdown  to  turbulence  exhibit  the 
same  early  growth  patterns  as  lower  Reynolds 

number  wakes,  which  have  highly  coherent  three- 

dimensional  structures.  However,  at  later  times 
the  turbulent  motions  disrupt  the  coherent  struc¬ 
tures  and  the  growth  rate  becomes  dominated  by 
turbulent  diffusion  by  the  small  scales. 

The  addition  of  longer  wavelength  disturbances 
allows  for  scale  changes  in  the  flow  and  augments 
the  growth  rate.  This  has  implications  for  the  in¬ 
terpretation  of  temporal  simulations,  where  the 
flow  is  restricted  to  a  maximum  wavelength  cor¬ 
responding  to  the  longest  wavelength  in  the  initial 
disturbance  field.  At  late  times  in  the  simulation 
the  flow  will  not  follow  a  growth  path  which  can 
be  related  to  that  of  a  spatially  developing  wake. 

This  result  also  has  implications  for  experiments 
involving  spatially  developing  wakes.  Any  exper¬ 
iment  is  by  necessity  limited  by  the  dimensions  of 
the  facility  in  which  the  experiment  is  performed. 
The  receptivity  of  the  wake  to  subharmonic  dis¬ 
turbances  which  has  been  observed  in  these  com¬ 
putations  suggests  that  the  rate  of  growth  of  ex¬ 
perimentally  studied  wakes  may  be  sensitive  to 
the  low  frequency  spectral  content  of  naturally 
occurring  disturbances  in  the  experimental  facil¬ 
ity. 
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SUMMARY 

Direct  numerical  simulation  of  the  tridimensional  wake 
developping  downstream  a  NACA  0012  wing  has  been 
performed  using  the  spectral  element  code  NEKTON. 
The  onset  of  instability  in  the  wake  of  an  infinite  NACA 
0012  wing  is  investigated.  The  first  bifurcation  is  stud¬ 
ied  in  a  two  dimensional  configuration  with  a  mesh  ob¬ 
tained  using  the  numerical  experience  with  a  two  di¬ 
mensional  unstable  cylinder  wake. 

The  second  bifurcation  accompanied  by  the  onset  of 
three-dimensionality  is  simulated  on  a  three  dimen¬ 
sional  spectral  element  mesh  obtained  by  extending  the 
two-dimensional  mesh  spanwise.  The  onset  of  three- 
dimensionality  is  characterized  by  a  deformation  of 
the  downstream  and  transverse  velocity  profiles  in  the 
spanwise  direction  and  by  the  onset  of  an  oscillating 
spanwise  velocity.  The  critical  Reynolds  numbers  are 
estimated  for  both  bifurcations.  The  second  bifurca¬ 
tion  is  shown  to  be  characterized  by  a  period  dou¬ 
bling,  i.e.  the  Strouhal  frequency  of  the  spanwise  ve¬ 
locity  is  rather  precisely  equal  to  half  the  frequency 
of  the  transverse  velocity  oscillations.  This  result  is 
in  agreement  with  the  numerical  results  of  Karniadakis 
and  Triantafyllou  obtained  for  an  infinite  circular  cylin¬ 
der  and  confirms  indirectly  the  experimental  results  of 
Williams-Stuber  and  Gharib  showing  that  to  obtain  a 
Ruelle  and  Takens  scenario  in  a  wake,  an  external  forc¬ 
ing  is  needed. 

Furthermore,  simulations  in  a  geometrically  three- 
dimensional  configuration  of  a  finite  wing  are  per¬ 
formed.  The  development  of  the  tip  vortex  of  a  finite 
wing  is  investigated.  Comparisons  are  made  with  avail¬ 
able  experimental  results  performed  at  low  Reynolds 
numbers.  The  structure  of  the  three  dimensional  flow  is 
found  to  be  in  good  agreement  with  experiments.  The 
simulations  are  carried  out  at  supercritical  Reynolds 
numbers  at  which  the  wake  is  unstable.  The  wake 
oscillations  and  tip  vortex  oscillations  are  evidenced 
and  shown  to  be  characterized  by  roughly  the  same 
Strouhal  frequency  although  the  computations  could 
not  be  pushed  until  relaxation  of  transients. 

1.  RESUME 

Une  simulation  numerique  directe  du  sillage  tridimen¬ 
sionnel  en  aval  d’un  profil  NACA0012  par  le  solveur 
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Navier-Stokes  NEKTON  utilisant  une  discretisation  en 
elements  spectraux  est  presentee. 

Tout  d’abord,  I’apparition  de  I’instabilite  de  sillage 
pour  une  aile  d’envergure  infinie  est  etudiee. 

La  premiere  bifurcation  est  analysee  pour  une  con¬ 
figuration  bidimensionnelle  sur  un  maillage  deduit  de 
I’experience  acquise  a  propos  de  I’etude  du  cylindre. 
La  seconde  bifurcation,  associee  a  I’apparition  d’une 
tridimensionnalite,  est  obtenue  sur  un  maillage  tridi¬ 
mensionnel  developpe  en  envergure  sur  la  base  du  mail¬ 
lage  bidimensionnel  precedent.  Les  valeurs  critiques  du 
nombre  de  Reynolds  sont  estimees  pour  les  deux  bifur¬ 
cations.  La  seconde  bifurcation  est  caracterisee  par  un 
doublement  de  periode.  Ce  resultat  est  en  accord  avec 
ceux  de  Karniadakis  and  Triantafyllou  obtenus  dans  le 
cas  du  cylindre  circulaire  et  confirme  indirectement  les 
r&ultats  experimentaux  de  Williams-Stuber  et  Gharib, 
montrant  que  le  scenario  de  Ruelle  et  Takens  n’est  pas 
spontanement  rencontre  dans  le  cas  du  sillage. 

D’autre  part,  la  configuration  tridimensionnelle  de 
I’aile  d’envergure  flnie  a  ete  envisagee.  La  struc¬ 
ture  de  I’ecoulement  a  faible  Reynolds,  concernant  no- 
tamment  le  tourbillon  d’extremite,  est  en  conformite 
avec  les  resultats  experimentaux.  Pour  les  nombres 
de  Reynolds  supercritiques,  les  oscillations  du  sillage 
et  du  tourbillon  d’extremite  presentent  apparamment 
la  meme  frequence  de  Strouhal,  bien  que  les  calculs 
n’aient  pas  pu  etre  pousses  jusqu’au  developpement 
complet  des  transitoires. 

2.  INTRODUCTION 

2.1.  Instationnarites  des  sillages  3D 

L’etude  presentee  a  pour  objectif  d’analyser  le  com- 
portement  spatio-temporel  du  sillage  laminaire  d’une 
aile.  Dans  le  cas  d’une  configuration  stationnaire, 
ce  comportement  est  caracterise,  pour  des  nombres 
de  Reynolds  croissants,  par  I’apparition,  d’une  part, 
d’instationnarites  et  d’autre  part,  de  structures  con- 
duisant  a  une  disparition  de  symetries  existantes.  Dans 
le  cas  d’une  configuration  instationnaire,  on  observe 
une  interaction  nonlineaire  du  forgage  du  au  mouve- 
ment  de  I’aile  avec  les  instationnarites  auto-induites 
propres  aux  sillages. 

Les  changements  de  la  structure  spatio-temporelle  de 
I’ecoulement  interviennent  aux  bifurcations  de  Hopf 
[1,  2].  Chaque  bifurcation  de  Hopf  est  caracterisee  non 
seulement  par  I’apparition  d’une  nouvelle  frequence 
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dans .  Tecoulement  mais  aussi  par  une  brisure  de 
symetrie  si  I’ecoulement  possede,  au  depart,  un  degre 
eleve  de  symetrie.  L’interet  pratique  de  I’etude  des 
ces  bifurcations  reside  dans  la  necessite  de  prevoir  les 
frequences  des  instationnarites  et  les  structures  spa- 
tiales  tourbillonnaires  secondaires  engendrees.  D’un 
point  de  vue  plus  fondamental,  les  bifurcations  de  Hopf 
sont  a  la  base  des  scenarii  theoriques  de  la  transi¬ 
tion  a  la  turbulence  [2,  3,  4],  leur  etude  pouvant  ap- 
porter  des  elements  permettant  de  mieux  comprendre 

ces  mecanismes  de  la  transition.  Les  travaux,  d’un 
nombre  relativement  limite,  traitant  ce  sujet  [5,  6,  7,  8], 
n’ont  pas  encore  permis  de  donner  une  reponse  uni- 
voque  a  ce  probleme. 

L’interaction  non-lineaire  d’un  sillage  avec  un  forgage 
externe  [9,  10]  est  egalement  importante  du  point  de 
vue  pratique  et  theorique.  Des  travaux  experimentaux 
[11]  et  numeriques  [9,  10]  ont  mis  en  evidence 
un  comportement  nonlineaire  ayant  pour  resultat  le 
phenomene  d’accrochage  en  frequence,  c’est  a  dire, 
pour  des  frequences  de  forgage  voisines  mais  distinctes 
de  la  frequence  propre  du  sillage,  la  sychronisation 
des  oscillations  du  sillage  avec  celles  du  forgage.  Un 
phenomene  analogue  s’est  avere  etre  a  I’origine  des 
difficultes  de  mettre  en  evidence  le  scenario  de  tran¬ 
sition  propre  aux  sillages.  II  semble,  a  I’heure  actuelle, 
que  les  simulations  numeriques  directes  indiquent  un 
doublement  de  periode  aux  bifurcations  successives 
dans  les  sillages  [8,  12]  alors  que  les  premiers  resultats 
experimentaux  [5]  ont  conduit  a  un  scenario  du  type 
Ruelle,  Takens,  Newhouse.  Ce  disaccord  peut  etre 
explique  par  une  interaction  aeroelastique  intervenant 
dans  la  configuration  experimentale. 


2.2  Presentation  de  la  methode 
numerique. 

La  methode  numerique  adoptee  [13,  8]  considere  la 
discretisation  spatiale  des  equations  de  Navier-Stokes 
incompressibles 


dvj 

dt 


dvi  '9p  n 

+  ,  _  ^  =  0 
L/  j  L/.L  j 


=  1,2,3  et  A  est  I’operateur  laplacien)  par 
elements  spectrau.x  [13]  implementee  dans  le  code  Nek¬ 
ton  [15]. 


Nous  definissons  le  nombre  de  Reynolds  en  adimension- 
nant  la  viscosite  par  rapport  a  la  vitesse  a  I’infini  Uc^ 
et  la  corde  de  I’aile  c: 


V 


Parmi  la  variete  de  methodes  existantes,  il  est  apparu 
que  la  methode  des  elements  spectraux  presentait  un 
interet  particulier  pour  le  calcul  des  sillages.  Get  interet 
consiste  en: 


-  la  precision  de  la  discretisation  spatiale  (methode 

pseudospectrale  d’ordre  de  precision  qui  peut  etre 
adapte  aux  besoins), 

-  la  decomposition  du  domaine  en  macroelements  qui 

permet  une  optimisation  du  maillage  pour  tirer 
le  meilleur  profit  de  la  discretisation  spectrale 
(ceci  est  tres  important  pour  les  ecoulements  in¬ 
homogenes) 

-  I’existence  d’un  code  3D  disponible  -  Nekton  [15] 

3.  ECOULEMENT  AUTOUR  D’UNE  AILE 
NACA  0012  INFINIE 

Pour  etudier  les  phenomenes  accompagnant  les  deux 
premieres  bifurcations,  on  a  d’abord  effectue  [14] 
des  simulations  numeriques  dans  une  configuration 
geometrique  tres  symetrique:  celle  d’une  aile  infinie, 
sans  incidence. 

3.1  Choix  du  maillage 

Le  domaine  de  calcul  ainsi  que  la  discretisation  choisie 
sont  representes  sur  la  Figure  1.  La  frontiere  d’entree  a 
ete  placee  a  deux  cordes  en  amont  du  profil,  la  frontiere 
de  sortie  a  sept  cordes  en  aval.  Les  frontieres  laterales 
se  trouvent  a  deux  longueurs  de  corde  du  plan  de 
symetrie  de  I’aile,  ce  qui  correspond  a  17  fois  I’epaisseur 
du  profil.  Dans  le  cas  des  simulations  tridimension- 
nelles,  la  dimension  du  domaine  de  calcul  en  envergure 
a  ete  choisie  de  14  cordes.  Les  conditions  aux  limites 
sur  les  frontieres  exterieures  du  domaine  sont  les  suiv- 
antes: 

-  un  profil  de  vitesse  uniforme  a  I’entree, 

-  une  condition  advective  de  sortie  a  la  frontiere  aval  et 

-  des  conditions  de  periodicite  spatiale  sur  les  frontieres 
laterales  du  domaine. 

Pour  comparer  les  dimensions  du  domaine  de  calcul 
a  celles  de  Karniadakis  et  Triantafyllou  [8],  il  faut  se 
baser  sur  la  corde  du  profil  NACA.  On  constate  alors 
que  notre  domaine  est  environ  deu.x  fois  plus  long  et 
deu.x  fois  plus  large  dans  le  plan  perpendiculaire  a  I’aile 
que  le  plus  grand  domaine  de  Karniadakis  et  Triantafyl¬ 
lou,  ce  qui  reduit  I’influence  des  conditions  au.x  limites. 
Notre  domaine  possede  moins  d ’elements  (28  centre  34 
en  3D  pour  Karniadakis  et  Triantafyllou  [8])  dans  ce 
plan,  mais  ils  sont  disposes  d’une  maniere  beaucoup 
plus  efficace.  En  effet,  un  travail  de  validation  [16]  de 
la  methode  de  discretisation  par  elements  spectraux  ef¬ 
fectue  dans  le  cas  du  sillage  bidimensionnel  d’un  cylin- 
dre  circulaire  a  conduit  a  la  conclusion  que  la  precision 
de  la  resolution  de  la  couche  limite  de  I’obstacle  avait 
beaucoup  moins  d’importance  que  celle  de  la  resolution 
du  domaine  occupe  par  le  sillage. 

La  condition  de  periodicite  en  envergure  ne  traduit  pas 
rigoureusement  la  configuration  geometrique  d’une  aile 
infinie,  mais  elle  a  ete  choisie,  de  meme  que  par  Kar¬ 
niadakis  et  Triantafyllou,  pour  sa  simplicite  de  mise 
en  oeuvre.  Quant  a  I’ordre  des  elements,  donne  par 
le  nombre  de  points  de  collocation  par  direction  spa¬ 
tiale,  il  a  ete  choisi  relativement  bas  et  fixe  a  si.x,  ce  qui 
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reste  cependant  comparable  au  choix  de  Karniadakis 
et  Triantafyllou  (1989)  qui  ont  conserve  7  points  de 
collocation. 

Notre  experience  acquise  par  des  calculs  bidimension- 
iiels  sur  un  cylindre  circulaire  indique  que  cet  ordre 
d'elements  ne  permet  pas  d’esperer  une  estimation  avec 
une  precision  elevee  des  valeurs  des  frequences  des  os¬ 
cillations  ni  des  nombres  de  Reynolds  critiques  des  bi¬ 
furcations.  Le  but  de  la  presente  etude  etant  limite 
a  la  mise  en  evidence  qualitative  de  la  transition  a 
la  tridimensionnalite  et  de  I’apparition  d’une  nouvelle 
frequence  caracteristique,  nous  nous  sommes  contentes 
de  la  discretisation  decrite  ci-dessus  afin  de  ne  pas 
alourdir  le  calcul  au  dela  de  la  capacite  des  moyens 
disponibles.  Pour  la  meme  raison,  nous  n’avons  pas 
cherche  non  plus  a  optimiser  davantage  les  frontieres 
exterieures  du  domaine.  En  ce  qui  concerne  I’influence 
des  erreurs  de  discretisation  sur  les  caracteristiques 
de  la  premiere  bifurcation  du  sillage  bidimension- 
nel  d’un  cylindre  infini,  nous  avons  trouve  qu’avec 
une  discretisation  analogue,  I’erreur  sur  le  nombre  de 
Reynolds  critique  etait  de  I’ordre  de  10%,  I’erreur  sur  le 
nombre  de  Strouhal  etant  bien  inferieure.  Compte  tenu 
de  1 ’absence  de  resultats  experimentaux  de  reference 
pour  une  aile  inflnie  (en  raison  d’une  configuration 
geometrique  non  realisable  experinientalement),  nous 
estimons  que  pour  une  etude  qualitative  de  la  deuxieme 
bifurcation,  la  discretisation  retenue  etait  suffisamment 
fine. 

Enfin  rapparition  de  la  tridimensionalite  constitue  un 
critere  de  finesse  de  la  resolution  de  la  troisieme  di¬ 
mension  (en  envergure).  En  effet,  le  nombre  de  degres 
de  liberte  retenu  pour  la  discretisation  en  envergure 
resulte  de  la  necessite  de  la  mettre  en  evidence.  Malgre 
des  simplifications  de  la  discretisation  spatiale,  une 
etude  temporelle  tres  poussee  est  restee  difficile,  car 
la  simulation  d’une  periode  de  la  nouvelle  bifurcation 
exige  un  temps  CPU  considerable  (quelques  dizaines 
d’heures  sur  station  de  travail  IBM  RS  6000). 

3.2  Simulation  de  la  premiere  bifurcation  a  in¬ 
cidence  nulle 

Dans  un  premier  temps  nous  avons  effectue  une  sim¬ 
ulation  bidimensionnelle  de  la  premiere  bifur¬ 
cation  de  Hopf  avec  la  decomposition  en  elements 
spectraux  correspondant  a  la  section  du  domaine  de 
la  Figure  1  dans  un  plan  perpendiculaire  au  plan  de 
symetrie  de  I’aile.  Pour  tester  la  sensibilite  des  car¬ 
acteristiques  de  la  bifurcation  a  la  discretisation  choisie, 
nous  avons  fait  varier  le  nombre  de  points  de  colloca¬ 
tion  des  elements  spectraux  de  6  a  8.  Les  nombres  de 
Reynolds  critiques  trouves  ont  ete,  respectivement,  de 
440  et  470.  Le  nombre  de  Strouhal,  qui  est  beaucoup 
moins  sensible  a  la  precision  du  calcul,  a  ete  trouve 
voisin  de  I’unite  dans  les  deux  cas  (0,996  et  0,998). 

Du  point  de  vue  spatial,  cette  bifurcation  est  accom- 
pagnee  d’une  brisure  de  symetrie  dans  la  direction 
transversale  sous  la  forme  de  I’apparition  d’une  allee 
tourbillonaire  bidimensionnelle.  Le  sillage  reste  bidi- 
mensionnel.  Ceci  a  ete  confirme  par  un  calcul  tridi- 


mensionnel  a  des  nombres  de  Reynolds  superieurs  au 
seuil  de  la  premiere  bifurcation  et  inferieurs  a  celui 
de  la  deuxieme  bifurcation  vers  une  solution  tridimen- 
sionelle.  En  effet  les  calculs  3D  effectues,  pour  des 
nombres  de  Reynolds  situes  dans  cet  intervalle,  a  partir 
d’une  solution  initiale  bidimensionnelle  prolongee  par 
translation  en  3D  ont  montre  la  stabillte  de  la  solu¬ 
tion  bidimensionnelle  jusqu’aux  nombres  de  Reynolds 
voisins  de  3000.  Le  nombre  de  Strouhal  a  alors  aug¬ 
ments  relativement  peu  dans  cet  intervalle,  passant  de 

I  a  1,22.  Ce  comportement  du  nombre  de  Strouhal 
est  en  accord  avec  les  resultats  obtenus  sur  un  cylindre 
circulaire  [17]. 

3.3  Simulation  de  la  seconde  bifurcation  a  inci¬ 
dence  nulle 

La  deuxieme  bifurcation  de  Hopf  du  sillage  se  manifeste 
par  une  transition  a  la  tridimensionnalite,  qui  est  ici  ap- 
parue  pour  des  valeurs  du  nombre  de  Reynolds  situees 
entre  2500  et  3000.  Les  resultats  present^  ci-dessous 
ont  ete  obtenus  pour  Re  =  3500. 

Pour  etudier  les  oscillations  du  sillage  de  I’aile.  nous 
avons  choisi  dans  le  domaine  de  calcul  si.x  points  par- 
ticuliers  en  lesquels  nous  avons  suivi  revolution  tem¬ 
porelle  des  caracteristiques  du  champ  de  I’ecoulement. 
Quatre  points  sont  situes  dans  le  plan  de  symetrie  de 
I’aile  (caracterise  par  y  —  0).  Deux  de  ces  points  ont 
ete  places  dans  la  couche  limite  au  dessus  de  I’aile  pour 
etudier  I’interaction  de  la  couche  limite  avec  le  sillage. 
L’axe  des  x  etant  oriente  parallelement  a  la  vitesse  a 
I’infini  et  I’axe  des  z  dans  le  sens  de  I’evergure,  la  co- 
ordonnee  z  de  tous  ces  points  a  ete  choisie  egale  a  7, 
c’est  a  dire  a  demi  envergure,  dans  le  plan  de  symetrie. 
Les  coordonnees  de  ces  points  sont  resumees  dans  le 
Tableau  1.  Si  nous  appellons  v  la  composante  de  la 
vitesse  perpendiculaire  au  plan  de  symetrie  de  I’aile  et 
w  la  composante  dans  le  sens  de  I’envergure,  la  vitesse 
w  devient  non  nulle  (et  instationnaire)  a  I’apparition 
de  la  tridimensionnalite  (Figure  2)  alors  que  la  com¬ 
posante  V  devient  deja  instationnaire  a  la  premiere  bi¬ 
furcation  mise  en  evidence  au  dessous  de  Re  —  500. 

II  s’agit  done  ici  de  mettre  en  evidence  I’apparition 
d’une  composante  w  de  la  vitesse  non  nulle  et  de  com¬ 
parer  les  frequences  des  deux  composantes  v  et  w.  La 
Figure  3  montre  le  signal  obtenu  pour  ces  deux  com¬ 
posantes  de  vitesse  au  point  n®  4  situe  sur  I’axe  a  1,7 
cordes  du  bord  de  fuite  (cf.  Tableau  1). 

De  fagon  generale,  le  signal  de  la  composante  w  com- 
porte  de  fortes  harmoniques  superieures,  comme  le 
montre  la  Figure  4  representant  la  vitesse  w  dans  la 
couche  limite  de  I’aile  (point  n°  5).  On  remarque 
I’aspect  sature  des  amplitudes  de  la  vitesse  v  et  la  nais- 
sance  de  I’instabilite  de  la  vitesse  w.  Le  coiit  de  calcul 
necessaire  pour  aboutir  a  la  saturation  de  I’amplitude 
etant  prohibitif,  nous  nous  sommes  bornes  a  I’analyse 
du  signal  dans  un  intervalle  de  temps  correspondant 
a  huit  periodes  de  variation  de  w.  L’echelle  en  temps 
etant  la  meme  pour  les  deux  graphiques,  on  remarque 
que  la  frequence  des  oscillations  de  la  vitesse  w  est  plus 
faible  que  la  frequence  de  ba.se  de  la  vitesse  v. 
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Point 

X 

y 

1 

1,1175 

0 

7 

2 

1,3574 

0 

7 

3 

1,8825 

0 

7 

4 

2,7148 

0 

7 

5 

0,5 

0,115 

7 

6 

0,8272 

0,1034 

7 

Tableau  1:  Coordonnees  des  points  en  lesquels  I’etude  a 
ete  menee.  (Les  coordonnees  du  bord  d’attaque  est  sont 

I  =  0,  j/  =  0). 


Point 

A 

fw,l 

fw  ,3 

fw,5 

A 

fv/U 

1 

1,224 

0,58 

1,90 

3,04 

0,61 

2,01 

2 

1,224 

0,58 

1,85 

- 

0,60 

2,04 

3 

1,224 

0,57 

1.89 

3,03 

0,60 

2,03 

4 

1,224 

0,58 

1,92 

- 

0,61 

2,01 

5 

1,224 

0,58 

1,81 

3,06 

0,60 

2,04 

6 

1,224 

0,60 

1,84 

3,05 

0,61 

2,01 

Tableau  2;  Les  frequences  des  oscillations 
perpendiculaires  au  plan  de  symetrie  de  I’aile  (/v)  et 
en  sens  de  I’envergure  (fu,)  et  leur  rapport.  (/»,!, 
fw.s,  fw,5  -  frequences  des  liarmoniques  1,2  et  3.) 


Pour  etablir  le  rapport  entre  ces  deux  frequences,  nous 
avons  precede  a  une  analyse  spectrale  sommaire  de 
ces  signaux.  L’aspect  de  ces  spectres  est  represente, 
aux  points  n°  4  et  5  sur  les  Figures  n"  5  et  6.  Le 
pic  correspondant  a  Fharmonique  fondamentale  du 
signal  de  v  est  tres  dictinct,  situe  dans  ces  deux 
cas  tres  precisement  au  meme  nombre  de  Strouhal 
St  =  1,224.  Le  signal  de  w  contient  plusieurs  ”har- 
moniques” .  Nous  sommes  obliges  de  mettre  le  mot 
’’harmonique”  en  guillemets,  car  le  signal  n’est  pas 
strictement  periodique  et  de  plus,  les  frequences  de  ces 
’’harmoniques”  ne  sont  pas  rigoureusement  des  multi¬ 
ples  de  Fharmonique  fondamentale  (cf.  Tableau  2). 

Ce  phenomene  s’explique  par  le  fait  que  nous  sommes 
encore  loin  de  la  saturation  de  la  seconde  bifurcation. 
Pour  obtenir  une  base  de  comparaison  avec  les  oscil¬ 
lations  bien  etablies  de  la  vitesse  v,  nous  avons  pris 
la  moyenne  des  frequences  obtenues  en  divisant  les 
frequences  des  liarmoniques  superieures  observees  par 
leur  ordre  respectifs.  Par  exemple,  le  signal  de  la  fig¬ 
ure  3  comporte  des  maxima  aux  nombres  de  Strouhal 
0,57  (premiere  harmonique),  1,89  (3*^  harmonique)  et 
3,03  (5*^  harmonique),  ce  qui  donne  une  moyenne  de 
0,60.  La  premiere  harmonique  etant  symetrique  par 
rapport  au  plan  z=7,  on  peut  demontrer  que  les  har¬ 
moniques  paires  doivent  s’annuler  aux  points  observes. 


De  plus,  il  convient  de  remarquer  que  les  valeurs  des 
frequences  croissent  en  fonction  de  Famplitude.  Les 
valeurs  du  Tableau  2  representent  ainsi  des  valeurs 
moyennes  dans  Fintervalle  de  calcul.  A  titre  indicatif, 
nous  avons  trouve  par  une  analyse  d’Hilbert  du  signal 
de  w  au  point  n°  4  que  le  nombre  de  Strouhal  passe 
de  0,575  a  0,61  entre  le  debut  et  la  fin  de  la  simula¬ 
tion.  Les  valeurs  du  Tableau  2  sont  alors  obtenues  par 
defaut.  Meme  sans  correction,  nous  trouvons  un  rap¬ 
port  de  frequences  des  vitesses  u  et  in  tres  voisin  de 
2. 

Les  figures  3  et  4  montrent  egalement  que  la  frequence 
sous  harmonique  commence  a  se  manifester  sur  le  signal 
de  la  composante  transversale  de  la  vitesse. 

4  ECOULEMENT  2D  ET  3D  AUTOUR 
D’UNE  AIDE  STATIONNAIRE  EN  IN¬ 
CIDENCE 

4.1  Calculs  bidimensionnels 

L’etude  de  Fecoulement  autour  d’une  aile  stationnaire 
en  incidence  a  d’abord  ete  approchee  par  un  calcul 
bidimensionnel.  L’objectif  de  cette  etape  etait  princi- 
palement  la  validation  de  la  methode  numerique  basee 
sur  une  comparaisons  aux  resultats  experimentaux  et 
numeriques  connus  [18,  19].  Pour  reproduire  au  plus 
pres  la  configuration  numerique  de  ref.  [18]  on  a  choisi 
Fangle  d’incidence  egal  a  34°. 

Le  calcul  en  volumes  finis  de  Daube  et  Ta  Phuoc  a 
ete  effectue  pour  un  nombre  de  Reynolds  base  sur  la 
corde  de  1000.  Si  Fon  se  base  au  maitre  couple  a  34 
degres  d’incidence  (0,6),  ceci  correspond  au  nombre  de 
Reynolds  de  600.  Les  experiences  sur  une  configura¬ 
tion  analogue  (cylindre  circulaire)  montrent  que  pour 
le  meme  nombre  de  Reynolds  Fecoulement  est  deja  tur¬ 
bulent.  La  methode  des  elements  spectraux  etant  non- 
dissipative,  un  calcul  a  ce  nombre  de  Reynolds  ne  con¬ 
verge  pas.  Par  contre,  on  a  pu  effectuer  des  calcul 
aux  nombres  de  Reynolds  (base  sur  la  corde)  de  200  et 
500.  La  Figure  7  montre  un  bon  accord  de  Faspect  du 
detachement  tourbillonaire  avec  les  resultats  de  Daube 
et  Ta  Phuoc  [18].  A  ce  propos  il  est  utile  de  mention- 
ner  egalement  le  resultat  experimental  de  Honji  [19] 
au  nombre  de  Reynolds  de  200  et  a  Fincidence  de  45° 
qui  fait  etat  d’une  structure  d’ecoulement  comparable 
a  celle  decrite  par  le  cacul  de  Daube  et  Ta  Phuoc. 
Pour  e.xpliquer  le  caractere  tr&  conservatif  de  la  struc¬ 
ture  de  Fecoulement  sur  une  telle  plage  de  nombres  de 
Reynolds,  on  doit  prendre  en  compte  d’une  part  le  car¬ 
actere  dissipatif  de  calculs  en  differences  ou  volumes 
finis  oil  une  viscosite  numerique  difficile  a  quantifier  se 
superpose  a  la  viscosite  moleculaire  definissant  le  nom¬ 
bre  de  Reynolds,  et  d’autre  part  le  fait  que  les  grosses 
structures  tourbillonaires  sont  peu  dependantes  de  la 
dissipation  moleculaire  [20]. 

On  a  egalement  effectue  des  calculs  bidimensionnels 
aux  incidences  de  10°  et  40°  pour  des  nombres  de 
Reynolds  legerement  supercritiques.  Le  tabeau  3  mon¬ 
tre  que,  a  condition  de  rapporter  les  nombres  de 
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angle 

Section 

Re 

Re* 

St 

St* 

StcyJ. 

0° 

0,12 

500 

60 

1,00 

0,12 

0,12 

10° 

0,19 

300 

57 

0,613 

0,117- 

0,12 

40° 

0,65 

110 

71,5 

0,292 

0,19 

0,145 

Tableau  3:  Les  nombres  de  Stroulial  reduits  au  maitre 
couple  pour  de  differentes  incidences.  (Maitre  couple  - 
pour  une  corde  egale  a  I’unite,  Re,  St  -  les  nombres  de 
Reynolds  et  de  Strouhal  bases  sur  la  corde,  Re*,  St*  -  les 
valeurs  reduites  au  maitre  couple,  Stcj^;,  -  valeur  du 
nombre  de  Strouhal  pour  un  cyllndre  circulaire  au 
Re=Re*.) 


Reynolds  et  de  Strouhal  au  maitre  couple,  on  retrouve 
sensiblement  les  memes  resultats  pour  des  incidences 
differentes.  Ces  resultats  sont  de  plus  comparables  a 
ceux  obtenus  par  Williamson  pour  un  cylindre  circu¬ 
laire  [17]. 

Ces  resultats  confirment  que  le  sillage  est  relativement 
peu  dependant  de  la  forme  de  I’obstacle  [21]. 

4.2  Calculs  tridimensionnels 

Les  calculs  tridimensionnels  a  incidence  nulle  [14]  et 
en  incidence  [22]  ont  ete  effectues  sur  la  configuration 
representee  Figure  8.  II  s’agit  d’une  aile  NACA  0012 
d’envergure  finie  en  milieu  non  confine.  L’absence  de 
confinement  est  simule  par  une  condition  de  symetrie 
par  rapport  au  plan  z—Q  (I’axe  z  est  oriente  selon 
I’envergure  de  I’aile,  fixee  a  six  cordes)  et  par  une 
condition  d’ecoulement  libre  dans  le  plan  z=8.  Les 
incidences  considerees  sont  de  0°,  12“’,  24°  et  34°. 
L’objectif  de  cette  etude  etait  de  simuler  I’echappement 
tourbillonnaire  de  I’extremite  de  pale,  configuration 
pour  laquelle  on  disposait  d’un  nombre  important 
de  references  experimentales  [23,  24,  25,  26,  27,  28]. 
Les  simulations  ont  ete  menees  pour  une  configura¬ 
tion  geometrique  stationnaire  (aile  immobile)  mais  au 
dessus  du  seuil  de  la  transition  a  I’instationnarite.  Les 
nombres  de  Reynolds  choisis  correspondent  sensible¬ 
ment  a  un  nombre  de  Reynolds  base  sur  le  maitre  cou¬ 
ple  de  100.  Les  calculs  et  experiences  pour  des  configu¬ 
rations  infinies  (aile,  cylindre)  montrent  que  ce  nombre 
de  Reynolds  se  situe  entre  la  premiere  et  deuxieme  bi¬ 
furcation  de  Hopf. 

Les  resultats  obtenus,  dont  les  details  sont  donnes  dans 
[22],  ont  permis  de  mettre  en  evidence  un  comporte- 
ment  spatio-temporel  qui  pent  etre  resume  de  fagon 
suivante: 

1)  La  structure  spatiale  tourbillonnaire  obtenue 
par  simulation  numerique  s’accorde  avec  celle 
obtenue  experimentalement.  (Figure  9).  En  par- 
ticulier  le  tourbillon  de  bout  de  pale  est  claire- 
ment  observable  et  peut  etre  compare  aux  visu¬ 
alisations  de  Jouvaud  [28]. 


2)  Une  etude  de  la  structure  spatiale  du  tourbillon  de 

pale  a  ete  effectuee. 

a  )  La  structure  transversale  a  ete  trouve  en  accord 
avec  la  theorie,  en  particulier  celle  de  tourbillon 
visqueux  [29]  . 

b  )  La  structure  longitudinale  a  pu  etre  analysee  sur 
une  distance  de  7  cordes  en  aval  de  I’aile.  L’aspect 
helicoi'dal  de  I’axe  du  tourbillon  est  comparable 
aux  observations  par  visualisation  [28]. 

3)  L’evolution  temporelle  a  ete  suivie  en  8  points,  dont 

4  places  dans  le  sillage  et  4  dans  la  zone  du  tour¬ 
billon  de  bout  de  pale. 

a  )  Les  frequences  des  caracteristiques  de 
I’ecoulement  sont  sensiblement  les  memes  dans 
le  sillage  et  dans  le  tourbillon  de  bout  de  pale. 

b  )  La  structure  spatiale  helico'idale  citee  en  2.2 
s’explique  par  I’instabilite  de  I’ecoulement  car  elle 
oscille  avec  la  frequence  du  sillage. 

5  CONCLUSIONS 

5.1  Aile  finie  stationnaire 

Dans  la  configuration  de  I’aile  finie  stationnaire  a  laque¬ 
lle  se  referent  les  resultats  du  paragraphe  precedent, 
on  envisage  une  etude  du  comportement  temporel  plus 
poussee. 

1)  Pour  confirmer  que  les  oscillations  du  sillage 

et  du  tourbillon  marginal  ont  pour  origine  la 
meme  instabilite,  on  envisage  de  mener  une  etude 
de  I’apparition  de  I’instabilite  aux  nombres  de 
Reynolds  plus  bas  (pres  du  seuil). 

2)  Un  certain  nombre  de  resultats  experimentaux, 

numeriques  [30]  et  theoriques  [2]  indiquent 
qu’apres  la  premiere  bifurcation,  I’ecoulement 
tend  vers  un  cycle  limite  caracterise  par 
une  periode  universelle  pour  I’ensemble  de 
I’ecoulement.  Get  etat  n’a  pas  ete  completement 
atteint  (cf.  Fig.  15).  L’explication  pourrait 
etre  que  I’ecoulement  n’a  pas  atteint  la  satura¬ 
tion  de  I’instabilite  ou  qu’il  a  traverse  une  autre 
bifurcation  avec  une  frequence  incommensurable 
avec  celle  de  la  premiere  bifurcation.  Dans 
le  second  cas,  moins  vraissemblable,  il  s’agirait 
d’identifier  les  deux  bifurcations  et  de  comparer 
leurs  frequences  respectives. 

5.2  Aile  finie  instationnaire 

II  existe  des  resultats  experimentaux  concernant  le 
comportement  du  tourbillon  de  bout  de  pale  dans  un 
regime  instationnaire  [31,  23,  24].  On  envisage  de 
placer  I’aile  finie  aux  differentes  incidences  dans  un 
repere  instationnaire  pour  simuler  les  mouvement  de 
tamis  et  de  pilonnement.  On  se  trouvera  ainsi  en 
presence  de  deux  frequences,  celle  imposes  par  le  mou¬ 
vement  de  I’aile  et  celle  propre  au  sillage.  Mis  a  part  des 
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effets  non-lineaires  sur  le  comportement  temporel  (ac- 
crochage  des  frequences)  d'un  tel  systeme,  on  s’attend 
egalem'ent  a  des  modifications  profondes  de  la  structure 
spatiale  de  I’ecoulement  qui  restent  a  etudier. 
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Abstract 

The  flovvfield  of  an  impinging  jet  is  investigated  numer¬ 
ically  by  means  of  the  LES  technique.  The  numerical 
scheme  uses  a  high  order  upwind  biased  formulation  for 
the  advective  transport.  A  localized  dynamic  evalua¬ 
tion  of  the  Smagorinsky  constant  is  employed  to  avoid 
an  empirical  tuning  of  this  value.  A  critical  problem  is 
the  formulation  of  open  boundary  conditions.  The  set  of 
boundary  conditions  presented  here  allows  both  the  en¬ 
trainment  of  fluid  into  the  computational  domain  as  well 
as  the  exit  of  the  large  vortical  structures  typical  for  this 
flow  problem. 


1  INTRODUCTION 

Since  the  pioneering  work  of  Deardorff  [1]  in  the  70’s, 
the  large-edd}'  simulation  (LES)  approach  to  turbu¬ 
lence  modeling  has  extensively  been  applied  to  homoge¬ 
neous  turbulence  and  wall-bounded  shear  layers,  where 
equilibrium  or  near-equilibriurn  boundary  conditions 
can  be  imposed  in  the  streamwise  direction  (Schumann 
[2]).  On  the  contrary,  spatially-developing  free  shear  lay¬ 
ers  have  received  much  less  attention.  While  some  work 
exists  on  the  plane  mixing  layer  flow  (Comte  et  al.  [3], 
Pianese  and  Benocci  [4]),  jet  flows  have  almost  been  ne¬ 
glected;  the  only  literature  found  to  exist  at  the  beginning 
of  the  present  investigation  was  a  very  preliminary  work 
on  planar  free  jets  (Tsai  et  al.  [5])  and  an  investigation  of 
the  impact  of  circular  jets  upon  a  wall  (Risk  and  Menon 
[6]).  This  is  somewhat  surprising  in  view  of  the  impor¬ 
tance  of  jet  flows  in  both  fundamental  and  applied  fluid 
dynamics.  The  present  contribution  gives  LES  results  of 
an  impinging  jet  flow  and  explains  how  specific  problems 
can  be  overcome. 


2  LARGE-EDDY  MODEL 

The  LES  method  is  based  on  the  application  of  a  Al¬ 
tering  operation  (denoted  by  an  overbar)  to  the  tridi¬ 
mensional  time  dependent  Navier-Stokes  equations.  The 
scales  larger  than  the  typical  size  of  the  filter  (‘large 
scales’)  are  resolved  numerically,  while  the  smaller  ones 
have  to  be  modeled.  The  incompressible  conservation 
equations  of  mass  and  momentum  written  for  the  large 
scale  variables  (¥,,  P)  are 


du,  du,Uj  _  dP  1  d'^Ui  dnj 

dt  dxj  dx,  Re  dxjdxj  dxj 


This  formulation  is  consistent  with  a  finite  differences 
discretization  over  a  staggered  mesh  (Schumann  [7],  Ma¬ 
son  [8]).  For  the  periodic  channel,  which  is  used  as  a 
benchmark,  Re  is  the  Reynolds  number  based  on  the  av¬ 
erage  shear  velocity  (ur)  and  the  channel  half  height  5. 
In  this  case,  the  RHS  of  (2)  contains  an  additional  term 
F,  =  (T,  0, 0)  which  is  a  forcing  term  representing  the 
average  pressnre  drop  in  longitudinal  direction.  For  the 
jet  test  case,  the  variables  are  nondimensionalized  by  the 
jet  exit  velocity  Uo  and  the  orifice  width.  6. 

2.1  Subgrid-scale  closure 

In  (2)  r,j  is  the  subgrid-scale  term  (SGS)  describing  the 
contribution  of  the  unresolved  small  scales  to  the  resolved 
large  scale  transport  equation.  This  term  has  to  be  mod¬ 
eled  and  is  given  by 

=  u,uj  —  UiUj  (3) 

A  widely  used  closure  is  the  eddy  viscosity  model  of 
Smagorinsky  [9] 

Tij  ~rkkbij  —  ‘2iriSij  —  2/  I S I iS (4) 

where  Sij  is  the  strain  rate  of  the  resolved  scales:  S,j  — 
I'^l  local  strain  rate.  The  length 
scale  I  characterizes  the  small  eddies  and  is  related  to 
the  length  scale  associated  with  the  filtering  procedure 
by  the  coefiicient  Cs  = 

l^C^A  (5) 

In  a  finite  difference  procedure  the  filter  is  given  by  the 
mesh  size  A  in  the  three  coordinate  directions,  defining 
the  grid  filter  width  as 

A  =  (AiA2A3)^  (6) 

The  value  of  Cs  can  be  derived  for  some  exactly  defined 
filters  [10],  but  in  practice  the  coefficient  has  to  be  tuned 
for  the  specific  application.  This  is  particularly  problem¬ 
atic  in  test  cases  like  the  free  or  impinging  jet,  which 
include  several  types  of  turbulent  flow  and/or  laminar 
regions.  An  attractive  way  around  this  problem  is  a  dy¬ 
namic  evaluation  of  the  coefficient  C's  as  proposed  by  Ger¬ 
mane  [11].  Here  this  approach  is  briefly  summarized. 

The  basic  idea  is  the  local  sampling  of  the  smallest  re¬ 
solved  scales  applying  a  coarser  test  filter  (denoted  by  a 
tilde).  In  a  finite  difference  approach,  this  is  done  using 

a  coarser  test  grid  where  the  filter  width  A  is  defined 

analogously  to  (6).  Following  [11]  a  filter  ratio  A/ A  =  2 
is  adopted.  With  this  filter  the  SGS  then  reads 

Tij  =  UiUj  —  UtUj  (7) 
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Using-again  the  Smagorinsky  closure  as  in  (4),  T,_,  is  mod¬ 
eled  as 

-  ir„6„  =  (8) 

with 


?  -if  ill  _L 

2  \dxj  dx,  ) 


|51  =  (25, 


(9) 


Subtracting  the  test  grid  average  of  t,j  from  T,j,  a  rela¬ 
tion  for  the  resolved  scales  of  motion  between  test  and 

grid  scale  can  be  obtained 


Ltj  =  Ttj  —  T,j  =  —u,Uj  -h  u,Uj  (10) 


Substituting  (4)  and  (8)  into  this  relation  yields  an  ex¬ 
pression  which  contains  the  parameter  C  as  the  only  un¬ 
known 


L,j  -ilkhS.j  (11) 

with 

=  a"  !5|S,,  IS,j  =  A"|5|5,y  (12) 

Assuming  that  C  is  locally  no  function  of  space,  (11)  can 
be  written  as 


L,j  —  -Lkk&ij  —  2CMij  (13) 

with  _ 

Mtj  =  —Oitj  -|-  /?sj  (14) 

This  is  a  system  of  five  independent  equations  in  one 
unknown  C.  We  use  here  the  modification  of  Lilly  [12] 
who  proposed  a  contraction  of  (13)  with  M,j  to  obtain 


c-i  _  1  ( 


(15) 


As  stated  in  [12],  this  is  equivalent  to  a  least  squares 
approach,  minimizing  the  error  of  C  given  by  the  five 
independent  equations  in  (13).  The  result  of  this  proce¬ 
dure  is  a  local  value  of  C  obtained  at  each  timestep.  As 
pointed  out  by  Ghosal  et  al.  [13],  the  procedure  to  take  C 
out  of  the  filter  operation  in  order  to  derive  (13)  is  math¬ 
ematically  inconsistent.  The  error  involved  is  a  function 
of  the  residual  E,j  which  is  neglected  in  the  RHS  of  (13) 


E,j  ^2CIS,j  -2C  (16) 

The  main  problem  arising  when  using  (15)  is  that  many 
local  vahres  of  C  become  negative.  This  was  found  to 
lead  to  computational  instability.  To  avoid  this  problem, 
the  numerator  and  the  denominator  of  (15)  can  be  av¬ 
eraged  along  homogeneous  directions  ([11],  [14]).  This 
also  removes  the  mathematical  inconsistency  mentioned 
above,  as  shown  by  Ghosal  et  al.  [13],  if  the  test  filter  is 
applied  in  these  homogeneous  directions  only.  For  flows 
without  homogeneous  directions,  this  procedure  can  not 
be  applied  at  all,  and  already  for  flows  with  only  one 
homogeneous  direction  additional  time  averaging  has  to 
be  used  to  stabilize  the  method  [14].  A  consistent  local 
dynamic  model  is  proposed  by  Ghosal  et  al.  [13]  which  is 
based  on  a  constrained  variational  formulation  imposing 
a  positive  value  of  C. 

The  approach  followed  here  is  based  on  equation  (15). 
Lund  et  al.  [15]  show  that  the  numerical  divergence  is 
controlled  by  the  RMS  fluctuation  level  and  the  time 
correlation  of  negative  eddy  viscosities  arising  from  (15). 
Here  we  try  to  minimize  the  occurrence  of  high  RMS  and 
long  time  correlation.  The  essential  points  can  be  sum¬ 
marized  as  follows: 


•  To  obtain  the  test  grid  variables,  a  filter  using  only 
the  6  surrounding  points  is  used  (compared  to  26 
points  in  a  volume- average  approach).  This  results 
in  a  more  localized  value  of  C  based  on  fewer  sam¬ 
ples. 

•  The  values  of  C  are  computed  from  the  test  filtered 
variables  defined  for  each  grid  cell.  This  reduces 
the  time  correlation  of  C  compared  to  an  approach 
where  C  is  obtained  at  the  test  grid  level. 

0  The  strain  rates  on  the  test  grid  are  obtained  from 
definition  (9). 

To  evaluate  the  influence  of  the  inconsistency  in  the 
derivation  of  (13),  C  is  recomputed  using  an  estimation 
of  Eij  based  on  the  result  of  (15) 

E,,=2ic'l3,^  (17) 

where  6C  is  the  deviation  of  C  with  respect  to  the  cen¬ 
tral  point  value  where  the  filtering  operation  is  defined. 
This  gives  a  rough  estimate  of  the  error  involved.  The 
results  indicate  that  relevant  differences  between  both  C 
fields  exist  only  in  a  few  grid  points.  In  this  approach, 
the  errors  resulting  in  locally  large  values  of  C  are  ac¬ 
cepted.  For  the  negative  values,  an  ad  hoc  measure  was 
preferred  to  a  complete  cut  of  the  whole  negative  part. 
The  negative  C  given  by  (15),  using  a  least  square  on  the 
full  tensor,  are  recalculated  leaving  out  the  trace  compo¬ 
nents.  The  value  closer  to  or  above  zero  is  then  retained 
in  the  computation. 

In  the  procedure  described  above,  the  computation  of  C 
is  based  on  the  grid  filter  velocities  interpolated  at  the 
cell  centers  from  the  velocity  components  defined  on  the 
staggered  grid.  To  reduce  the  number  of  interpolations, 
the  main  code  defines  the  turbulent  viscosity  r't  in  (4)  at 
the  location  needed  by  each  component  of  the  momentum 
equation.  The  value  of  C  defined  in  the  cell  center  is 
transferred  to  these  three  positions  by  interpolation. 
Results  for  the  plane  channel,  using  this  localized  dy¬ 
namic  model,  are  given  in  the  section  describing  the  ad- 
vection  scheme  (Figure  1).  In  this  test  case,  over  30%  of 
the  C  values  obtained  by  (15)  are  negative.  After  modi¬ 
fication,  over  20%  of  the  C  values  remain  negative.  This 
gives  rise  to  negative  total  viscosities  in  more  than  10% 
of  the  grid  points  without  causing  numerical  divergence. 
This  means  that  the  combination  of  RMS  and  time  corre¬ 
lation  of  the  negative  C  values  and  the  resulting  negative 
total  viscosities  stay  in  the  stable  region  for  the  present 
numerical  scheme. 


3  NUMERICAL  TECHNIQUES 


For  the  incompressible  Navier-Stokes  equations,  the  den¬ 
sity  vanishes  from  the  conservation  equation  for  mass. 
This  implies  that  mass  conservation  must  now  be  inter¬ 
preted  as  an  additional  constraint  on  the  velocity  field 
which  has  to  be  satisfied  indirectly. 

The  approach  followed  here  is  the  use  of  the  pressure  cor¬ 
rection  technique.  The  time  advancement  is  done  using 
a  second  order  Adams-Bashforth  scheme. 

Rewriting  the  large  scale  momentum  equations  using  H, 
defined  as  a  space  operator  containing  resolved  terms, 
subgrid  and  molecular  viscous  stresses,  leads  to 


du, 

dt 


dP 

d  X  t 


(18) 


Now  the  numerical  scheme  for  the  time  advancement  can 
be  summarized  as  follows 


At 


r^H{u„u,r-iHin„u,r-^ 


dP 

dxi 


(19) 
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d'^bP  _  2  du* 
dx'^  At  dxt 

^+1  -u*  _  1  d8P 

At  2  dx, 

yn+l 


(20) 

(21) 

(22) 


All  terms  in  equations  (19)  to  (22)  except  the  advective 
term  are  discretized  over  a  staggered  grid  using  second  or¬ 
der  finite  differences.  On  Cartesian  grids  this  formulation 
is  equivalent  to  a  finite  volume  technique  [16].  Mass  con¬ 
servation  is  enforced  solving  the  pressure  equation  (20) 
at  each  time  step  with  a  direct  Poisson  solver  [17].  The 
time  step  is  chosen  to  respect  the  stability  limits  given  by 
the  advective  and  diffusive  Courant-Friedrich-Levy  num¬ 
bers.  The  pressure  term  is  treated  as  proposed  by  Van 
Kan  [18]. 


al.  [22]  (a  =  3)  or  Shirayama  [21]  (a  =  4).  On  the  bound¬ 
aries  the  second  order  central  scheme  is  retained.  This 
reduces  the  overall  precision  to  second  order,  but  for  the 
interior  points  the  higher  local  precision  is  retained. 

In  the  jet  test  case  values  of  a  =  0.25  or  a  =  0.5  were 
found  to  be  sufficient  to  avoid  wiggles.  These  result  in 
the  following  interpolation  formulas  for  the  positive  flux 
(given  here  for  a  positive  advection  velocity  on  a  uniform 
grid) 

(/A+5  =  -.10416/,-! -f. 64583/, -f.52083/.+i-. 0625/, +2 

(26) 

(/,)+  =  -.125/,_i  +  .7083/i  +  .4583 /,+!-. 0416/, +2  (27) 

The  negative  flux  is  obtained  in  a  similar  way,  decrea.s- 
ing  i  by  one.  The  overbar  denotes  numbers  repeated  in¬ 
finitely.  The  standard  forth  order  central  scheme  is  given 
for  comparison 


3.1  Pressure  boundary  condition 

The  numerical  solution  of  the  pressure  equation  (20)  re¬ 
quires  Neumann  boundary  conditions  for  SP.  The  con¬ 
sistent  boundary  condition  for  the  pressure  applied  to  the 
scheme  described  above  ([19])  is  given  by 


dSP  ^ 

dN  At 


(23) 


where  N  is  the  direction  normal  to  the  boundary  F.  Eas¬ 
ton  [20]  showed  that  the  result  is  independent  of  Up  so 
that  the  following  substitution  can  be  made 


— iti  — n-fl 

U-p  =  Uy' 


(24) 


Thus  a  homograeous  Neumann  boundary  condition  is  in¬ 
troduced  for  6P. 


3.2  Advective  transport 

The  requirements  for  the  discretisation  of  the  advective 
term  are  the  conservation  of  momentum  and  energy  and 
the  control  of  aliasing  errors.  Using  a  linear  interpola¬ 
tion  to  obtain  the  convective  fluxes  at  the  center  of  the 
control  surfaces  in  the  staggered  grid  arrangement,  a  sec¬ 
ond  order  scheme  is  obtained  which  offers  optimal  conser¬ 
vation  properties.  In  the  jet  test  case,  the  aliasing  error 
phenomenon  can  not  be  avoided  completely.  To  control 
these,  an  upwind  interpolation  of  the  convective  fluxes 
is  applied.  Second  and  third  order  upwind  formulations 
were  found  to  be  too  dissipative,  but  good  results  were 
obtained  using  a  third  order  upwind-biased  discretiza¬ 
tion,  derived  from  the  approach  taken  by  Shirayama  [21]. 
The  scheme  can  be  written  as  the  sum  of  a  forth  order 
central  scheme  plus  a  forth  order  dissipation  term  given 
here  for  an  advection  velocity  c  and  a  generic  transported 
variable  / 


C,(Q'1  /,-2  +  /3l  /,-!  4-  7l  /^  +  fi+1  +  ei/t-t-2)  4- 
ojc,|(a'2/i-2  4-  p2ft-l  4-  72/1'  4-  62/1  +  1  4-  C2fi+2)  (25) 

The  coefficients  oi  to  ci  and  0:2  to  £2  are  obtained  using 
Lagrangian  interpolation  formulas  taking  into  account 
the  grid  stretching.  The  blending  parameter  a  controls 
the  magnitude  of  the  forth  order  dissipation  term.  It  al¬ 
lows  the  generation  of  a  family  of  schemes  from  forth  or¬ 
der  central  (a  =  0)  over  pure  third  order  upwind  (a  =  1) 
to  upwind-biased  schemes  as  proposed  by  Kawamura  et 


(/,)+  =  -.083/,-!  4-  .583/,  4-  .583/.+1  -  .083/.+2  (28) 

In  order  to  assess  the  combined  effect  of  the  turbulence 
model  and  numerical  dissipation,  simulations  are  per¬ 
formed  using  the  plane  channel  at  Rer  =  1000  as  a 
benchmark.  Approximate  boundary  conditions  derived 
from  the  boundary  layer  equations  are  used  as  wall  func¬ 
tions  to  model  the  solid  walls.  Details  of  this  formulation 
will  be  given  in  [23].  The  simulation  uses  (40,  24,  26) 
grid  points  in  a  domain  (2.5rr,  2.,  2.)  where  (si,S2,S3) 
are  the  streamwise,  periodic  and  wall  normal  directions 
respectively.  In  Figure  (1)  the  effect  of  using  the  upwind 
discretisation  with  a  =  0.25  is  compared  to  the  solution 
using  the  forth  order  central  scheme.  The  solid  line  is 
a  LES  by  Piomelli  [24]  where  the  wall  layer  is  resolved 
and  which  is  used  as  a  reference.  As  can  be  seen,  there 
is  a  noticeable  effect  of  the  dissipation  term  on  the  tur¬ 
bulence  intensities.  To  avoid  this  influence,  further  grid 
refinement  is  needed.  Still  the  results,  even  on  this  coarse 
grid,  are  acceptable. 


Fig.  1:  Turbulence  intensities  and  total  shear  stress 

(based  on  (ut)).  Plane  channel  Re  — 1000 


26-4 


4  BOUNDARY  CONDITIONS 

The  present  simulation  is  concerned  with  a  jet,  issuing 
from  a  2D  slit  in  an  infinite  wall,  impinging  onto  a  flat 
plate  as  shown  in  Figure  (2).  As  in  the  plane  channel  sim¬ 
ulation,  the  solid  walls  are  modeled  by  imposing  the  wall 
shear  stress  using  approximate  wall  boundary  conditions. 


Upper  open  boundary 


Fig.  2:  Impinging  jet,  geometry  and  coordinate  sys¬ 

tem. 


4.1  Open;  entrainment  boundary  condi¬ 
tions 

The  main  difficulty  related  to  the  numerical  simulation 
of  a  jet  expanding  into  a  flow  at  rest  lies  in  the  impo¬ 
sition  of  boundary  conditions  and  is  directly  related  to 
the  numerical  need  to  use  a  finite  computational  field  to 
model  a  flowfield  of  theoretically  infinite  size.  Therefore 
the  boundary  conditions  are  purely  numerical  ones  and 
have  to  satisfy  three  basic  requirements: 

•  to  allow  the  entry  of  flow  into  the  computational 
domain  to  balance  the  jet  entrainment 

•  to  allow  the  flow  and  in  particular  large  turbulent 
structures  to  exit  the  computational  domain  without 
being  deformed  or  reflected 

•  to  model  the  physical  connection  between  the  top 
and  bottom  boundaries,  in  order  to  ensure  a  time- 
averaged  symmetric  development  of  the  jet. 

Modeling  entrainment  through  the  boundary  is  a  critical 
problem  in  the  jet  simulation;  in  [6]  is  reported  that  the 
entrainment  had  to  be  artificially  limited  on  the  border 
to  avoid  instabilities. 

In  the  frame  of  the  pressure  boundary  condition  treated 
above,  the  difficulty  lies  in  the  fact  that  at  an  open 
boundary  the  normal  velocity  at  time  step  n  -f-  1  is  un¬ 
known  and  not  fixed  as  a  boundary  condition  as  it  would 
be  at  a  solid  surface  for  example. 

A  stable  way  to  specify  is  to  use  a  zeroth  order  ex¬ 

trapolation  on  the  u*  velocity  field,  (i.e.  uf  =  u*nteTtor) 
which  already  contains  dP  jdxi  and  differs  from  the 


field  by  dSPjdxt  only.  Alternative  formulations 
have  been  investigated,  but  the  tests  carried  out  show 
that  most  standard  conditions  yield  explosive  instability, 
at  least  for  the  free  and  impinging  jet  tost  cases. 

After  the  velocity  field  is  updated  using  (21),  the  normal 
velocity  components  are  calculated  applying  continuity  to 
the  last  interior  cell.  The  tangential  velocity  components 
at  the  fictitious  cells  outside  the  domain  are  obtained 
assuming  a  zero  derivative  of  vorticity  in  the  direction 
normal  to  the  boundary. 

An  additional  constraint  has  to  be  applied  to  the  gen¬ 
eral  procedure  described  above.  The  solution  of  the  pres¬ 
sure  equation  (20)  with  Neumann  boundary  conditions 
requires  that  the  following  compatibility  constraint  is  sat¬ 
isfied  _ 

where  the  LHS  represents  a  volume  integral  over  the  do¬ 
main  12  and  the  RHS  a  surface  integral  along  the  bound¬ 
ary  F.  With  (20)  and  (23)  this  condition  can  be  written 
in  the  form 

2  [  ^dV=  /(¥; (30) 
Ja  Jr 

With  (24)  the  RHS  is  equal  to  zero.  This  implies  that 
(30)  is  ec[uivalent  to  a  constraint  of  global  mass  conserva¬ 
tion  which  is  satisfied  by  modifying  uniformly  the  normal 
open  boundary  velocities  at  each  timestep  before  solving 
equation  (20). 

The  planar  jet  problem  on  a  finite  grid  has  to  be  stabi¬ 
lized  using  a  far  field  condition  which  models  the  physical 
connection  of  top  and  bottom  boundary.  An  ideal  con¬ 
dition  should  ensure  that  the  time  mean  pressure  is  the 
same  at  the  top  and  bottom  boundary. 

In  the  present  simulations,  the  average  pressure  over  the 
top  and  bottom  boundaries  are  kept  constant  at  every 
timestep.  This  is  done  by  adding  a  transversal  pressure 
gradient  to  the  pressure  field  P  after  the  update  (22). 
The  IP  field  used  to  correct  the  predicted  velocity  field 
remains  unchanged. 

The  boundary  conditions  must  allow  local  inflow  and  out¬ 
flow  computed  as  part  of  the  solution.  In  the  presence 
of  vortices  the  resulting  inflow  can  cause  an  accumula¬ 
tion  of  errors  at  the  boundary,  leading  to  an  unphysical 
development  of  the  computation. 

To  solve  this  problem,  the  current  approach  uses  the  idea 
of  a  buffer  domain,  as  proposed  by  Streett  and  Macaraeg 
[25],  at  the  top  and  bottom  boundary  for  the  impinging 
jet  problem. 

This  implies  a  smooth  reduction  to  zero  of  the  stream  wise 
viscous  term.  The  ingoing  streamwise  advection  veloci¬ 
ties  are  smoothly  modified  in  order  to  involve  a  constant 
outgoing  velocity  obtained  from  the  condition  of  global 
mass  conservation.  Outgoing  advective  velocities  are  not 
modified.  The  wall  shear  stress  used  to  simulate  the  solid 
wall  is  smoothly  reduced  to  zero  in  a  similar  way.  The 
incompressibility  constraint  and  the  pressure  boundary 
condition  treatment  are  maintained  as  described  above. 


5  RESULTS 

Figure  (3)  shows  the  instantaneous  pressure  field  of  an 
impinging  jet  at  Reynolds  number  10,  000,  based  upon 
the  inlet  width  b  and  the  initial  jet  velocity  Uq.  The 
total  computational  domain  {xi,X2,X3)  is  of  dimension 
(20,7r,40)  with  a  grid  resolution  of  (80,12,80).  The  two 
buffer  domains  used  at  the  top  and  bottom  boundaries 
have  a  dimension  of  about  14  (using  two  times  12  grid 
points)  in  xs-direction.  The  inlet  velocity  profile  is  uni¬ 
form  and  constant  in  time.  Figure  (4)  shows  a  close-up 
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Fig.  3:  Instantaneous  pressure  contours.  Impinging 

jet,  Re  =  10,000 


view  of  the  flowfield  excluding  the  buffer  regions  and  the 
wall  area.  .A.s  can  be  seen,  the  flow  is  characterized  by 
the  presence  of  large  vortical  structures.  Following  the 
time-evolution,  vortex  pairing/merging  events  can  be  ob¬ 
served.  .4n  analysis  of  the  velocity  fluctuations  recorded 


Fig.  4:  Detail,  instantaneous  velocity  vectors.  Im¬ 

pinging  jet,  Re=10,000 


at  the  end  of  the  potential  core,  outside  the  shear  layer 
of  the  jet,  shows  a  dominant  frecpiency  corresponding  to 
a  Strouhal  number  (ba,sed  upon  h  and  Uo)  of  0.2.  This 
frequency  characterizes  the  passage  of  vortices  at  this  lo¬ 
cation.  Fast  Fourier  transformation  of  the  data  taken 
at  the  centerline  shows  a  frequency  spectrum  with  peaks 
around  0.25.  This  compares  well  with  the  experimental 
range  of  0.24  to  0,64  [26]  and  also  with  the  value  of  0.273 
given  in  [27]. 

To  obtain  the  mean  velocities  and  the  turbulence  statis¬ 
tics,  the  flow  is  sampled  over  a  period  of  200  nondimen- 
sional  time  units.  In  Figure  (5)  the  time  averaged  de¬ 


cay  of  the  centerline  velocity  is  compared  to  the  law  of 
the  free  and  impinging  jet  obtained  from  experiment  [28], 
The  numerical  result  is  in  quite  good  agreement  with  this 
data  and  displays  clearly  the  two  distinct  regions. 


Fig.  5:  Decay  of  time  mean  centerline  velocity.  Im¬ 

pinging  jet,  Re=10,000 

Figure  (6)  shows  the  evolution  of  the  streamwise  turbu¬ 
lence  intensities  and  the  shear  stress  at  different  locations 
downstream  the  jet  exit. 
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Fig.  6:  Turbulence  intensities  and  shear  stress  (based 

on  the  jet  exit  velocity  Uo  )  at  xi  locations  1. 
to  9. 


6  CONCLUSIONS 

The  present  investigation  has  shown  the  feasibility  to 
use  LES  for  the  study  of  spatially-developing  jet  flows. 
The  choice  of  a  high  order  upwind-biased  discretization 
and  the  use  of  the  buffer  domain  technique  have  made  it 
possible  to  achieve  results  which  are  numerically  stable 
and  reproduce  correctly  the  main  physical  features  of  the 
problem. 


26-6 


REFERENCES 

[1]  DEARDORFF,  J.;  A  numerical  study  of  three- 
dimensional  turbulent  channel  flow  at  large 
Reynolds  numbers. 

J.  Fluid  Mech.,  Vol.  41,  1970. 

[2]  SCHUMANN,  U.:  Direct  and  large-eddy  simulation 
of  turbulence.  Summary  of  the  state-of-the-art  1991. 
VKI  LS  1991-02:  Introduction  to  the  modeling  of 
turbulence,  von  Karman  Institute  for  Fluid  Dynam¬ 
ics,  1991, 

[3]  COMTE,  P.;  LESIEUR,  M.;  LAROCHE,  H.;  X.,  N.: 
Numerical  simulation  of  turbulent  plane  shear  layer. 
Turbulent  shear  flows  6.  Springer,  1989,  pp  441-454. 

[4]  PIANESE,  C.;  BENOCCI,  C.:  Large-eddy  simula¬ 
tion  of  spatially  developing  plane  mixing  layers. 
Turbulent  shear  flows  8.  Springer,  1991. 

[5]  TSAI,  H.;  YOKE,  P.;  LESLIE,  D.:  Large-eddy  sim¬ 
ulation  of  turbulent  free  shear  flows. 

Numerical  Methods  in  Laminar  and  Turbulent  Flow, 
Montreal.  1987,  pp  363-373.  Computational  Me¬ 
chanics  Publications,  Springer  Verlag. 

[6]  RISK,  M.;  MENON,  S.:  Large-eddy  simulations  of 
axisymmetric  excitation  effects  on  a  row  of  imping¬ 
ing  jets. 

Phys.  Fluids,  Vol.  31,  No  7,  July  1988. 

[7]  SCHUMANN,  U.;  GROTZBACH,  G.;  KLEISER, 
L.:  Direct  numerical  simulation  of  turbulence. 

VKI  LS  1979-02:  Prediction  methods  for  turbulent 
flows,  von  Karman  Institute  for  Fluid  Dynamics, 
1979. 

[8]  MASON,  P.;  N.S.,  C.:  On  the  magnitude  of  the 
subgrid-scale  eddy  coefficient  in  large-eddy  simula¬ 
tions  of  turbulent  channel  flow. 

J.  Fluid  Mech.,  Vol.  162,  1986. 

[9]  SMAGORINSKY,  J.:  General  circulation  experi¬ 
ments  with  the  primitive  ecjuations,  i.  the  basic  ex¬ 
periment. 

Mon.  Weather  Rev.,  Vol.  91,  1963. 

[10]  MASON,  P.:  Large-eddy  simulation  of  turbulent 
shear  flows. 

VKI  LS  1989-03:  Turbulent  shear  flows,  von  Kar¬ 
man  Institute  for  Fluid  Dynamics,  1989. 

[11]  GERMANO,  M.;  PIOMELLI,  U.;  MOIN,  P.; 
CABOT,  W.:  A  dynamic  subgrid-scale  eddy  visco.s- 
ity  model. 

Phys.  Fluids  A,  Vol.  3,  No  7,  July  1991. 

[12]  LILLY,  D.:  A  proposed  modification  of  the  germano 
subgrid-scale  closure  method. 

Phys.  Fluids  A,  Vol.  4,  No  3,  March  1992. 

[13]  GHOSAL,  S.;  LUND,  T.;  MOIN,  R:  A  local  dy¬ 
namic  model  for  les. 

Center  for  Turbulence  Research,  Annual  Research 
Briefs  1992. 

[14]  N.4NG,  K.-S.;  FERZIGER,  J.  H.:  Large-eddy  sim¬ 
ulation  of  turbulent  obstacle  flow  using  a  dynamic 
subgrid-scale  model. 

AIAA  Journal,  Vol.  31,  No  8,  August  1993. 

[15]  LUND,  T.;  GHOSAL,  S.;  MOIN,  P.:  Numerical  e.x- 
periments  with  highly- variable  eddy  viscosity  mod¬ 
els. 

ASME  FED,  Vol.  162,  1993. 


[16]  PEYRET,  R.;  TAYLOR,  T.:  Computational  meth¬ 
ods  for  fluid  flows,  Springer  Verlag,  Berlin,  1987. 

[17]  SCHMIDT.  H.;  SCHUMANN,  U.;  VOLKERT,  H.: 
Three-dimensional,  direct  and  vectorized  elliptic 
solvers  for  various  boundary  conditions. 

DFVLR  Report  DFVLR-mitt.  84-15,  July  1984. 

[18]  VAN  KAN,  J.:  A  second-order  accurate  pressure- 
correction  scheme  for  viscous  incompressible  flow. 

J.  Sci.  Stat.  Comp.,  Vol.  7,  1986. 

[19]  FLETCHER,  C.:  Computational  techniques  for 

fluid  dynamics  1  &  2,  Springer- Verlag,  1988. 

[20]  EASTON,  C.:  . 

J.  Comp.  Phys.,  Vol.  9,  1972. 

[21]  SHIRAYAMA,  S.:  Construction  of  modified  third- 
order  upwind  schemes  for  stretched  meshes. 

AIAA  Journal,  Vol.  30,  No  5,  May  1992. 

[22]  KAWAMURA,  T.;  TAKAMI,  H.;  KUWAHARA,  K.: 
New  higher-order  upwind  schemes  for  incompress¬ 
ible  Navier-Stokes  equations. 

Lecture  Notes  in  Physics  218.  Springer  Verlag,  1984. 

[23]  HOFFMANN,  G.;  BENOCCI,  C.;  Approximate 
wall  boundary  conditions  derived  from  boundary 
layer  equations  and  application  in  large-eddy  sim¬ 
ulation. 

Fifth  European  Turbulence  Conference,  Siena,  Italy, 
July  5-8  1994, 

[24]  PIOMELLI,  U.:  High  Reynolds  number  calculations 
using  the  dynamic  subgrid-scale  stress  model. 

Phys.  Fluids  A,  Vol.  5,  No  6,  June  1993. 

[25]  STREETT,  C.;  MACARAEG,  M.:  Spectral  multi- 
domain  for  large-scale  fluid  dynamic  simulations. 
Applied  Numerical  Mathematics,  Vol.  6,  1989/90. 

[26]  GUTMARK,  E.;  HO,  C.:  Preferred  modes  and  the 
spreading  rates  of  jets. 

Phys.  Fluids,  Vol.  26,  No  10,  1983. 

[27]  NAMER,  I.;  OTUGEN,  M.:  Velocity  measurements 
in  a  plane  turbulent  air  jet  at  moderate  Reynolds 
numbers. 

Exp.  in  Fluids,  Vol.  6,  1988. 

[28]  BELTAOS,  S.;  RAJARATNAM,  N.;  Plane  turbu¬ 
lent  impinging  jets. 

J.  Hydr.  Research,  Vol.  11,  No  1,  1973. 


27-1 


Rib  Vortices  in  Round  Jets; 
Direct  and  Large  Eddy  Simulation 

M.  Fatica,  R.  Verzicco  &z.  P.  Orlandi 

Dipartimento  di  Meccanica  e  Aeroriautica, 
Universita  “La  Sapienza”, 

Vda  Eudossiana  18,  00184,  Roma,  Italy 


Abstract 

Direct  and  Large  Eddy  simulations  of  temporal  evolv¬ 
ing  round  jets  at  low  Reynolds  numbers  have  been 
performed  by  a  second-order  finite  difference  scheme 
in  cylindrical  coordinates.  The  simulations  have 
shown  the  formation  of  longitudinal  structures  whose 
number  increases  with  the  Reynolds  number.  The 
role  of  these  structures  in  the  spreading  of  the  jet 
and  in  the  creation  of  small  scales  has  been  analysed. 
LES  models  (Smagorinsky  and  dynamic  models)  per¬ 
mit  to  have  satisfactory  results  with  coarse  grids. 


1  Introduction 

Illuminating  works  of  Brown  &  Roshko  [1],  Winant 
&  Browand  [2],  and  more  recently  of  Moser  &  Rogers 
[3],  have  shown  for  a  plane  mixing  layer  that  the  rib 
vortices  are  responsible  for  a  drastic  increase  in  the 
molecular  mixing  of  a  passive  scalar.  This  result  is 
relevant  to  combustion  where  the  mixing  of  the  re¬ 
acting  species  controls  the  speed  of  the  chemical  re¬ 
actions  and  then  the  efficiency  of  combustors.  The 
effect  of  the  streamwise  vortices  becomes  even  more 
important  in  round  jets.  In  fact  for  a  plane  mix¬ 
ing  layer  the  velocity  jump  is  sustained  by  the  undis¬ 
turbed  streams  also  far  from  the  splitter  plate.  This 
implies  that  the  streamwise  vortices  compete  with 
large  spanwise  structures  continuously  strengthen  by 
the  potential  streams.  In  contrast  in  a  round  jet  the 
velocity  difference  between  the  ambient  fluid  and  the 
high-speed  core  attenuates  with  the  distance  from  the 
nozzle.  The  lack  of  an  imposed  constant  shear  makes 
stronger  the  interaction  between  the  large  spanwise 
structures  and  the  streamwise  vortices.  These  state¬ 
ments  have  been  confirmed  in  many  experimental  and 
numerical  studies  (e.g.  Liepmann  &  Gharib  [4],  Agiii 
k  Hesselink  [5],  Verzicco  &  Orlandi  [6]). 

As  stated  in  [3]  in  order  to  have  the  mixing  transi¬ 
tion,  two  ingedients  are  requested:  a  strong  set  of 
streamwise  vortices  and  sufficiently  high  Reynolds 
and  Schmidt  numbers.  This  last  requirement  poses  a 
strong  limitation  on  the  use  of  the  direct  simulation 
(hereafter  referred  to  as  DS)  for  flows  of  practical  in¬ 
terest  at  Re  much  higher  than  those  considered  in  [3] , 


since  the  grid  resolution  required  is  unaffordable  even 
by  the  modern  supercomputers.  On  the  other  hand 
the  necessity  of  describing  the  dynamics  of  intermedi¬ 
ate  structures,  immediately  rules  out  those  methods 
based  on  Reynolds  averages.  Many  recent  works  have 
shown  that  the  most  promising  numerical  technique 
is  the  large  eddy  simulation  (hereafter  referred  to  as 
LES)  in  which  the  large  scales  are  explicitly  computed 
and  the  sub-grid  scales  are  modelled. 

In  this  study  we  wish  to  analyse  the  dynamics  of 
streamwise  vortices,  and  the  effect  they  have  on  the 
large  vortex  rings,  through  DS  and  LES  for  differ¬ 
ent  values  of  the  Reynolds  number.  Periodic  bound¬ 
ary  conditions  are  imposed  along  the  axis  of  the  jet. 
Such  time-developing  simulations,  although  different 
from  real  space  developing  jets,  are  able  to  describe 
the  essential  dynamics  of  vortical  structures,  using  a 
reasonable  number  of  grid  points. 

The  paper  is  organised  as  follows:  in  the  next  sec¬ 
tion  a  short  description  of  the  numerical  method  is 
given,  in  §3  initial  conditions  and  run  parameters  are 
described  and  the  results  are  discussed  in  §4,  closing 
remarks  are  in  §5. 


2  Numerical  procedure 


The  numerical  model  discretizes  on  a  staggered  grid 
the  time-dependent  three-dimensional  Navier-Stokes 
equations  in  primitive  variables  and  in  cylindrical  co¬ 
ordinates.  A  detailed  description  of  the  numerical 
method  and  of  the  subgrid  stress  models  has  been 
given  in  previous  works  (Verzicco  k  Orlandi  [7],  Fat¬ 
ica  Orlandi  k  Verzicco  [8]);  here  it  suffices  to  sum¬ 
marise  the  main  points. 

The  equations  are  expressed  by  the  quantities  qg  = 
vg,  =  r  ■  Vr  and  q^  —  .  ?’  is  the  radial  coordinate 

and  vg,  Vr,  ih  are  respectively  azimuthal,  radial  and 
axial  velocities.  The  introduction  of  qr ,  together  with 
the  use  of  a  staggered  grid,  avoids  the  evaluation  of 
the  terms  that  become  singular  at  r  =  0  [7]. 

By  the  centreline  velocity  of  the  jet  Ud  and  a  length 
scale  L  such  that  the  jet  radius  is  R  —  5L,  the  dimen¬ 
sionless  equations  are: 


dqr  ,  .  dq. 


=  0. 


(1) 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  "Application  of  Direct  and  Large  Eddy 
Simulation  to  Transition  and  Turbulence’’  held  at  Chania,  Crete,  Greece,  'in  April  1994. 
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fij  is  the  sum  of  the  resolved  (r,:j)  and  the  subgrid 
(rh)  stresses.  The  lenght  scale  L  for  nondimensional- 
ization  is  approximately  equal  to  the  vorticity  thick¬ 
ness  6^,  so  that  Re  —  UdL/v  is  approximately  equal 
to  Re  =  Uci^wl^-  All  the  quantities  denoted  by  an 
overbar  are  defined  as: 


q(r,9,z) 


1 


rArAOA: 


J  J  J  1  dr' d9' dz' 


being  the  integration  performed  over  the  appropriate 
control  volume  for  each  variable.  As  usual  for  LES 
techniques,  the  total  stresses  are  expressed  through 
the  following  expression 


3  Initial  Conditions 


The  initial  mean  velocity  profile  is  the  same  as  [6] 
and  [8] 


qzir,d) 


1  —  tanh 


(|2.06/ilog 


with  /?  5.5,  so  that  Rjb^  -  22.6  is  the  momen¬ 

tum  thickness),  The  azimuthal  perturbation  of  the 

jet  is  given  by  a  random  radial  displacement  of  R{9)\ 
R(d)  =  R  +  ee<j>{9)  (6a) 


where  0  <  (j){9)  <  1  is  a  random  number,  and  eg  = 
.05. 

The  azimuthal  vorticity  component  wg  has  been 
perturbed  in  z  to  initiate  the  instability  leading  to 
roll-up  and  successively  to  pairing;  its  distribution  is; 


Tij  =  (1  -f  i^TRe}Sij  =  vSij,  (3) 


where  Sij  is  the  resolved  rate-of-strain  tensor.  The 
eddy  viscosity  ut  is  given  by  the  Smagorinsky  model 

[9]: 


rzT  =  (C. A)2|5|  =  (C, A)2  [2Sii  Sij]''''  (4) 

or  the  dynamic  model  [10]: 

i.T  =  C{Af[2Sij'S,j]""^  (5) 

for  cylindrical  coordinates  it  results  A^  = 
(rArAOAzf^^.  Despite  the  similar  expressions  for 
pt,  the  two  models  have  a  fundamental  difference;  in 
the  first  case  the  constant  Cs  is  fixed  and  as  suggested 
by  Cain  ei  al.  [11]  for  mixing  layers  is  65  =  0.1.  On 
the  contrary  for  the  dynamic  model  C  is  not  given 
a  priori  but  it  is  computed  from  the  flow'  variables. 
The  explicit  expression  for  C  is  given  in  many  papers 
(Germano  et  al.  [10],  Lilly  [12])  and  it  is  not  reported 
here,  however  we  wish  to  stress  that  the  self-adaptive 
constant  C  allows  the  model  to  switch  off  when  the 
grid  resolves  all  the  scales.  The  formulation  proposed 
by  Lilly  [12]  has  been  employed  with  an  average  along 
the  periodic  directions  to  stabilise  the  model. 

Equations  (1),  (2)  have  been  solved  by  a  fractional- 
step  method  (Kim  &  Moin  [13])  with  the  non-linear 
terms  and  the  cross  derivatives  of  the  viscous  terms 
computed  explicitly  and  the  other  viscous  terms  im¬ 
plicitly.  The  Poisson  equation  for  the  scalar  quan¬ 
tity  necessary  to  correct  both  velocity  and  pressure 
fields  (see  [13]),  has  been  directly  solved  by  trigono¬ 
metric  expansions  in  the  periodic  directions  and  by  a 
tridiagonal  solver  in  the  radial  direction.  The  time 
integration  scheme  is  a  hybrid  low-storage  3-order 
Runge-Kutta  Crank-Nicolson  scheme  that,  having  a 
large  stability  limit,  allows  large  time  steps  and  CPU 
savings. 


uje{z,r,9) 


[qz(r  +  ^,9)  -  qRr  -  ^,9)] 
Ar 

|l  -t-  €;,sin{z)  +  ^sin{z/2'^  . 


This  perturbation  does  not  introduce  u)z,  and  is 
yielded  by  V  •  w  =  0.  The  velocity  field  is  obtained 
from  the  relationship  V  x  w  =  — V^U.  The  axial  di¬ 
mension  of  the  computational  domain  was  =  47r, 
which  is  the  minimal  extension  required  for  a  pair¬ 
ing  [6].  The  free-slip  radial  boundary  was  located  at 
Rf  =  10.66L,  that  as  checked  in  [6]  does  not  affect 
the  flow  evolution. 

Values  of  the  Reynolds  number  of  200,  400,  600 
and  800  have  been  considered  for  DS;  for  LES  the 
simulations  were  performed  at  Re  =  200  and  Re  — 
800. 


4  Results 

Direct  Simulation 

Before  discussing  the  role  of  the  streamwise  vortices 
it  is  worth  to  shortly  describe  the  formation  and  evo¬ 
lution  of  the  large  rings. 

The  Kelvin-Helmholtz  instability  of  the  thin  ax- 
isymmetric  vorticity  layer  produces  the  roll-up  of  the 
layer.  Regions  where  the  vorticity  is  concentrated 
(rings)  are  separated  by  regions  where  the  vorticity 
is  depleted  (braids)  (Fig.  la).  Unless  subharmonics 
of  the  fundamental  wavelength  are  avoided,  vortex 
rings  interact  to  generate  larger  rings.  In  particular 
the  upstream  ring  is  strained  below  its  downstream 
counterpart  (Fig.  lb),  wraps  around  (Fig.  Ic)  and 
merge  (Fig.  Id).  This  process  continues,  provided 
that  enough  space  is  left  between  the  ring  and  the 
axis  of  symmetry  to  allow  another  vortex  ring  to  be 
strained  below. 

In  this  study  we  considered  only  the  first  pair¬ 
ing  since  Hussain  and  Zaman  [14]  observed  that  the 
vortex  pairing  produces  a  large  amount  of  turbulent 
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stresses.  Before  the  pairing,  the  braid  region  is  sub¬ 
jected  to  the  stretching  induced  by  the  large  rings. 
This  extensional  strain  is  oriented  at  about  30°  —  40° 
with  respect  to  the  axis  of  symmetry  (see  Martin 
and  Meiburg  [15])  and  it  causes  the  increase  of  radial 
and  axial  vorticity  (Fig.  2)  concentrated  in  couples 
of  counterrotating  streamwise  vortices.  This  mecha¬ 
nism  of  formation  of  streamwise  vortices  is  that  sug¬ 
gested  by  Lin  and  Corcos  [16]  in  plane  mixing  layers. 

Fig.  2  shows  how  important  are  the  three- 
dimensional  effects  by  comparing  the  time  evolution 
of  the  maxima  of  the  vorticity  field  with  those  in  the 
axisymmetric  case.  At  Re=200  the  diffusion  prevents 
three-dimensionalities  to  grow  and  the  flow  remains 
axisymmetric  also  after  the  pairing  {t  ^  40).  At 
Re  —  800  azimuthal  instabilities  are  not  damped  so, 
when  the  pairing  occurs,  differences  from  the  axisym¬ 
metric  case  are  significant. 

The  bump  at  t  si  40  (Fig.  3)  in  the  time  evolution 
of  the  momentum  thickness  6e  represents  the  pairing, 
which  although  is  a  pure  axisymmetric  event,  is  influ¬ 
enced  by  three-dimensional  instabilities  producing  a 
greater  spreading  of  the  jet.  This  feature  can  be  seen 
by  comparing  the  evolution  of  momentum  thickness 
at  Re  —  200  with  that  at  Re  —  800.  In  the  first  case, 
the  axisymmetric  and  the  three-dimensional  cases  do 
not  differ,  on  the  contrary  at  Re  =  800,  6$  is  greater 
in  the  three-dimensional  cases  than  in  the  axisym¬ 
metric  case. 

Contour  plots  of  vorticity  components  on  planes 
crossing  the  braid  region  (section  a)  and  the  core  of 
the  ring  (section  b)  allow  to  have  a  picture  of  the  way 
longitudinal  vortical  structures  affect  the  jet.  In  Fig. 
4  these  plots  are  given  at  Re  —  200  and  Re  =  800,  for 
a  129  X  91  X  129  simulation.  In  the  sections  through 
the  braid,  the  same  amount  of  radial  and  axial  vortic¬ 
ity  components  shows  that  these  longitudinal  struc¬ 
tures  are  inclined  with  respect  to  the  axis  of  sim- 
metry.  The  strength  of  these  vortices  increases  with 
the  Re  and  at  Re  =  800  the  amount  of  ujr  and 
is  comparable  to  uig.  This  structures,  at  high  Re  in 
the  section  through  the  ring  core,  largely  deform  the 
shape  of  the  jet  producing  intense  azimuthal  vorticity 
cups,  with  a  consequent  increase  in  the  momentum 
thickness. 

The  dynamics  of  these  structures  does  not  substan¬ 
tially  differ  from  that  described  in  [6],  when  a  “clean” 
perturbation  with  fixed  azimuthal  wavenumber  was 
imposed.  Then  the  description  of  the  vorticty  field 
is  not  repeated  in  the  present  paper,  where  on  the 
contrary  the  analysis  is  focused  on  finding  the  most 
unstable  wavenumber  n*  and  how  it  changes  with  Re; 
consequently  the  perturbation  is  random  and  n*  is  se¬ 
lected  by  the  flow  itself.  In  this  case  the  simulation  is 
closer  to  the  jet  evolution  in  a  laboratory,  where  Liep- 
mann  and  Gharib  [4]  found  that  the  most  unstable 
wavenumber  is  higher  than  that  for  a  single  vortex 
ring.  This  is  not  surprising  since  the  wavenumber  of 
instability  is  strongly  dependent  on  the  strain  field 


acting  on  the  ring  and  in  a  jet  the  strain  is  not  only 
that  self-induced  by  the  ring  but  there  is  the  influence 
of  close  rings.  This  implies  that  in  a  jet,  a  vortex  ring 
with  a  given  circulation  is  subjected  to  a  strain  that  is 
higher  than  if  the  same  ring  were  isolated,  with  a  con¬ 
sequent  higher  wavenumber  of  instability.  As  found 
by  Shariff  ei  al.  [17]  for  vortex  rings,  there  is  not  a 
single  wavenumber  but  a  band  on  unstable  wavenum¬ 
bers  around  the  most  unstable  with  the  growth  rate 
increasing  with  the  Reynolds  number  (Fig.  5).  The 
growth  of  the  n  —  \  wavenumber  of  the  radial  energy 
contribution,  indicates  that  the  jet  is  slightly  moving 
off  the  axis  (Fig.  5b).  The  n  =  0  azimuthal  energy 
contribution  (Fig.  6)  indicates  a  swirling  motion  as 
observed  by  Maxworty  [18]  in  early  turbulent  vortex 
rings.  The  swirling  motion  also  indicates  the  growth 
of  helical  modes,  experimentally  observed  in  the  tran¬ 
sitional  region  of  jets.  However  before  drawing  solid 
conclusions  on  this  last  point  it  would  be  necessary  to 
be  more  confident  on  the  grid  resolution  at  the  latest 
stage  of  the  evolution.  From  the  development  of 
for  the  65  X  91  X  65  and  129  x  91  x  129  grid  (Fig.  2b) 
we  see  that  in  the  coarser  simulation  there  is  a  sudden 
increase  due  to  poor  resolution  and  this  legitimates 
the  question  whether  the  increase  of  observed  in 
the  latter  grid  is  also  due  to  insufficient  resolution. 
We  wish  to  point  out  that  we  were  not  able  to  assign 
the  same  initial  conditions  in  simulations  with  differ¬ 
ent  grids,  using  a  random  perturbation.  The  strong 
dependence  on  the  initial  perturbation  was  already 
reported  for  a  mixing-layer  by  Moser  and  Rogers[3]. 
Fig.  7  shows  sections  of  vorticity  field  at  Re  —  800 
for  a  simulation,  with  the  same  resolution  but  with 
a  different  perturbation;  in  the  simulation  of  Fig. 
4,  </i(0)  in  eq.(6a)  was  a  random  number,  while  in 
this  one  (i(0)  is  a  combination  of  cosines  with  ran¬ 
dom  phases  (as  in  [8]).  The  two  cases  differ  on  the 
amount  of  energy  in  each  wavenumber  n.  For  the  ran¬ 
dom  phase  perturbation  the  initial  equipartition  of 
energy  among  the  first  eigth  wavenumbers,  produces 
a  strong  asymmetry  of  the  flow  with  the  emergence 
of  pronounced  side  jet  as  observed  in  experiment  [4], 
[5].  The  asymmetry  is  confirmed  by  the  growth  of 
the  n  =  1  mode  in  the  energy  spectra,  whose  effects 
on  the  field,  when  the  initial  contents  of  energy  is  the 
same  in  all  the  wavenumbers,  are  more  pronounced. 

LES  simulation 

LES  simulations  at  Re=200  have  been  performed  to 
emphasise  the  quality  of  the  dynamic  model  to  pro¬ 
vide  a  turbulent  viscosity  only  when  necessary.  This 
feature  was  previously  investigated  in  transitional 
wall-bounded  flows  [10].  At  this  low  Re  the  direct 
simulation  has  shown  (Fig.  4)  that  the  weak  longi¬ 
tudinal  vortices  produce  a  distribution  of  azimuthal 
vorticity  without  cups.  Then  small  three-dimensional 
scales  do  not  form  and  a  simulation  bya33x91x41 
grid  is  fully  resolved.  In  Fig.  8  the  <  v'^v'^  >  radial 
profile  (the  <>  operator  is  an  average  in  azimuthal 
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and  axial  direction)  is  given  for  simulations  obtained 
without  subgrid  model,  with  the  dynamic  model  and 
with  the  Smagorinsky  model.  The  results  by  the  dy¬ 
namic  model  are  almost  identical  to  those  by  the  di¬ 
rect  simulation,  indicating  that  the  model  does  not 
act;  on  the  contrary  the  Smagorinsky  model  produces 
an  additional  eddy  viscosity  with  an  excessive  damp¬ 
ing  of  the  stresses.  These  arguments  are  an  indirect 
proof  that  by  the  33  x  91  x  41  grid  the  flow  field  at 
Re  -  200  is  fully  resolved.  To  prove  definitely  this 

statement  we  should  have  compared  the  <  nfn'  > 
radial  profile  with  that  by  the  129  x  91  x  129  grid. 
As  previously  mentioned,  this  comparison  was  not 
possible  since  we  were  not  able,  with  random  initial 
conditions,  to  produce  on  different  grids  two  initial 
disturbances  with  the  same  energy  content  at  each 
azimuthal  wavenumber.  The  large  dependence  of  the 
time  evolving  jets  on  the  initial  conditions,  caused 
different  amount  of  the  stresses  at  the  later  times. 

Since  the  interest  is  to  apply  LES  at  high  Reynolds 
numbers,  simulations  have  been  performed  at  Re  = 
800.  As  mentioned  above,  at  this  Reynolds  num¬ 
ber  the  129  X  91  X  129  simulation  can  not  be  con¬ 
sidered  fully  resolved  since  it  produces  high  vorticity 
levels  at  small  scales,  which  are  not  adequately  de¬ 
scribed  by  our  spatial  resolution.  However  we  con¬ 
sider  the  fine  grid  simulation  as  a  reference  solution. 
LES  have  been  performed  with  a  grid  33  x  65  x  41 
without  subgrid  model,  with  the  Smagorinsky  model 
[Cs  —  0.1)  and  with  the  dynamic  model.  To  over¬ 
come  the  lack  of  initial  conditions  reproducibility,  a 
random  phase  perturbation  was  applied.  With  this 
perturbation  limited  to  the  first  eigth  wavenumbers, 
the  initial  conditions  on  different  grids  have  approx¬ 
imately  the  same  energy  distribution  and  the  same 
evolution  is  expected. 

Fig.  9a  shows  that  without  any  subgrid  model 
higher  levels  of  <  v'j.v[  >  are  generated  close  to  the 
axis  and  smaller  in  the  central  region.  These  dis¬ 
crepancies  have  been  also  reported  in  [8]  and  are 
caused  by  the  numerical  eddy  viscosity.  When  the 
Smagorinsky  model  is  introduced  (Fig.  9b),  there  is 
a  slight  production  of  subgrid  stress  in  the  central 
region  and  discrepancies  between  the  LES  and  the 
DS  seems  to  grow.  A  very  good  agreement  could 
be  obtained  by  appropriately  tuning  the  value  of  the 
constant  at  each  radial  position.  We  believe  that  it 
is  not  an  appropriate  procedure  since  the  optimum 
value  of  Cs  requires  a  large  number  of  simulations 
and  the  results  of  DS.  Fig.  9c,  on  the  other  hand, 
shows  that  the  dynamic  model  produces  profiles  of 
<  v'^v'^  >  in  better  agreement  with  that  of  the  most 
refined  grid.  Improvements  occur  in  the  central  re¬ 
gion,  characterized  by  large  amount  of  vorticity  but 
still,  as  for  the  Smagorinsky  model,  the  results  differ 
in  the  region  near  the  axis.  In  the  present  simulation 
we  found  that  the  dynamic  model  strongly  depends 
on  the  way  the  constant  C  is  evaluated.  We  evaluted 
the  constant  by  averaging  in  the  d  direction,  although 


we  are  aware  of  the  small  number  of  data.  This  lack 
of  averaging  data  could  be  the  cause  of  the  absence  of 
back  scatter  in  the  inner  region.  A  first  tentative  to 
have  more  data  by  a  further  average  in  time  brougth 
to  worst  results  and  this  can  be  explained  because 
this  time  average  should  be  applied  only  to  flows  in 
a  statistical  steady  state. 

The  LES  has  the  features  to  be  a  more  universal 

turbulence  model  with  respect  to  the  model  based  on 

the  Reynolds  average  since  it  must  capture  the  most 

important  eddies.  In  the  jet  as  well  as  in  the  mixing 
layer  not  only  the  rolls  spanning  in  the  azimuthal  or 
in  the  spanwise  directions  are  important  but  also  the 
longitudinal  vortices.  In  the  previous  subsection  they 
role  was  analyzed  by  vorticity  contour  plots  in  planes 
normal  to  the  flow  direction  and  Fig.  4  shows  that 
approximately  eight  couples  of  longitudinal  vortices 
are  generated.  With  only  32  points  in  the  azimuthal 
direction  we  can  not  expect  to  capture  this  number 
of  structures,  however  we  expect  to  reproduce  only 
some  of  the  features  of  the  DS.  We  observe  in  Fig. 
10  that  in  the  braid  as  in  the  DS  (Fig.  4)  the  longi¬ 
tudinal  vortices  are  weaker  than  in  the  centre  of  the 
roll.  In  the  centre  they  are  responsible  for  the  pro¬ 
duction  of  cups  of  azimuthal  vorticity.  The  role  of 
the  longitudinal  vortices  should  largely  contribute  in 
combustion  process  to  enhancing  mixing  of  reactants 
and  to  combustion  efficiency.  Also  in  the  LES  the 
comparable  magnitude  of  radial  and  axial  vorticity 
in  the  braid  region  characterises  the  inclined  orienta¬ 
tion  of  the  longitudinal  vortices.  This  comparison  of 
Smagorinsky  and  dynamic  model  results,  shows  that 
the  dynamic  model  gives  a  better  description  of  the 
streamwise  vortices.  As  a  final  comment  on  Fig.  10 
we  think  that  the  vorticity  distribution  around  the 
centre  region  is  quite  well  reproduced,  on  the  con¬ 
trary  there  is  too  much  vorticity  in  the  region  around 
the  axis. 

5  Closing  remarks 

The  aim  of  this  paper  was  to  analyse  the  role  of  axial 
vortices  in  the  spreading  of  the  jet,  as  in  [6]  but  with 
an  initial  random  perturbation,  and  the  role  of  the 
pairing  in  the  formation  of  these  structures  and  in 
the  production  of  turbulent  stress.  Our  simulations 
have  confirmed  the  strong  dependence  of  this  flow 
on  the  initial  conditions  as  reported  in  [3]  for  a  mix¬ 
ing  layer.  Further  we  found  that  there  is  a  band  of 
unstable  azimuthal  wavenumbers  with  a  growth  rate 
increasing  with  the  Reynolds  number  as  for  a  single 
vortex  ring  [17]. 

This  paper  was  also  devoted  to  show  the  feasi¬ 
bility  of  LES  simulations  in  cylindrical  coordinates 
of  a  temporal  evolving  round  jet.  The  use  of  dy¬ 
namic  model  gives  an  improvement  of  the  results 
when  coarse  grids  are  used.  The  dynamic  model, 
with  the  Lilly  modification  [12],  seems  more  promis¬ 
ing  than  the  Smagorinsky  model,  due  to  the  constant 
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computed  from  the  flow  field.  In  particular  we  have 
shown  that  the  self-adaptive  constant  C  allows  the 
model  to  switch  off  when  the  grid  adequately  resolves 
all  the  scales  of  the  flow.  However  also  the  dynamic 
model  presents  several  aspects  that  need  to  be  im¬ 
proved,  first  of  all  the  excessive  fluctuations,  both  in 
space  and  in  time,  of  the  coefficient  C.  More  simu¬ 
lations  have  to  be  performed  in  order  to  determine  a 
procedure  of  calculation  of  C  closer  to  the  physics  of 
the  flow.  Work  is  in  progress  to  develop  a  code  for 
space  developing  round  jets.  Simulations  of  this  flow 
are  more  interesting  since  very  detailed  comparisons 
with  experimental  data  can  be  performed.  Moreover 
in  a  space  developing  jet,  there  are  at  the  same  time 
laminar,  transitional  and  turbulent  regions  and  for 
LES  simulations  the  use  of  an  adaptive  model,  as  the 
dynamic  model,  will  be  mandatory. 
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Figure  1.  DS  axysimmetric:  ujq  at  Re  —  800  grid  91  X  129:  a)  t=24,  h)  t=32,  c)  t=48, 
d)  t=80  (A  =  ±0.05). 


a)  ^  b) 

Figure  2.  Time  evolution  of  the  maxima  vorticity  components  a)  Re  =  200,  b)  Re  —  800. 


o  axisymmetric  uje  (91  X  129  grid), - 3D  loq, - ujr, .  uJz  (129  X  91  x  129  grid); 

+  iVz  (65  X  91  X  65  grid)  only  in  b). 
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a)  b) 

Figure  3.  Time  evolution  of  the  momentum  thickness  a)  Re  —  200,  b)  Re  —  800. 
- axisymmetric  (91  x  129  grid), - 3D  (129  x  91  x  129  grid). 
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Figure  5.  Ratio  between  energy  modes  at  t  =  80  and  energy  modes  at  t  =  0, 

DS  (129  X  91  X  129  grid): 

V  Re=200,o  Re=400,A  Re— 600  ;o  Re=800.  a  total  energy,  b  radial  contribution. 
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Figure  6.  n  =  0  azimuthal  energy  contribution  at  t  =  80  vs  Re,  DS  (129  x  91  x  129 


Figure  7.  DNS  grid  129  x  91  x  129  at  i  =  80,  r  -  ^  planes,  left  column  (uie)  middle 

column  (iJr)  right  column  (a;^),  A  =  ±0.1 - positive .  negative  values.  Random 

phases  perturbation. 
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Figure  8.  <  v'^v'.  >  vs  r  at  t  =  80  and  Re  =  200,  (33  x  91  x  41  grid):  •  DS,  □  dynamic 

model,  I  Smagorinsky  model. 
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Figure  9.  <  vivL  >  vs  r  at  t  =  80  and  Re  -  800, 
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DS  (129  X  91  X  129  grid),  a 


DS,  h  Smagorinsky  model,  c  dynamic  model  (33  x  91  x  41  grid). 


Re-800  section  h  Re=800  section  a  Re=800  section  b  Re^SOO  section  a 


Figure  10.  LES  grid  33  x  65  x  41  at  t  =  80,  r  —  6  planes,  left  column  [ijcg)  middle 

column  (u;,. )  right  column  (w^),  A  =  ±0.1 - positive .  negative  values.  (Upper 

Smagorinsky,  lower  dynamic  model) 
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1  Summary 

The  three-dimensional  time  evolution  of  a 
highly  symmetrical  vortex  array  ^  is  simu¬ 
lated  using  a  Fourier  pseudospectral  method 
for  Re=  l/v  =  2000  with  an  effective  resolu¬ 
tion  of  1024^  collocation  points  [kmax  =  340). 
It  is  found  that  before  the  peak  enstrophy  is 
reached,  there  is  a  short  stage  when  the  lo¬ 
cal  quantities  increase  sharply.  The  velocity 
derivative  skewness  and  flatness  values  reach 
to  0.9  and  80  respectively.  It  is  also  found 
that  during  this  interval,  6  vortex  dipoles  (at 
the  origin)  and  3  dipoles  (at  the  7r/2  corner) 
collapse  towards  two  separate  vorticity  null 
points.  The  coherent  vortices  break  up  after¬ 
wards  followed  by  sharp  decrease  in  local  quan¬ 
tities  possibly  due  to  dissipation.  The  singu¬ 
larity  analysis  shows  that  maximum  vorticity 
scales  as  {T  —  Tc)~^  shortly  before  the  break 
up.  The  temporal  evolution  of  the  width  of 
the  analyticity  strip  shows  that  S  approaches 
zero  but  reaches  a  minimum  positive  value  and 
starts  to  increase.  This  suggests  that  the  solu¬ 
tion  remains  uniformly  analytic  similar  to  the 
viscous  Burgers  equation. 

2  Introduction 

Taylor-Green  flow  ^  is  a  highly-symmetrical 
vortex  array  whose  long-time-evolution  has 
been  examined  in  detail  by  numerical  simula¬ 
tions  It  is  found  that  at  late  times  (after 
the  peak  in  dissipation  is  reached),  the  energy 
spectra  follows  a  power  law  in  wave-number, 
the  exponent  being  between  1.47  to  2.02  which 
is  close  to  the  scaling  suggested  by  Kolmogorov 
for  locally  isotropic  turbulence. 


Perhaps  the  more  interesting  stage  in  the  flow 
is  the  early  time  evolution;  an  interval  before 
the  peak  in  enstrophy  and  dissipation  is  at¬ 
tained.  Viscous  simulations  show  that  during 
this  interval  the  coherent,  highly-symmetric 
vortices  start  to  disintegrate.  For  the  invis- 
cid  flow  simulations,  on  the  other  hand,  the 
question  as  to  whether  the  smooth  initial  con¬ 
ditions  will  remain  regular  or  not  when  the 
three-dimensional  Euler  equations  are  solved 
remains  unanswered.  Predictions  using  fimf" 
series  analysis  and  Pade  approximants  '  gave 
hints  that  a  singularity  might  develop  spon¬ 
taneously  in  the  Taylor-Green  flow.  However, 
more  recent  work  by  Bracket  et  al.  using  a 
more  extended  series  could  not  confirm  the  ex¬ 
istence  of  a  finite  time  singularity.  An  alter¬ 
nate  approach  ®  is  to  examine  the  time  evo¬ 
lution  of  the  width  of  the  analyticity  strip  6 
(the  distance  to  the  real  domain  of  the  nearest 
singularity).  Simulations  by  Bracket  et  al. 
showed  that  6  decreases  exponentially  within 
the  limits  of  resolution  which  suggests  that  the 
singularity  will  never  occur  in  finite  time. 

An  initial  condition  with  even  larger  symme¬ 
tries  is  the  high-symmetry  flow  suggested  by 
Kida  The  late  time  statistics  of  the  flow 
have  been  examined  by  Kida  and  Murakami®’^° 
and  it  is  found  that  energy  spectra  is  close  to 
the  Kolmogorov  scaling,  the  exponent  being 
between  1.5  to  1.7.  Hawever,  the  early  time 
evolution  of  this  initial  condition  is  left  unex¬ 
amined.  We  expect  that  similar  to  the  Taylor- 
Green  vortex,  the  highly-symmetrical  initial 
condition  by  Kida  would  have  a  stage  dur¬ 
ing  which  the  coherent  vortices  would  break  up 
and  questions  on  a  possible  singularity  forma¬ 
tion  would  arise.  The  present  work  focuses  on 
this  early  stage  of  the  flow. 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  “Application  of  Direct  and  Large  Eddy 
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3  Evolution 

We  examine  the  the  evolution  of  the  highly- 
symmetrical  initial  conditions  bv  Kida  ^  given 

by 

u{x,  y,  z)  —  sin  x(cos  3y  cos  2:  —  cos  y  cos  82)  (1) 

v(x^  t/,  z)  =  sin  y(cos  3^:  cos  x  -  cos  ^  cos  3a:)  (2) 

w{x,  y,  z)  —  sin  ^(cos  3x  cos  y  —  cos  x  cos  3?/)  (3) 

where  u,  v,  w  denote  the  velocity  vector  com¬ 
ponents  in  X,  y,  z  directions.  We  solve  the 
three-dimensional  Navier-Stokes  equations  in 
rotational  form  using  a  pseudospectral  Fourier 
method  with  the  “2/3  rule”  dealiasing  We 
use  the  second-order  accurate  method  of  time- 
split  fractional  steps  for  time  integration.  By 
making  use  of  the  symmetries,  it  is  possible 
to  solve  the  flow  in  a  subdomain  (fundamen¬ 
tal  box)  which  is  1/4  th  size  of  the  whole  do¬ 
main.  The  highest  resolution  used  in  in  our 
work  is  1024^  in  the  whole  domain  which  is 
equivalent  to  a  maximum  Fourier  mode  of  340 
after  dealiasing.  This  resolution  is  higher  than 
that  of  Kida  and  Murakami  (512^)  and  Bra¬ 
cket  et  al.  ®  (864^).  We  use  four  different 
Reynolds  numbers  [Re  —  1/n)  in  our  simu¬ 
lations:  500,  1000,  2000  and  5000.  We  use  the 
Re  —  5000  run  with  two  different  resolutions 
(512^  and  1024^)  to  check  our  code  by  com¬ 
paring  our  results  with  those  given  by  Kida 
and  Murakami’-^.  The  comparison  gives  per¬ 
fect  agreement  in  energy,  enstrophy,  Reynolds 
number  based  on  Taylor  microscale,  dissipa¬ 
tion  and  spectra.  We  use  the  Re  =  2000  run  for 
the  early  time  behavior  analysis  in  the  present 
work.  The  detailed  results  of  all  runs  will  be 
given  elsewhere. 

In  order  to  understand  the  early  time  evolu¬ 
tion  of  the  flow,  we  focus  on  two  separate  re¬ 
gions  in  the  fundamental  box  where  symme¬ 
tries  result  in  the  formation  of  interesting  vor¬ 
tex  structures.  These  regions  are;  i)  x,  y,  z  = 
7r/2  faces,  ii)  x,  y,  z  =  0  faces.  We  will  focus  on 
the  XY  planes  at  z=7r/2  and  z=0  to  describe 
these  symmetries.  Similar  conclusions  can  be 
drawn  for  the  other  two  planes. 

For  the  XY  plane  z=7r/2  the  following  symme¬ 
tries  exist: 


u^[x,y,TTl2)=Uy[y,x,Til2)  (4) 

uj,[x,  y,  7r/2)  =  -u},[y,  x,  7r/2)  (5) 

It  is  seen  from  the  above  equation  that  the  nor¬ 
mal  vorticity  (cu^  in  plane  XY)  is  an  odd  func¬ 
tion  with  respect  to  y=z.  This  is  nothing  but 
a  necessary  condition  to  obtain  a  dipole  along 

the  line  y=z. 

The  other  regions  of  interest  are  the  x,  y,  z  =0 
planes.  We  will  consider  z=0  plane  to  describe 
the  symmetries.  For  this  plane,  we  have 

u;,(.T,j/,0)  = -w,(-x,j/,0)  (6) 

We  see  that  the  out-of-plane  vorticity  Uz  is  an 
odd  function  whth  respect  to  the  y  axis  and 
thus  its  image  with  respect  to  y  axis  will  form 
a  dipole.  Similarly,  we  have  another  symmetry 
with  respect  to  the  x  axis.  This  is  given  by 

Uzix.y.Q)  —  ~ujz[x, —y,0)  (7) 

Then,  due  to  the  above  odd  symmetry  with 
respect  to  the  x  axis,  the  image  of  the  vortex 
with  respect  to  the  x  axis  will  form  another 
dipole. 

To  summarize,  for  the  z  =  0  plane,  the  vortex 
in  the  first  quadrant  (0  <  x,y  <  7r/2)  will  have 
an  image  vortex  located  below  in  the  4th  quad¬ 
rant  (0  <  X  <  7r/2,  (— 7r/2  <  y  <  0),  with  op¬ 
posite  sign,  another  image  vortex  located  to  its 
left  (or  right  depending  on  the  point  of  view)  of 
opposite  sign  (quadrant  2)  and  finally  the  im¬ 
age  vortex  in  quadrant  2  will  have  an  image  in 
quadrant  3.  Therefore,  totally,  we  have  4  vor¬ 
tices  or  2  dipoles  in  the  z=0  plane.  A  similar 
argument  can  be  made  for  x=0  and  y=0  planes 
giving  8  more  vortices  or  4  more  dipoles.  So, 
there  are  12  vortices  or  6  dipoles  on  the  zero 
faces  approaching  the  origin.  We  shall  call  this 
configuration  a  dodecapole  since  we  can  treat  it 
as  an  entity. 

We  describe  the  evolution  of  the  flow  as  the 
following: 

1.  Very  rapidly,  vortex  dipoles  are  formed. 
Figure  1  displays  a  vorticity  magnitude 
isosurface  from  two  different  views  at 
t=0.75.  Three  of  the  dipoles  are  directed 
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towards  the  origin  (Figure  2,  top)  and  an¬ 
other  three  towards  the  point  x  =  y  =  z  = 
7r/2.  Both  these  points,  due  to  symme¬ 
tries,  are  constrained  to  have  zero  vortic- 
ity,  i.  e.  they  are  vorticity  null  points.  The 
dipoles  (Figure  2,  top)  resemble  flattened 
vortex  sheets  with  sudden  vorticity  jumps 
across  them  (vorticity  changes  sign  across 
the  flattened  dipole  sheet).  Least  squares 
fitting  to  the  energy  spectra  gives  a 
power  law  around  t=l,75.  The  configu¬ 
ration  is  similar  to  SafFman’s  vorticity 
held  with  random  two-dimensional  vortic¬ 
ity  discontinuities  which  also  gives  a  k~‘^ 
scaling. 

2.  Between  t=1.9  and  t=2.2,  we  find  dras¬ 
tic  changes  in  certain  local  quantities.  In 
this  short  interval,  local  maximum  vortic¬ 
ity  increases  13  times  (Figure  3,  top). 
Velocity  derivative  skewness  and  flatness 
take  values  as  much  as  0.9  and  80  respec¬ 
tively.  The  evolution  of  shows  that 

if  the  e’'^olution  continues  v.nth  the  pace 
it  has  around  t=1.9,  the  function  will  hit 
the  time  axis  and  the  local  vorticity  will 
diverge.  We  performed  a  least  square  fit 
in  Figure  3  (bottom)  for  the  region  with 
the  steepest  slope  and  found  that  the  time 
axis  will  be  intersected  at  Tc  =  2.1077. 
We  also  calculated  the  scaling  between 
<^max  and  (Tc  —  T).  Least  squares  fitting 
for  between  t=l. 9640-2. 0515  (using  8  data 
points)  gives  u  ^  (Tc  —  T)~^'^^.  This  re¬ 
sult  is  similar  to  the  scaling  calculated  by 
Kerr  in  his  single  dipole  simulation. 
Recently,  Bhattacharjee  and  Wang  have 
suggested  an  analytical  model  of  three- 
dimensional  Euler  flows  which  gives  a  sin¬ 
gularity  on  a  line  joining  two  vorticity 
nulls.  It  is  found  that  vorticity  diverges 
as  (Tc  -  Ty\ 

The  vorticity  isosurfaces  show  that  the  co¬ 
herent  structure  breaks  up  into  smaller 
pieces  during  the  violent  interval.  The 
trend  towards  the  singularity  stops  at  a 
certain  time.  All  the  sudden  increases 
in  flow  quantities  are  followed  by  sudden 
drops  which  are  as  sharp  as  the  increase 
rates. 


3.  We  find  that  the  maximum  vorticity  is  lo¬ 
cated  at  the  zero  planes  of  the  flattened 
vortex  tnbes  and  more  specifically  in  the 
“head  region”  of  the  vortices.  We  calcu¬ 
late  that  the  vortex  head  deforms  in  a  self¬ 
similar  way  until  t=2.0.  After  this  time, 
for  example  at  t=2.062,  the  self-similarity 
is  lost  in  the  sense  that  the  vorticity  con¬ 
tour  pictures  can  not  be  generated  by  only 
stretching  and  compressing  the  pictures 
at  an  earlier  time.  To  quantify  this  pro¬ 
cess,  we  have  calculated  the  distance  be¬ 
tween  the  location  of  the  maximum  vor¬ 
ticity  and  the  origin.  The  results  show 
that  until  t=1.939,  the  distance  shrinks 
exponentially.  Bnt  the  trend  changes  af¬ 
ter  this  time.  The  distance  stays  almost 
constant  between  t=l. 939-2. 0015.  This 
surprising  “saturation”  is  similar  to  the 
“bouncing-off”  process  of  two  vortex  rings 
which  are  shot  towards  one  another.  In 
this  interaction,  there  is  a  minimum  in¬ 
tercentroid  distance  of  the  vortices  after 
which  the  vortices  change  direction  and 
divert  their  paths.  The  saturation  process 
might  also  be  related  to  a  competition  be¬ 
tween  the  stretching  and  dissipation  pro¬ 
cesses.  There  is  an  interval  when  these 
forces  approximately  balance  each  other 
and  a  local  equilibria  is  attained  as  in  the 
case  of  viscous  Burgers  vortex.  However, 
it  looks  like  the  equilibria  is  not  stable, 
the  structure  breaks  down.  The  distance 
starts  to  decrease  with  a  rate  even  faster 
than  an  exponential  shrinkage  t  >  2.0015. 
The  self-similarity  is  broken  around  this 
time. 

4.  We  also  investigate  at  which  length  scales 

the  viscous  time  scales  will  be  compara¬ 
ble  to  the  convective  (deformation)  time 
scales  in  the  problem.  For  this,  we  take  an 
approximate  exponential  shrinkage  time 
which  is  equal  to  At  ~  1.939  —  1.639  =  0.3. 
We  equate  this  to  the  viscous  time  scale 
given  by  to  obtain  the  wavenum¬ 

ber  at  which  the  dissipative  forces  have 
comparable  time  scale  as  the  convective 
forces.  This  is  found  to  he  k  =  82.  The 
corresponding  length  scale  can  be  eval- 
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uated  using  L  =  27r/A:  to  obtain  L  = 
0.0766.  The  grid  size  is  given  by  Ax  = 
(7r/2)/(2/3)256  =  0.0092.  Hence,  the 
dissipative  time  scale  becomes  compara¬ 
ble  to  convective  time  scale  at  8  grid- 
points.  From  the  vorticity  isosurfaces  at 
z=0  section,  we  find  that  the  8  point  limit 
is  reached  somewhere  between  t  =  2.0 

and  2.062.  After  then,  viscous  dissipa¬ 
tion  forces  play  a  role  against  the  singular¬ 
ity  formation  as  rapidly  as  the  convective 
forces  play  towards  a  singularity. 

5.  We  calculated  the  temporal  evolution  of 
the  analyticity  width  8  by  least  squares 
fitting  to  the  high  wavenumber  end  of  the 
energy  spectra.  We  used  the  wavenum¬ 
ber  interval  100  <  k  <  340  in  the  fit¬ 
tings  and  a  spectra  function  having  the 
form  ex^{—28[i)k)  at  the  high  wavenum¬ 
ber  end.  Figure  4  gives  the  results  in  log- 
lin  scale.  The  horizontal  dashed  line  in 
this  figure  gives  twice  our  effective  reso- 
lut  ion  (after  dealiasing).  We  find  the  ex¬ 
istence  of  the  regions  of  different  slopes. 
After  the  first  sharp  drop  in  there  is  a 
region  of  almost  constant  slope  between 
t=l. 789-1. 9765  (recall  that  our  predicted 
Tc  —  2.1077  for  this  run)  and  another  re¬ 
gion  with  a  steeper  slope  between  t=1.98- 
2.1  after  which  the  curve  hits  a  minimum 
value  at  t=2.1265.  The  width  starts  to 
increase  after  this  time.  To  check  the  in¬ 
fluence  of  the  selected  wavenumber  range 
on  our  results,  we  are  currently  perform¬ 
ing  a  fitting  assuming  a  shape  function  as 
Ak°‘  ex]){—28[t)k)  and  3.5  <  k  <  340. 
The  preliminary  results  are  very  similar 
and  the  results  will  be  presented  else¬ 
where. 

In  two  different  studies  by  Brachet  et 
al.  8  evolution  with  time  seems  to  ex¬ 
hibit  an  exponential  decrease.  However, 
there  are  hints  that  such  a  trend  might 
change  after  a  certain  time.  Figure  5  in 
Reference  4  and  Figure  2  in  Reference  6 
display  certain  points  which  fall  below  the 
exponential  decrease  line  suggesting  that 
there  might  be  an  interval  with  a  faster 


8  decrease  rate.  Such  an  interval  with  a 
faster  rate  is  what  we  observe  in  our  sim¬ 
ulations.  In  the  absence  of  viscosity,  there 
are  strong  hints  in  the  current  work  to  sug¬ 
gest  that  the  local  vorticity  value  might 
diverge  and  form  a  finite  time  singularity. 

We  also  find  that  6  has  a  non-zero  min¬ 

imum  in  our  simulations.  This  suggests 

that  the  solution  is  uniformly  analytic. 
This  is  the  case  for  the  viscous  Burgers 
equation  which  also  gives  a  8  decrease  to  a 
minimum  and  a  subsequent  linear  increase 
(Figure  8  in  Reference  8). 

6.  As  the  structure  breaks  down,  the  energy 
spectra  evolves  towards  k~^  but  continues 
to  change.  Therefore,  k~^  scaling  might 
be  only  a  transient  intermediate  stage  as 
the  cascade  evolves  into  the  Kolmogorov 
regime  at  later  times  (A.Pouquet,  private 
communication).  We  remind  the  reader 
that  the  peak  enstrophy  and  dissipation  in 
this  run  is  reached  around  t=4,  and  Kol¬ 
mogorov  scaling  is  obtained  around  t=5 

7.  In  a  recent  work,  Cantwell  has  obtained 
an  asymptotic  solution  of  modified-Euler 
equations  which  gives  a  finite  time  singu¬ 
larity.  Currently,  we  are  investigating  the 
time  evolution  of  the  Q-R  invariants  of 
the  velocity  gradient  tensor  and  the  align¬ 
ment  properties  of  the  vorticity  vector  and 
eigenvectors  of  the  strain-rate  tensor.  It 
will  be  interesting  to  check  whether  the 
pressure  and  the  viscous  term  neglected 
in  Cantwell’s  analysis  is  also  negligible 
in  the  current  simulation  due  to  the  use  of 
certain  symmetries. 
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1.  SUMMARY 

The  objective  of  this  paper  is  to  review  our  efforts  in 
spatial  direct  numerical  simulations  for  modeling 
leading-edge  receptivity  to  freestream  sound  and 
vorticity.  These  results  begin  to  provide  the  link  between 
the  freestream  and  the  initial  boundary-layer  response 
and  can  provide  the  upstream  conditions  for  further 
simulations  marching  through  the  transition  process 
toward  turbulence. 

2.  INTRODUCTION 

The  current  method  of  transition  prediction  involves  the 
use  of  linear  stability  theory  (e.g.  Arnal  1993).  However, 
this  is  an  amplitude-ratio  method  and  these  free  or  self- 
excited  oscillations  described  are  generally  initiated  by 
some  externally  forced  disturbances  such  as  sound  or 
freestream  turbulence.  Since  receptivity  defines  the 
initial  disturbance  amplitude  (that  is,  Ag),  its  role,  not 
accounted  for  in  linear  stability  theory,  is  key  to  the 
overall  transition  process.  Without  answering  how 
freestream  acoustic  signals  and  turbulence  enter  the 
boundary  layer  and  ultimately  generate  unstable  T-S 
waves,  transition  to  turbulence  will  never  be  successfully 
understood  or  predicted.  Clearly  then,  the  study  of 
receptivity  promises  significant  advance  in  practical 
transition-prediction  methods. 

In  this  paper,  computational  efforts  to  determine  the 
process  by  which  longer-wavelength  external 
disturbances  lead  to  instabilities  in  the  boundary  layer  are 
reviewed  with  an  emphasis  on  leading-edge  effects. 
High-Reynolds-number  asymptotics  have  identified  that 
the  conversion  of  long-wavelength  freestream 
disturbances  to  shorter-wavelength  instability  waves 
takes  place  in  regions  where  the  mean  flow  locally 
exhibits  rapid  variations  in  the  streamwise  direction 
(Goldstein  1983,  1985;  Kerschen  1990,  1991).  Such 
regions  include  the  leading  edge,  roughness,  suction 


strips,  discontinuities  in  surface  slope  and  curvature,  etc., 
anything  that  can  scatter  long-wavelength  waves  into 
shorter  components  that  can  match  to  instability  waves  in 
the  boundary  layer. 

A  combination  of  all  the  relevant  effects,  including,  for 
example,  roughness,  geometry,  associated  pressure 
gradients  (both  favorable  and  adverse),  vibrations,  sound, 
and  freestream  turbulence,  must  be  included  in  a 
determination  of  receptivity,  and  it  is  here  that 
computations  by  spatial  direct  numerical  simulation 
(DNS)  excel.  A  variety  of  different  geometric  conditions 
and  freestream  disturbances  can  be  implemented  with  this 
technique  and  the  response  of  the  boundary  layer 
quantified  and  catalogued  (Reed  1993). 

3.  REVIEW  OF  COMPLETED  STUDIES  ON 
LEADING-EDGE  EFFECTS 

Finite  curvature  can  be  included  in  the  leading-edge 
region  if  a  spatial  computational  method  is  used.  This 
feature  was  left  out  of  some  early  unsuccessful 
receptivity  models.  Use  of  an  infinitely  thin  plate  (zero 
thickness  or  computationally  a  straight  line)  to  study 
leading-edge  effects,  although  popular,  is  strongly 
discouraged.  The  attachment-line  or  stagnation  region  is 
a  critical  source  of  receptivity  as  large  streamwise 
gradients  occur  there,  and  an  infinitely  thin  plate  features 
infinite  vorticity  there  (per  the  simple  Blasius  solution). 
No  computational  simulation  can  resolve  infinite 
vorticity.  By  stipulating  the  plate  to  have  finite  curvature 
at  the  leading  edge,  the  singularity  there  is  removed  and  a 
new  length  scale  is  introduced. 

Experimentally,  the  most  popular  receptivity  model  has 
been  the  flat  plate  with  an  elliptic  leading  edge.  Thus  it 
is  reasonable  that  computational  models  consider  the 
same  geometry.  However,  the  curvature  at  the  juncture 
between  the  ellipse  and  the  flat  plate  is  discontinuous  and 
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provides  a  source  of  receptivity  (Goldstein  &  Hultgren 
1987).  Lin  et  al.  (1992,  1993)  introduced  a  new  leading- 
edge  geometry  based  on  a  super-ellipse.  The  shape  of 
this  modified  super-ellipse  (MSE)  is  given  by 

[l-x/(ARL)]niW  +  [y/L]n=  0<x/L<AR  (1) 

m(x)  =  2  +  [x/(AR  L)]2  and  n  =  2  (2) 

where  L  is  the  half-thickness  of  the  plate  and  AR  is  the 
aspect  ratio  of  the  "elliptic"  nose.  For  a  usual  super¬ 
ellipse,  both  m  and  n  are  constants.  Super-ellipses  have 
the  advantage  of  continuous  curvature  (zero)  at  the 
juncture  with  the  flat  plate  as  long  as  m  >  2  at  x/L  =  AR. 
The  MSE,  with  m(x)  given  above,  has  the  further 
advantage  of  having  a  nose  radius  and  geometry  (hence  a 
pressure  distribution)  close  to  that  of  an  ordinary  ellipse 
with  m  =  2  and  n  =  2. 

To  avoid  singularities  in  the  metric  terms  in  the  sensitive 
nose  region,  use  of  a  C-grid  rather  than  an  H-grid  is 
recommended.  Again,  it  is  important  to  include  and 
resolve  the  attachment-line  region  accurately. 

3.1  Receptivity  to  Freestream  Sound 
For  low-speed  flows,  freestream-sound  wavelength  is 
typically  one  or  two  orders  of  magnitude  larger  that 
instability  wavelengths  in  the  boundary  layer. 
Receptivity  is  defined  to  be  the  amplitude  at  Branch  I 
normalized  with  the  freestream-sound  amplitude.  The 
quantity  U  is  the  freestream  speed. 

To  review  previous  numerical  efforts,  Murdock  (1980, 
1981)  studied  the  receptivity  of  an  incompressible 
boundary  layer  on  both  a  flat  plate  with  zero  thickness 
and  a  parabolic  body  (favorable  pressure  gradient 
everywhere);  he  considered  the  boundary-layer  response 
due  to  a  plane  sound  wave  parallel  to  the  freestream 
direction.  For  the  flat  plate,  his  integration  domain  did 
not  include  the  leading  edge  and  he  therefore  had  to 
impose  an  inflow  boundary  condition  obtained  by  solving 
the  unsteady  boundary-layer  equations.  His  numerical 
results  were  sensitive  to  the  upstream-boundary  location 
relative  to  the  leading  edge  (see  the  first  paragraph  of 
Section  3).  For  a  parabolic  body,  a  sharper  leading  edge 
(smaller  nose  radius)  was  found  to  be  more  receptive,  a 
result  similar  to  that  found  theoretically  by  Hammerton  & 
Kerschen  (1991)  for  the  parabolic  body.  Gatski  & 
Grosch  (1987)  solved  the  full  incompressible  Navier- 
Stokes  equations  for  flow  over  an  infinitely  thin,  semi¬ 


infinite  flat  plate  and  found  no  clear  development  of  T-S 
waves  (again  see  the  first  paragraph  of  Section  3). 

Lin  et  al.  (1991,  1992,  1993,  1994)  simulated  the 
receptivity  of  the  laminar  boundary  layer  on  a  flat  plate 
by  solving  the  full  Navier-Stokes  equations  in  general 
curvilinear  coordinates  by  a  second-order  finite- 
difference  method  with  vorticity  and  stream  function  as 

dependent  variables.  They  used  a  C-type  orthogonal  grid 
and  included  the  finite-thickness  leading  edge  and 
curvature.  Geometries  tested  included  elliptic, 
polynomial-smoothed  elliptic,  and  MSE  leading  edges  of 
different  aspect  ratios  of  3,  6,  and  9  (with  smaller  aspect 
ratio  corresponding  to  a  blunter  nose).  Various  sound¬ 
like  oscillations  of  the  freestream  streamwise  velocity 
were  applied  along  the  boundary  of  the  computational 
domain  and  allowed  to  impinge  on  the  body.  Problem 
parameters  under  investigation  included  disturbance 
amplitude  and  frequency,  as  well  as  leading-edge  radius 
and  geometry.  They  found  the  following: 

(a)  T-S  waves  appearing  in  the  boundary  layer 
could  be  linked  to  sound  present  in  the  freestream. 

(b)  Receptivity  occurred  in  the  leading-edge  region 
where  rapid  streamwise  adjustments  of  the  basic 
flow  occurred.  Variations  in  curvature,  adjustment 
of  the  growing  boundary  layer,  discontinuities  in 
surface  geometry,  and  local  pressure  gradients  there 
introduce  length  scales  to  diffract  long  freestream 
disturbances. 

(c)  The  magnitude  of  receptivity  and  the 
disturbance  response  depended  very  strongly  on 
geometry.  As  examples: 

(i)  For  plane  freestream  sound  waves,  T-S  - 
wave  amplitude  at  Branch  I  decreased  as  the 
elliptic  nose  was  sharpened. 

(ii)  When  the  discontinuity  in  curvature  at  the 
ellipse/flat-plate  juncture  was  smoothed  by  a 
polynomial,  receptivity  was  cut  in  half. 

(iii)  The  disturbance  originated  from  the 
location  of  the  maximum  in  adverse  pressure 
gradient. 

(d)  The  receptivity  to  plane  freestream  sound 
appeared  to  be  linear  with  freestream-disturbance 
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amplitude  up  to  levels  of  about  5%U.  Thus  a  linear 
Navier-Stokes  solution  could  be  used  up  to  these 
levels. 

3.2  Receptivity  to  Freestream  Vorticity 
The  characteristic  length  scale  for  freestream  spanwise 
vorticity  is  the  convective  wavelength  which  is 
approximately  3  times  that  of  the  amplified  T-S  wave  at 
that  frequency. 

To  review  previous  computational  efforts,  Kachanov  et 
al.  (1978)  solved  the  incompressible  flow  over  an 
infinitely  thin  flat  plate,  using  the  Navier-Stokes 
equations  linearized  for  small  disturbances,  and 
considered  both  a  transverse  acoustic  wave  across  the 
leading  edge  and  a  vortex  street  passing  far  above  the 
plate  surface.  In  the  latter  case,  no  evidence  of  T-S 
waves  was  found. 

Buter  &  Reed  (1992a, b,  1993,  1994)  simulated  the 
receptivity  of  the  laminar  boundary  layer  on  a  flat  plate 
by  solving  the  full  Navier-Stokes  equations  in  general 
curvilinear  coordinates  by  a  second-order  finite- 
difference  method  with  vorticity  and  stream  function  as 
dependent  variables.  They  used  a  C-type  orthogonal  grid 
and  included  the  finite-thickness  leading  edge  and 
curvature.  Geometries  tested  included  an  aspect-ratio-6 
elliptic  and  polynomial-smoothed  elliptic  leading  edge. 
A  simple  model  of  time-periodic  freestream  spanwise 
vorticity  was  introduced  at  the  upstream  computational 
boundary.  This  signal  was  decomposed  into  a  symmetric 
and  asymmetric  streamwise  velocity  component  with 
respect  to  the  stagnation  streamline.  Then  the 
computations  were  performed  with  these  individual 
components  specified  as  boundary  conditions.  For  small 
disturbances,  the  results  could  then  be  linearly 
superposed.  Moreover,  the  effect  of  a  transverse-velocity 
component  at  the  leading  edge  could  be  ascertained  as 
the  asymmetric-velocity  case  had  this  feature  while  the 
symmetric-velocity  did  not.  Problem  parameters  under 
investigation  included  disturbance  amplitude  and 
orientation,  as  well  as  nose  geometry.  They  found  the 
following: 

(a)  As  the  disturbance  convected  past  the  body,  it 
was  ingested  into  the  upper  part  of  the  boundary 
layer,  decaying  exponentially  toward  the  wall.  This 
was  consistent  with  the  findings  of  Kerschen  (1989) 
and  Parekh  et  al.  (1991). 


(b)  Different  wavelengths  were  evident  in  the 
boundary-layer  response.  Signals  at  the  T-S 
wavelength  were  dominant  near  the  wall,  while 
toward  the  edge  of  the  boundary  layer,  disturbances 
of  the  freestream  convective  wavelength  were 
observed.  This  was  consistent  with  the 
experimental  observations  of  Kendall  (1991). 

(c)  T-S  waves  appearing  in  the  boundary  layer 
could  be  linked  to  freestream  vorticity  acting  near 
the  basic-state  stagnation  streamline.  Clear 
evidence  of  the  T-S  wavelength  appeared  aft  of  the 
location  of  the  maximum  surface  pressure  gradient. 

(d)  For  the  particular  geometric  and  flow  conditions 
considered  in  this  study,  receptivity  to  vorticity  was 
found  to  be  smaller  than  receptivity  to  sound  by  a 
factor  of  approximately  three. 

(e)  Modifications  to  the  geometry  which  increased 
the  surface  pressure  gradient  along  the  nose 
increased  receptivity. 

(f)  For  both  the  symmetric  and  asymmetric 

freestream  velocity  perturbations,  the  T-S  response 
was  linear  with  forcing  over  the  range  of  amplitudes 
considered;  symmetric:  up  to  4.2%  U  and 

asymmetric:  up  to  2.1%  U, 

(g)  A  superharmonic  component  of  the  disturbance 

motion  was  observed  at  all  forcing  levels  for  the 
asymmetric  forcing.  [See  also  Grosch  &  Salwen 
(1983).]  This  was  initially  observed  in  the 
stagnation  region  where  the  interaction  of  the 

asymmetric  gust  with  the  basic  flow  induced  a  large 
transverse  velocity  component  which  interacted 
with  the  adverse  pressure  gradient  upstream  of  the 
nose  to  transfer  disturbance  energy  to  the 
superharmonic  frequency.  Depending  upon 
geometry,  flow  conditions,  and  disturbance 
frequency  and  amplitude  then,  it  is  possible  that  this 
nonlinearity  observed  in  the  nose  region  could 

impact  transition  behavior.  It  is  therefore  unlikely 
that  the  linear  response  found  in  (f)  for  the 
asymmetric  case  will  persist  to  the  same  level  of 
freestream  forcing  as  that  observed  for  the 

symmetric  case. 

These  results  by  our  group  began  to  provide  the  link 

between  the  freestream  and  the  initial  boundary-layer 
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response  and  can  provide  the  upstream  conditions  for 
further  simulations  marching  through  the  transition 
process  toward  turbulence.  In  this  way,  more  realistic 
predictions  and  modeling  of  the  turbulent  flowfield 
downstream  will  be  possible. 

4.  ONGOING  WORK 

In  our  previous  work  above,  computational  speed  was 

prohibitively  slow.  This  issue  becomes  even  more 
important  as  we  expand  our  studies  to  quantitatively 
compare  with  and  complement  the  20:1  and  40:1 
MSE/flat-plate  experiments  of  Saric  et  al.  (1994)  and  the 
asymptotic  theories  (Goldstein  1983,  1985;  Kerschen 
1990,  1991)  for  lower  frequencies  and  oblique  sound 
waves.  In  this  Section,  we  describe  our  recent  efforts  at 
formulating  efficient  algorithms  to  solve  these  more 
numerically  sensitive  situations. 

4.1  Problem  Formulation 

In  our  work,  the  receptivity  of  a  flat-plate  boundary  layer 
to  freestream  oblique  sound  is  being  investigated  through 
the  direct  numerical  simulation  (DNS)  of  the  Navier- 
Stokes  equations  in  the  leading-edge  region.  The  chosen 
leading-edge  geometry  is  the  MSE,  which  has  the 
property  of  continuous  curvature  at  the  flat-plate/leading- 
edge  juncture.  This  allows  us  to  concentrate  the  effort  on 
the  investigation  of  receptivity  caused  by  the  leading 
edge  alone.  The  Reynolds  number,  based  on  leading- 
edge  curvature,  is  to  be  varied  parametrically  along  with 
the  aspect  ratio  of  the  MSE  in  order  to  examine  the 
stability  of  a  wide  variety  of  basic  states.  The  use  of 
various  aspect  ratios  covers  the  range  from  a  sharp 
leading  edge  to  a  blunt  leading  edge. 

To  improve  computational  speed  over  our  previous 
efforts  (described  above),  an  alternating  direction 
implicit  (ADI)  procedure  is  now  being  used  to  solve  the 
governing  equations  in  a  general-curvilinear-coordinate 
system.  Because  of  this,  a  hyperbolic-grid  generator  was 
developed  recently  to  generate  an  orthogonal  grid  about  a 
general  shape;  this  eliminates  cross-derivative  terms  in 
the  governing  equations.  The  inviscid  solution  is  found 
using  a  source-panel  method  to  provide  far-field 
boundary  conditions  for  the  basic-state  computation. 

A  hyperbolic  grid-generation  technique  is  used  to 
produce  a  body-fitted  general-curvilinear-coordinate 
system.  The  resulting  grid  is  completely  orthogonal  and 
has  finer  resolution  than  the  Cartesian  system,  thus 
reducing  computational  error.  The  grid  is  generated  by 


solving  an  orthogonality  condition  and  an  equation 
governing  the  Jacobian.  The  two  equations  constitute  a 
hyperbolic  set  of  coupled  nonlinear  equations.  The 
Jacobian  function  is  set  by  using  values  from  an 
algebraically  generated  grid  which  allows  clustering  of 
grid  points  at  the  leading  edge  and  near  the  body.  An 
example  of  a  hyperbolically  generated  grid  for  a  6:1 
MSE  is  shown  in  Figure  1. 

The  basic-state  code  is  a  2-D  incompressible  Navier- 
Stokes  solver  in  a  general  coordinate  system.  The 
governing  equations,  cast  into  a  stream-function/vorticity 
form,  are  the  vorticity-transport  equation  and  the 
definition  of  vorticity  which  will  be  referenced  below  as 
the  stream-function  equation.  The  ADI  method  was 
chosen  because  of  its  simplicity  and  the  fact  that 
tridiagonal  matrices  result  which  can  be  solved 
efficiently.  The  governing  system  consists  of  two 
coupled  equations.  However,  if  the  stream-function 
coefficients  in  the  vorticity-transport  equation  are  lagged, 
then  the  equations  are  effectively  decoupled  and  each  can 
be  solved  sequentially  and  independently.  With  the  time¬ 
splitting  method,  the  result  is  therefore  four  tridiagonal 
systems  to  be  solved  for  each  iteration. 

Grid  studies  have  been  performed  for  the  basic-state 
code.  Figure  2  shows  the  wall  vorticity  along  a  6-to-l 
aspect-ratio  MSE.  Vorticity  has  been  non- 
dimensionalized  with  the  freestream  velocity  divided  by 
the  half  thickness  of  the  flat  plate.  For  a  grid  resolution 
of  250  points  in  the  streamwise  direction  and  125  points 
in  the  normal  direction,  the  flow  field  is  sufficiently 
resolved. 

For  the  disturbance  code,  two  approaches  are  being  used. 
The  first  approach  solves  the  unsteady  disturbance 
equations  directly  using  the  same  ADI  method  described 
above.  This  "time-marching"  code  has  advantages  in  that 
it  is  nonlinear  and  shows  the  time  evolution  of  the 
disturbances.  The  second  approach  is  that  of  a  "time- 
harmonic"  implementation  developed  by  Street!  (1994). 
The  dependent  variables  are  expanded  as  follows: 

A(x,y,t)  =  A(x,y)e'“t  +  C.C.  (3) 

The  disturbance  equations  are  linearized  and  the  above  is 
substituted  into  them,  resulting  in  a  steady  complex  set  of 
equations  for  the  vorticity  and  stream-function 
waveforms.  The  advantage  to  this  approach  is  that  the 
code  is  converged  to  a  quasi-steady-state  solution  directly 
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and  therefore  requires  less  computer  resources.  The 
disadvantages  of  this  approach  are  that  all  disturbances 
must  respond  at  the  single  frequency  prescribed  and  that 
no  nonlinear  effects  are  incorporated.  For  the 
disturbance  levels  imposed  and  symmetric  forcing  (Buter 
&  Reed  1994),  these  limitations  are  acceptable. 

For  the  time-harmonic  code,  a  buffer-domain  technique  is 
used  to  establish  the  downstream  boundary  conditions. 
The  method  used  is  that  of  Streett  &  Macaraeg  (1989). 
The  streamwise  diffusion  terms  are  multiplied  by  a  factor 
that  decreases  with  increasing  distance  inside  the  buffer 
zone.  Specifically,  that  factor  is  given  by: 

f  =  1  -  exp(-7  x^P)  (4) 

where  =  [cosh(x)-cosh(xo)]/[cosh(xj)-cosh(xo)] 

Xq  and  X}  are  the  beginning  and  end  positions  of  the 
buffer  zone  and  7  and  P  are  control  parameters.  The 
buffer-zone  technique  ensures  that  the  flowfield  is 
convectively  dominated  in  the  streamwise  direction  and 
therefore  prevents  wave  reflection  from  the  downstream 
boundary. 

The  basic  code  was  verified  by  a  comparison  with  the 
experiments  of  Saric  et  al.  (1994)  on  a  40:1  MSB;  the 
chordwise  pressure-coefficient  distributions  measured 
14.8  mm  above  the  flat  plate  are  compared  in  Figure  3 
and  the  agreement  is  exceptional.  Figure  4  is  a  plot  of 
the  shape  factors  calculated  from  the  basic  state  for  a 
20:1  MSB  showing  the  trend  towards  Blasius  flow. 

Results  from  the  disturbance  code  are  encouraging  and 
show  quantitatively  similar  features  with  the  work  of  Lin 
et  al.  (1992)  as  outlined  in  Section  3.1. 

Indeed,  ADI  requires  more  iterations  than  competing 
methods  (e.g.  a  strongly  implicit  procedure),  but  each 
iteration  is  performed  much  faster  than  for  these  other 
methods.  To  give  some  indication  of  efficiency,  the 
current  disturbance  code  was  run  on  the  CRAY-2  at  the 
NASA  Langley  Research  Center.  The  code  ran  at  205 
Mflops  and  performed  4368  iterations  in  600  CPU 
seconds  on  a  300  by  150  point  grid.  This  computational 
speed  was  attained  by  utilizing  a  special  tri-diagonal 
solver  which  solves  each  ADI  sweep  completely  in  one 
pass  of  the  solver.  By  comparison,  the  old  scalar  code 
run  on  the  same  machine  and  grid,  utilizing  a  standard 
solution  procedure,  performed  311  iterations  in  600  CPU 


seconds.  This  is  a  factor  of  14  speed  improvement. 
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1.  SUMMARY 

Direct  Numerical  Simulation  is  applied  to  a  variety  of 
small  perturbations  developing  in  a  three-dimensional 
boundary  layer.  The  basic  flow  is  independent  of  the 
spanw'ise  coordinate  but  incorporates  a  favorable  and 
an  adverse  pressure  gradient  in  the  chordwise  direc¬ 
tion,  similar  to  the  leading-edge  region  of  a  swept 
wing.  The  edge  velocity  is  analytically  defined.  Both 
Cross-Flow  and  Tollmien-Schlichting  modes  are  ampli¬ 
fied.  Results  focus  on  questions  that  are  often  open  in 
three-dimensional  transition-prediction  codes,  particu¬ 
larly  “e^”  type  codes.  They  include;  non-parallel  ef¬ 
fects;  choice  of  wave-vector;  choice  of  propagation  ve¬ 
locity  and  direction;  and  the  effect  of  broad  spectra,  in 
either  space  direction  and/or  time.  For  this  we  survey  a 
range  of  perturbations  from  pure  waves  to  wave  packets; 
the  latter  result  from  initial  perturbations  that  are  lo¬ 
cal  in  both  space  and  time,  and  are  arguably  the  richest 
type  of  disturbance.  Quantitative  results  are  offered  for 
the  validation  of  stability  codes,  and  some  are  compared 
with  Orr-Sommerfeld  results. 


2.  INTRODUCTION 

The  prediction  of  boundary-layer  transition,  in  an  in¬ 
dustrial  context,  necessarily  relies  on  a  highly-simplified 
representation  of  the  relevant  instabilities.  Typically, 
the  growth  of  a  class  of  pure  waves,  harmonic  in  space 
and  time  and  obeying  linearized  equations,  is  tracked. 
Current  “e-^”  methods  estimate  the  transition  location 
based  on  a  correlation  between  an  amplitude  ratio  and 
experimental  data.  These  methods  explicitly  incorpo¬ 
rate  the  growth  rates  of  instabilities,  but  combine  all 
other  contributing  factors  into  the  value  of  N . 

Future  “amplitude”  methods  will  provide  an  alternative 
to  the  approach.  These  methods  estimate  the  tran¬ 
sition  location  based  on  disturbance  amplitudes  or  some 
nonlinear  byproduct  of  the  finite  disturbances  (such  as 
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the  departure  of  the  wall  shear  stress  from  its  lami¬ 
nar  value).  Initial  amplitudes  are  given  by  receptivity 
theory,  which  relates  the  instability  amplitudes  to  ex¬ 
ternal  sources  such  as  free-stream  disturbances,  surface 
roughness,  etc.  These  methods  incorporate  considerable 
additional  physics,  as  compared  to  the  amplitude-ratio 
methods.  However,  the  accurate  determination  of  the 
amplitude  growth  remains  crucial. 

For  three-dimensional  boundary  layers  the  characteriza¬ 
tion  of  instability  modes  by  the  Orr-Sommerfeld  (OS) 
equation  leaves  considerable  freedom,  and  a  wide  vari¬ 
ety  of  modes  must  be  accounted  for.  In  these  bound¬ 
ary  layers,  the  spatial-stability  approach  with  fixed  fre¬ 
quency  leads  to  four  unknowns  (the  wave-numbers 
ai,  Pr,  Pi),  while  the  dispersion  relation  provides  only 
two  real  relationships.  This  requires  two  additional  re¬ 
lationships  in  order  to  describe  the  instability  evolution 
within  a  manageable  class  of  modes.  Nayfeh  [1]  and 
Cebeci  &  Stewartson  [2]  derived  two  such  relationships 
based  on  the  propagation  of  a  disturbance  along  a  real 
group  line  emanating  from  a  localized  source.  Having 
used  the  condition  that  da/dp  is  real  to  fix  Pi,  either 
the  Pr  domain  can  be  partitioned  and  each  wave  number 
tracked  separately,  or  the  wave  number  Pr  can  be  cho¬ 
sen  locally  based  on  maximum  growth.  This  is  typical 
of  the  decisions  required  for  transition-prediction  meth¬ 
ods:  the  first  approach  seems  more  physically  sound, 
but  it  is  much  more  expensive.  Drastic  simplifications 
are  routinely  made,  often  with  apparent  impunity. 
Gaster  has  given  thorough  discussions  of  wave  packets 
[3],  but  apparently  not  a  complete  “recipe”  for  wave- 
vector  selection  in  a  prediction  code.  Conversely,  Arnal 
and  his  group  have  emphasized  the  implementation  and 
testing  of  complete  methods  over  the  mathematical  as¬ 
pects  [4].  Faced  with  the  same  problems  as  Nayfeh  and 
Cebeci  k  Stewartson,  Mack  [5]  has  instead  suggested, 
for  an  infinite  swept  wing,  the  condition  that  the  span- 
wise  wave  number  P  be  real.  Phase  continuity  then 
leads  to  the  additional  condition  that  the  dimensional 
Pr  remain  constant  in  the  chordwise  direction  (in  non¬ 
infinite-swept  situations,  the  more  general  condition  is 
darldz  =  dPrjdx).  The  choice  of  conditions  setting  P 
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significantly  influences  the  predicted  growth  character¬ 
istics  of  the  instabilities  [4]. 

In  this  paper,  we  study  the  propagation  and  growth 
of  instabilities  in  an  infinite-span  three-dimensional 
boundary  layer  using  direct  numerical  simulations 
(DNS).  The  instabilities  are  excited  by  localized  or  pe¬ 
riodic  sources.  Their  amplitude  is  small,  and  for  this 
study  we  are  not  using  the  non-linear  capability  of  DNS. 
The  numerical  challenge  is  instead  related  to  the  large 
flow  domain  and  evolution  times,  the  rather  large  ampli¬ 
tude  ratios,  the  non-parallel  basic  flow,  and  the  need  for 
accurate  growth  rates.  Our  purpose  is  to  provide  guid¬ 
ance  for  the  development  of  stability  codes,  whether  of 
the  amplitude-ratio  or  of  the  amplitude  type. 

Another  motivation  for  this  study  is  the  need  for  cri¬ 
teria  to  distinguish  Cross-Flow  (CF)  and  Tollmien- 
Schlichting  (TS)  modes  in  regions  where  such  modes 
coexist,  an  important  distinction  for  amplitude-ratio 
methods  when  the  mode  types  are  assigned  separate 
N  factors.  Stability  codes  sometimes  encounter  am¬ 
plified  waves  that  are  difficult  to  classify  because  their 
wave- vectors  are  ambiguous  in  the  traditional  CF/TS 
context.  Bringing  out  such  “mixed”  modes  would  be 
of  keen  interest  and  is  within  the  capability  of  DNS, 
provided  the  input  disturbance  is  “rich”  enough.  De¬ 
pending  on  the  m.ode  definition,  significant  changes  of 
the  flow  direction  (or  equivalently,  straining  in  the  plane 
of  the  wall)  would  presumably  be  instrumental  in  “con¬ 
verting”  perturbations  from  CF-  to  TS-type,  or  vice- 
versa. 

Many  of  the  DNS  results  are  compared  to  those  of  the 
Orr-Sommerfeld  linear-stability  theory.  In  the  OS  cal¬ 
culations,  we  consider  spatial  growth  (real  frequency) 
and  assume  that  /?,  =  0.  This  condition  is  motivated  by 
the  spamvise  independence  of  the  mean  flow.  Pr  remains 
fixed,  and  the  disturbance  is  partitioned  into  a  spectrum 
of  spanwise  wave  numbers,  each  of  which  grows  indepen¬ 
dently.  The  dominant  mode  at  any  chordwise  location 
depends  on  the  growth  history.  This  approach  follows 
the  work  of  Mack.  As  other  readers  may  well  prefer  dif¬ 
ferent  assumptions,  we  attempt  to  provide  usable  and 
discriminating  quantitative  results  from  the  DNS,  with¬ 
out  bias  toward  any  particular  stability  approach. 

For  the  DNS,  the  flow  is  governed  by  the  Navier-Stokes 
equations  with  no-slip  conditions  at  the  wall,  y  —  0.  Pe¬ 
riodic  conditions  are  used  in  the  spanwise  direction,  2. 
In  the  case  of  pure  waves,  the  spanwise  period  matches 
that  of  the  wave.  In  the  other  cases,  the  domain  is 
chosen  large  enough  for  the  perturbation  not  to  overlap 
with  its  periodic  images  (as  verified  in  flow  visualiza¬ 
tions).  This  removes  the  effect  of  spanwise  periodicity 
on  the  disturbances.  Results  are  presented  at  specific 
times  for  the  wave-packets  (§6);  for  all  the  other  cases, 
the  simulation  is  conducted  until  a  time-independent  or 
time-harmonic  global  state  is  established.  In  the  chord- 
wise  direction,  x,  the  computational  domain  includes 
the  neighborhood  of  the  attachment  line.  As  a  result, 
inflow  conditions  are  not  needed  within  the  boundary 
layer.  We  only  specify  that  fluid  approaching  the  wall 


from  above  is  irrotational  and  matches  the  edge  velocity 
described  in  §3.  Perturbations  are  then  explicitly  intro¬ 
duced  at  some  distance  from  the  attachment  line  using 
a  body  force  tailored  for  each  perturbation  type  desired. 
Although  not  a  realistic  source  of  perturbations,  a  body 
force  is  fully  versatile,  and  adequate  for  addressing  the 
subsequent  disturbance  growth.  The  outflow  condition 
relies  on  the  “fringe  method”,  which  achieves  a  fully 
non-reflecting  behavior  when  properly  applied  [6,  7,  8]. 


3.  BASIC  FLOW 


The  flow  was  designed  to  resemble  the  leading-edge  re¬ 
gion  of  a  swept  wing,  save  for  surface  curvature  and 
compressibility,  and  to  produce  a  level  of  CF  and  TS 
growth  (without  suction)  that  is  manageable  in  global 
DNS.  The  accuracy  of  our  DNS  code  typically  limits  the 
amplitude  ratios  to  about  4  orders  of  magnitude  [9,  7,  8]. 
Beyond  that,  unless  a  very  large  number  of  points  is 
used,  numerical  contamination  from  the  high-amplitude 
region  ruins  the  accuracy  in  the  low-amplitude  region. 
The  largest  number  of  points  we  use  here  is  1600,  in  the 
X  direction. 

The  spanwise  edge  velocity,  Woo ,  is  used  to  normal¬ 
ize  all  velocities.  The  conventional  attachment-line 
thickness  6;  =  \J v lidlJ dx)  is  used  to  normalize  all 
lengths.  Here  v  is  the  kinematic  viscosity  and  the  strain 
rate  dUe/dx  is  taken  over  the  attachment  line.  The 
attachment-line  Reynolds  number  R  =  SiWoofi'  is  250; 
therefore,  small  perturbations  propagating  in  the  z  di¬ 
rection  are  damped  [6].  The  amplification  occurs  off  the 
attachment  line. 

The  edge  velocity  in  the  chordwise  direction  is  given  by 


Ue  = 


Uo 


tan 


-)-  tan  ^ 


f  a;  -H  xph 

V  2/0  ) . 


—  rx 


where  Uoo  —  1-5,  xq  —  104.44,  j/o  —  164.06,  and  r  — 
1.4  X  10“"^.  This  is  shown  in  Fig.  1.  This  function  yields 
dUe/dxx^o  =  1/250;  so  with  u  =  1/250  we  indeed  have 
^(  =  1  and  R  —  250.  The  third  derivative  d^Ue/dx^ 


Figure  1:  Edge  velocity  and  thicknesses,  -o-,  4  x  Ue', 
— ,  6x  and  S*; - ,  6z  and  6*]  -x-,  10^  xCjx- 
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Figure  2:  Velocity  profiles.  Left,  streamwise  profile; 
right,  cross-flow  profile,  o,  ar  =  0;  <>,  x  =  500; 
X,  X  —  1000;  □  ,  X  =  1500;  *,  x  —  2000. 


is  0  at  X  =  0,  so  that  the  flow  is  essentially  identical 
to  the  Hienienz  flow  (Ug  oc  x)  up  to  x  »  150.  This 
facilitates  comparisons  with  other  work.  The  factors 
Uoo  and  r  control  the  CF  and  TS  amplification  ratios, 
respectively.  The  tan“^  function  allows  a  convenient 
extension  into  a  Laplace  solution  in  the  region  y  6u 
as  needed  for  Navief-Stokes  solutions. 

Figure  1  also  shows  the  momentum  and  displacement 
thicknesses  associated  with  the  projection  of  the  veloc¬ 
ity  profiles  ill  the  x  and  2:  directions.  The  simulations 
cover  the  region  0  <  x  <  2000.  At  the  attachment  line 
9^  takes  its  well-known  value  of  0.404.  By  x  =  2000, 
the  boundary-layer  thickness  6  has  increased  by  a  fac¬ 
tor  of  5;  this  added  to  the  numerical  challenge,  as  our 
code  is  not  adaptive.  The  shape  factors  =  2.73 
and  especially  Hx  =  3.08  reflect  the  moderate  adverse 
pressure  gradient  at  x  =  2000.  The  cross-flow  profile, 
at  X  =  2000,  is  S-shaped.  The  Reynolds  number  Rx 
based  on  the  integral  of  the  cross-flow  velocity  [7]  is  re¬ 
turning  through  0,  back  from  its  peak  value  of  81  near 
X  =  750.  Selected  profiles,  with  respect  to  the  local 
edge  direction,  are  shown  in  Fig.  2. 

The  basic  flow  used  for  the  OS  calculations  is  obtained 
by  solving  the  boundary-layer  equations  for  the  edge  ve¬ 
locity  Ue  given  above.  The  agreement  between  the  DNS 
solutions  and  the  boundary-layer  solutions  is  very  good 
for  X  <  1800,  but  beyond  1800  the  wall-shear  direction, 
in  particular,  deviates  by  several  degrees  between  the 
two  solutions.  Although  we  have  not  totally  ruled  out 
numerical  effects,  we  attribute  this  to  the  proximity  of 
separation,  indicated  by  the  rapid  drop  of  the  stream- 
wise  skin  friction  (also  shown  in  Fig.  1).  At  x  =  2000, 
C]x  «  0.5  10“^,  based  on  W^o,  compared  with  a  peak 
value  of  6.2  10“^;  the  wall  streamlines  shown  below 
(e.g..  Fig.  7)  illustrate  the  near-wall  turning  that  en¬ 
sues.  Separation  seems  set  to  occur  near  x  =  2500.  The 
difference  between  the  basic  flows  strongly  impacts  the 
TS  growth  rates;  therefore,  we  limit  the  comparisons  to 
[0, 1800]  for  those  modes. 


4.  PURE  MODES 

We  call  “pure  modes”  disturbances  of  the  type 
/(x,  y)  exp{i[Pz  —  u>t]).  This  harmonic  dependence,  with 
spanwise  wave-number  /?  and  frequency  to  (both  real), 
is  allowed  by  the  basic  flow.  It  is  not  identical  to  that 
of  the  “pure  waves”  of  the  OS  equation,  which  is  also 
harmonic  in  x.  Throughout  the  paper,  we  take  the  con¬ 
vention  that  Pr  is  positive. 

Even  such  simple  perturbations  lead  to  non-trivial  tests 
of  stability  codes,  associated  with  non-parallel  effects 
and  involving  the  streamwise  growth  rate  and  wave- 
number.  Simple  cases  also  build  confidence  before  at¬ 
tempting  more  involved  comparisons.  Similar  tests  of 
the  Parabolized  Stability  Equations  (PSE)  have  been 
very  successful,  and  non-parallel  effects  have  lost  much 
of  their  mystery  [10,  11];  however,  the  present  flow  has 
more  rapid  variations,  which  could  make  it  a  harsher 
test  for  the  PSE.  In  addition,  many  of  the  current  pre¬ 
diction  codes  are  not  up  to  the  PSE  level. 

Another  reason  to  conduct  inexpensive  pure-mode  sim¬ 
ulations  is  to  approach  numerical  resolution  issues.  For 
pure  modes,  there  is  no  issue  in  the  z  direction,  because 
of  the  harmonic  dependence  and  the  spectral  numerical 
method.  Solutions  with  30  and  45  points  in  the  y  di¬ 
rection  showed  only  subtle  differences,  and  then  limited 
to  the  basic  flow.  Nevertheless,  45  points  were  used  for 
most  cases.  In  the  x  direction,  for  pure  CF  modes  we 
use  a  grid  spacing  of  2.5,  in  order  to  accommodate  the 
CF  vortex  already  near  x  =  100,  where  it  makes  a  shal¬ 
low  angle  with  the  2  axis.  Subsequent  cases  use  a  grid 
spacing  of  5  in  both  x  and  z,  which  is  sufficient  consid¬ 
ering  that  the  shortest  wave-lengths  are  of  the  order  of 
30  and  that  the  growth  over  a  period  is  not  dramatic 
(typically,  a  ratio  of  1.3).  Recall  that  the  discretiza¬ 
tion  is  spectral.  The  cases  with  harmonic  forcing  (at 
u!  =  0.04)  use  about  75  time  steps  per  period,  which 
is  very  accurate  considering  that  a  Runge-Kutta  third- 
order  time-stepping  scheme  is  applied  to  the  convection 
terms  [9].  The  wave-packet  cases  generate  frequencies 
of  the  same  order  (w  between  0.02  and  0.05),  so  that 
the  accuracy  in  time  is  again  sufficient. 

4.1  Pure  CF  modes 

We  generate  stationary  modes  with  spanwise  periods 
Xz  =  20  and  15,  which  earlier  work  [7]  showed  to 
be  rapidly  amplified  in  the  swept-IIiemenz  region  at 
R  =  250.  Traveling  modes  are  slightly  more  unstable, 
but  are  not  qualitatively  different  from  stationary  ones. 
The  instabilities  are  excited  by  a  body  force  field  cen¬ 
tered  at  X  =  75.  Amplitudes  are  chosen  to  avoid  both 
round-off  errors  and  nonlinearity.  The  body  force  is  of 
the  type  /(x,  y)  exp{i[Pz  —  Lot]),  the  product  of  polyno¬ 
mial,  Gaussian,  and  trigonometric  functions  in  the  var¬ 
ious  directions.  It  is  divergence-free,  and  satisfies  the 
same  boundary  conditions  as  the  velocity  field.  Neither 
property  is  indispensable,  but  the  former  helps  reduce 
the  upstream  influence  (by  not  inducing  a  pressure  field) 
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and  the  latter  mitigates  the  formation  of  numerically 
disruptive  boundary  layers  at  the  wall. 

The  a:-z-dependence  of  the  force  is  made  to  roughly  fit 
an  oblique  wave,  but  its  y-dependence  is  not  particu¬ 
larly  adjusted  to  generate  a  pure  eigenmode.  This  is  of 
interest,  because  an  estimate  of  how  rapidly  the  eigen¬ 
mode  establishes  itself  will  help  experimentalists  that 
have  had  persistent  difficulty  extracting  eigenmodes  and 
growth  rates  consistent  with  linear  theory.  The  term 
“eigenmode”  is  used  loosely,  as  in  any  non-parallel  flow 

[10].  Amplitudes  for  u'  and  v',  based  on  the  maximum 
with  respect  to  y,  are  shown  in  Fig.  3.  Only  growth 
rates  can  be  compared  between  the  two  cases,  and  not 
absolute  levels,  as  the  body-force  magnitude  is  different. 
The  magnitude  of  the  growth-rate  difference  between 
m'  and  v'  is  of  interest,  because  it  is  an  effect  the  Orr- 
Sommerfeld  equation  could  not  be  expected  to  capture. 
Smooth  sustained  growth  is  observed  by  a;  «  200;  that 
is  about  50  boundary-layer  thicknesses  downstream  of 
the  “wave-maker” . 

The  Aj  =  15  case  was  expected  to  be  of  interest  be¬ 
cause  stability  codes  often  have  serious  trouble  with  CF 
modes  in  regions  of  decay.  The  DNS  results  do  not  show 
any  dramatic  changes  in  the  growth  rates,  the  stream- 
wise  wave-number,  nor  the  disturbance  profile  in  the  y 
direction  -  in  contrast,  we  have  been  unable  to  obtain 
consistent  OS  solutions  over  the  whole  domain.  Beyond 
X  w  1700,  various  eigenvalues  appear  to  become  so  close 
to  each  other  that  the  iterative  eigensolver  is  unable  to 
unambiguously  extract  an  eigenvalue  which  we  consider 
physically  meaningful.  A  global  eigensolver  provides  a 
spectrum,  but  selecting  a  meaningful  eigenvalue  is  still  a 
challenge.  In  many  applications  this  poses  no  problems 
since  the  A^-factor  is  based  on  the  envelope.  However, 
when  there  are  regions  of  decay  followed  by  growth,  the 
A'^-factors  can  be  significantly  altered  by  errors  in  the 
decay  region. 

Tables  la  and  Ib  give  quantitative  results  correspond¬ 
ing  to  Fig.  3,  with  the  following  notation.  ar{du' /dy) 
means  the  wave-number  extracted  from  the  crests  of 


Figure  3:  Amplitude  of  pure  stationary  CF  modes, 
injected  at  x  =  75.  — ,  =  20;  -  -  -,  A^  =  15. 

In  each  case,  upper  curve,  lower  curve,  v' . 


du'/dy  in  a  visualization  such  Fig.  5,  below.  The 
notation  a  is  used  for  the  DNS  by  analogy  with  the 
OS  approach.  These  wave-numbers  are  local,  and  not 
extracted  from  the  (global)  spectrum  of  the  spectral 
method.  a(OS')  is  the  Orr-Sommerfeld  result.  The 
growth  rate  — «;(«')  is  based  on  the  peak  amplitude 
of  u'  as  in  Fig.  3. 

The  tables  also  give  three  angles:  is  the  angle 

tan“'([/e/lTco)  the  velocity  vector  at  the  edge  of  the 

boundary  layer  makes  with  the  2:  axis;  a^,  is  the  angle 

ta.n~^([du/dy]/ldw/dy])  of  the  wall  streamline  (or  skin- 
friction  line);  and  acp  is  the  angle  —  tan^^f/Jr/a,-)  of 
the  CF  vortex  itself  (orthogonal  to  the  CF  wave- vector) . 
The  angles  show  that  our  earlier  conclusion  [7]  that  “the 
vortex  direction  lies  between  that  of  the  free  stream  and 
that  of  the  wall  stress”  is  not  general.  It  fails  as  soon 
as  the  flow  enters  the  adverse  pressure  gradient.  At  the 
time  we  had  only  considered  the  swept  Hiemenz  flow. 


Table  la:  pure  CF  mode,  oj  =  0,  A^  =  20 


X 

400 

1200 

1700 

2000 

Pr 

0.314 

0.314 

0.314 

0.314 

ar{du'/dij) 

-0.27 

-0.27 

-0.27 

-0.27 

ar(OS) 

-0.26 

-0.25 

-0.27 

Ctg 

46" 

50° 

49° 

49° 

53° 

43° 

35° 

49° 

49° 

50° 

acF(OS) 

50° 

51° 

49° 

-Qi(ll') 

0.0102 

0.0010 

-0.0001 

-0.0013 

-ai(v') 

0.0088 

0.0005 

-0.0004 

-0.0035 

-ai(OS) 

0.0075 

-0.0004 

-0.0007 

Table  Ib:  pure  CF  mode,  w  =  0,  A^  =  15 


X 

400 

1200 

1700 

2000 

Pr 

0.419 

0.419 

0.419 

0.419 

ar{du'/dy) 

-0.36 

-0.31 

-0.34 

-0,35 

ariOS) 

-0.35 

-0.33 

-0.35 

CLq 

46° 

50° 

49° 

49° 

Clyj 

61° 

53° 

43° 

35° 

acF{du'/dy) 

49° 

54° 

51° 

CJT 

O 

o 

acF(OS) 

50° 

52“ 

50° 

-ai{u') 

0.0091 

-0.0023 

-0.0016 

-0.0014 

0.0075 

-0.0030 

-0.0016 

-0.0018 

-ai{OS) 

0.0055 

-0,0046 

-0,0029 
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Here,  the  vortex  direction  remains  within  4®  of  the  edge 
direction,  whereas  the  wall  direction  is  as  much  as  15® 
away  from  it,  and  on  either  side. 

With  pure  waves,  the  comparison  with  Orr-Sommerfeld 
(OS)  results  reflects  only  non-parallel  effects,  as  opposed 
to  the  effects  of  wave-vector  choice.  For  CF  modes, 
the  non-parallel  effects  are  found  to  be  significant  and 
destabilizing,  consistent  with  previous  PSE  calculations 
of  Malik  &  Li  [11]  and  Stuckert  ei  al.  [12];  they  are  in 
quantitative  agreement  with  the  PSE  results  obtained 
by  Malik  &  Li  in  the  swept-Hiemenz  region.  In  the  ad¬ 
verse  pressure  gradient,  the  difference  between  DNS  and 
OS  results  is  of  the  same  sign  as  in  the  favorable  gradi¬ 
ent,  and  even  larger.  With  =  20,  the  N  factor  from 
X  —  200  to  the  peak  is  3.9  for  the  OS  equation,  while  the 
DNS  N  factors  are  6.2  and  5.1,  for  u'  and  v'  respectively. 
Note  that  N  factors  could  not  be  defined  from  Branch  I 
in  the  DNS,  because  the  body  force  was  not  far  enough 
upstream  for  the  transients  to  die  out  before  Branch  I. 
In  any  case  the  agreement  between  OS  and  DNS  growth 
rates  is  quite  poor.  On  the  other  hand,  the  direction  of 
the  vortices  (or  equivalently  the  chordwise  wave-number 
dr)  shows  good  agreement.  The  non-parallel  effects  on 
CF  modes  are  much  more  benign  at  i?  =  500  [11]. 

4.2  Pure  TS  mode 

The  TS  wave  is  also  generated  by  a  body  force,  now 
centered  at  k  —  500;  the  spanwise  wave-number  is 
/?  =  0.05236  (A^  =  120);  the  frequency  is  w  =  0.04. 
These  values  were  chosen  to  roughly  match  those  that 
evolve  naturally  in  wave  packets  (§6).  Fairly  smooth 
amplitudes  are  obtained  around  Branch  I  at  s;  ss  1000, 
as  seen  in  Fig.  4.  The  subsequent  growth  is  brisk,  and 
at  first  is  noticeably  faster  for  v'  than  for  u'.  That  trend 
reverses  by  a;  =  1800.  The  growth  rates,  shown  in  Ta¬ 
ble  11,  again  show  a  de-stabilizing  non-parallel  effect, 
but  smaller  than  for  the  CF  modes.  AX  x  —  2000,  the 
OS  N  factor  is  5.7,  while  the  DNS  N  factors  are  5.9 
and  6.4,  for  u'  and  v'  respectively.  A  difference  of  0.5  in 
N  factor  is  quite  tolerable  in  an  engineering  situation. 
The  agreement  on  the  wave-number  is  good. 


Figure  4:  Amplitude  of  pure  TS  mode,  injected  at 
X  =  500.  — ,  u'\ - ,  v' . 


Table  II:  pure  CF,  u  =  0.04,  A^  =  120 


X 

1400 

ar{OS) 

0.055 

0.052 

-ai{u') 

0.0061 

0.0078 

0.0069 

0.0078 

-ai{OS) 

0.0058 

0.0071 

4.3  Assessment 

Figs.  2,  3  and  4  together  show  that  we  have  constructed 
a  flow  that  sustains  both  types  of  instability,  with  N 
factors  in  the  6  to  8  range,  and  includes  S-shaped  pro¬ 
files  and  decay  regions.  The  lack  of  surface  curvature 
and  compressibility  is  not  a  major  shortcoming,  in  that 
they  are  not  known  to  have  strong  qualitative  effects 
on  the  dispersion  relation,  at  least  up  into  the  low- 
transonic  range  (we  acknowledge  their  significant  quan¬ 
titative  effects,  usually  damping).  A  Natural-Laminar- 
Flow  design  may  have  a  higher  R  (although  no  higher 
than  about  500)  and  would  spread  the  TS  growth  over  a 
much  longer  region.  This  would  increase  the  numerical 
demands  in  all  the  spatial  directions,  and  in  time,  lead¬ 
ing  to  a  considerable  increase  in  cost.  Thus,  the  present 
flow  is  a  good  compromise. 

5.  SPATIALLY  LOCAL 
PERTURBATIONS 

We  now  apply  disturbances  that  are  local  in  both  the 
X  and  2:  directions,  resulting  in  a  full  spanwise  spec¬ 
trum.  The  dynamics  select  the  dominant  /?  wave- 
number,  which  we  estimate  with  the  help  of  spectra, 
and  visualizations  using  the  “crests”.  The  crests  are 
defined  as  grid  points  at  which  the  function  considered 
(here,  the  wall  value  of  du'  jdy)  exhibits  a  local  maxi¬ 
mum  with  respect  to  the  x  direction  or  the  z  direction. 
This  definition  is  only  weakly  dependent  on  the  axes, 
and  produces  plausible  results.  Below  we  often  refer  to 
“the  vortices”,  although  the  visualization  in  fact  reflects 
the  chordwise  wall  shear  stress.  This  is  fair,  because  the 
two  are  strongly  correlated,  the  shear  being  high  on  the 
down-flow  side  of  a  vortex.  Since  only  local  maxima 
are  retained,  only  one  crest  will  appear  per  period,  once 
the  field  exhibits  fairly  regular  “waves”.  Thus,  we  es¬ 
timate  wave-lengths  directly  from  the  spacing  between 
crests.  Except  in  highly  regular  cases  the  wave-numbers 
cannot  be  unequivocally  established  to  two  significant 
digits.  We  provide  the  second  digit  because  rounding 
to  one  digit  would  suppress  too  much  information,  but 
the  uncertainty  is  often  ±10%.  Finally,  crest  points  are 
retained  only  if  the  local  function  value  is  higher  than 
the  spanwise  average  by  more  than  a  threshold.  This  is 
necessary  to  weed  out  small  oscillations  (some  of  which 
represent  numerical  noise)  and  bring  out  the  region  of 
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Figure  5:  Visualization  of  CF  vortex  trailing  an 
isolated  source,  at  a;  =  1000.  — ,  edge  streamline; 

- ,  wall  streamline;  o,  crests  of  waves.  DNS  period 

A,  =  160. 

significant  amplitude.  The  threshold  at  5  x  10“®  is  evi¬ 
dent  in  Fig.  6;  it  is  normally  at  least  an  order  of  magni¬ 
tude  smaller  than  the  peak  values.  On  the  other  hand, 
the  threshold  is  arbitrary;  the  reader  will  keep  in  mind 
that  the  disturbed  region  does  not  have  the  abrupt  edges 
our  visualization  technique  may  suggest. 

5.1  CF  modes 

We  again  choose  a  stationary  disturbance,  and  place 
it  at  X  =  1000.  Because  the  amplification  is  weak  for 
X  >  1000,  the  wake  remains  narrow  and  gives  the  clear¬ 
est  indication  of  the  propagation  direction,  as  shown  by 
Fig.  5.  The  flow  sustains  only  two  crests  of  compara¬ 
ble  magnitude.  The  presence  of  two  crests,  although 
convenient  in  terms  of  suggesting  a  wave-vector,  is  not 
significant  in  itself,  because  it  results  from  the  details 
of  the  body  force  we  defined  (which  induces  a  region 
of  up-flow  between  two  regions  of  down-flow).  Forces 
could  be  designed  to  induce  one  crest,  or  three. 

The  edge  and  wall  streamlines  originating  at  the  dis¬ 
turbance  (x  =  1000,  z  =  80)  are  shown  in  Fig.  5,  but 
are  covered  by  the  o  symbols  over  much  of  the  domain 
(they  are  more  readable  in  later  figures,  such  as  7  and 
10).  Each  set  of  streamlines  connects  around  the  period 
of  the  DNS,  =  160.  The  crests  closely  follow  the 
edge- velocity  direction,  as  opposed  to  the  wall-shear  di¬ 
rection,  although  the  difference  becomes  noticeable  only 
beyond  a;  si  1600.  The  peak  of  the  u'  eigenfunction  (on 
which  the  DNS  and  OS  solutions  agree)  is  consistently 
located  near  y  =  1.5  5*,  fairly  high  in  the  boundary 
layer,  which  explains  why  the  change  in  orientation  of 


Figure  6:  Amplitude  of  CF  vortex  trailing  an  isolated 
source,  based  on  du' /dy  at  the  wall.  —  rms  ;  o,  value 
at  the  wave  crests. 


the  near-wall  flow  has  little  impact. 

Figure  6  shows  the  value  of  du' /dy  on  the  two  crests. 
The  crest  values  run  parallel  to  the  root-mean-square 
values,  but  over  most  of  the  domain,  one  grows  slowly, 
while  the  other  decays  slowly.  This  corresponds  to  a 
small  mismatch  between  the  direction  of  the  phase  lines 
and  of  the  energy  propagation,  as  seen  before  [7].  At 
X  =  1200,  Orr-Sommerfeld  calculations  for  a  perturba¬ 
tion  with  the  wave-number  observed  in  the  DNS  (i.e., 
/?  =  0.23)  show  the  group- velocity  direction  to  be  within 

1.5°  of  the  edge  streamline  and  —0.3°  from  the  w'ave  ori¬ 
entation. 

The  spanwise  distance  between  crests  varies  from  about 
29  to  about  45,  larger  values  than  the  ones  we  chose  in 
§4.  This  reflects  the  higher  thickness  of  the  boundary 
layer,  but  because  of  the  lack  of  growth  (and  presum¬ 
ably  of  wave-number  selection)  the  significance  of  these 
numbers  is  modest.  Similar  simulations  with  the  force 
centered  at  a:  =  500  produced  smaller  spacings  (at  least 
in  the  region  of  highest  amplitude),  typically  between  30 
and  35  even  at  a;  =  2000.  Growth  rates  are  not  shown, 
as  Fig.  6  shows  them  to  be  of  little  size  and  interest.  In 
particular,  the  rapid  decay  beyond  x  1700  is  artificial, 
in  that  it  results  from  a  coincidence  in  the  orientation 
of  the  vorticity  perturbation  with  respect  to  the  2  axis; 
it  also  occurred  around  x  =  1600  for  the  pure  CF  mode 
of  Fig.  3,  when  the  amplitudes  u'  and  v'  did  not  show 
a  steep  decay.  The  value  of  this  case  lies  in  the  prop¬ 
agation  direction,  rather  than  in  the  wave-lengths  and 
growth  rates. 

5.2  TS  modes 

The  disturbance  now  has  a  frequency  w  =  0.04,  as  for 
the  pure  TS  mode  above.  Up  to  about  x  =  1500,  the 
visualization  in  Fig.  7  shows  a  mixed  pattern.  The 
CF  mode  is  clearly  indicated  in  terms  of  wave-vector 
(or  ~  —0.16,  Pr  ^  0.31).  However,  around  (x,z)  = 
(1300,750)  we  also  discern  organized  motion,  in  the 
form  of  short  crests,  that  appears  to  stem  from  an¬ 
other  region  of  the  wave-vector  space.  The  waves  have 
=  0,  Pr  —  0.10,  are  fairly  neutral  in  terms  of  am¬ 
plification,  and  have  a  propagation  angle  of  about  41° 
with  respect  to  the  2  axis.  Beyond  x  =  1500  we  observe 
a  more  typical  TS  perturbation,  and  the  =  0  waves 
smoothly  merge  into  the  TS  wedge.  We  note  that  be¬ 
yond  x  =  1500  the  TS  crests  do  not  quite  curve  enough 
to  become  parallel  to  the  x  axis  (implying  Or  =  0), 
but  this  is  dependent  on  the  threshold.  In  addition, 
Pr  ~  0.10  fits  the  edge  of  the  TS  wedge  very  well  (as 
does  the  phase  of  the  short  crests).  We  conclude  that 
the  initial  “isolation”  of  the  =  0  crests  is  simply  the 
result  of  the  interference  between  CF  and  TS  modes  for 
X  <  1500,  and  is  not  indicative  of  a  neglected  region  of 
wave-vector  space. 

The  figure  also  shows  the  location  of  the  perturbation 
peak,  with  respect  to  2  at  a  given  x  station.  We  call  the 
locus  of  this  peak  the  direction  of  energy  propagation. 
Unlike  in  the  (neutrally  stable)  CF  case  above,  this  de¬ 
vice  is  needed  to  arrive  at  a  narrow  estimate  of  the  best 
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source,  o,  crests;  •,  peak  versus  — ,  edge  streamline; 
- ,  wall  streamline.  DNS  period  =  800. 

direction  in  which  to  integrate  the  growth  of  perturba¬ 
tions.  A  clear  pattern  is  not  established  until  x  «  1700, 
because  of  the  interference  between  modes,  but  then  the 
band  of  peaks  closely  parallels  the  edge  streamline,  and 
not  the  wall  streamline.  Orr-Sommerfeld  calculations 
based  on  the  dominant  mode  (as  predicted  by  the  OS 
amplitude-ratio  envelope)  show  the  group-velocity  di¬ 
rection  is  within  0.3°  of  the  edge  streamline  at  a;  =  1500 
and  3°  at  a;  =  1800.  At  both  locations,  the  group  di¬ 
rection  is  bounded  by  the  edge  streamline  and  the  wall 
streamline. 

The  DNS  wave-vectors  and  growth  rates  are  given  in 
Table  III,  and  the  rms  amplitude  is  shown  in  Fig.  8. 
The  rms  is  defined  with  respect  to  the  spanwise  aver¬ 
age,  and  a  maximum  is  taken  versus  y.  We  distinguish 
the  growth  rate  — aj(n')  based  on  this  rms,  and  the 
growth  rate  —ai{du'/dymax)  based  on  the  peak  value 
of  the  wall-shear  perturbation  (shear  taken  at  y  =  0, 
and  maximum  taken  versus  z).  These  growth  rates  can 
be  regarded  as  weighted  averages  of  the  growth  rates  of 
individual  spanwise  Fourier  components  (pure  modes). 
As  a  result,  -a;(u')  is  always  smaller  than  the  high¬ 
est  pure-mode  growth  rate.  The  growth  of  the  peak 


Figure  8:  RMS  amplitude  of  TS  mode  trailing  an 
isolated  source,  at  three  phases  within  the  period. 
— ,  - ,  u'. 


Table  III:  localized  TS  mode,  w  =  0.04 


X 

1500 

1800 

ar 

0.071 

0.066 

0.041 

0.036 

-ai{u') 

0.0032 

0.0053 

0.0058 

0.0075 

(yii^du  /^ypnax) 

0.0048 

0.0067 

value  depends  on  phase  relationships,  and  could  briefly 
outpace  the  growth  of  pure  modes.  The  evolution  of 
the  eigenfunction  shape  further  differentiates  the  vari¬ 
ous  growth  rates.  Only  when  the  exponential  growth  is 
rapid  enough  to  overwhelm  the  other  factors  (which  are 
algebraic)  are  all  the  growth  rates  very  close. 

The  wave- vectors  were  taken  from  the  visualization,  and 
near  the  peak  amplitude.  This  peak  amplitude  is  not 
centered  within  the  packet;  it  is  at  lower  z  values  than 
the  center.  The  a,,  wave-numbers  are  fairly  well  indi¬ 
cated  by  the  visualization,  but  the  (3^  numbers  are  am¬ 
biguous,  because  of  the  curvature  of  the  crests.  The 
values  shown  for  0r  'vere  in  fact  calculated  from  Qr 
and  the  orientation  of  the  crest  at  the  amplitude  peak 
(the  angle  aTs{du' / dy),  in  the  notation  of  Table  I). 
In  Fig.  8  the  amplitude  is  time-dependent,  unlike  for 
pure  modes  (because  here  the  force  is  not  of  the  type 
f{x,y)ex^{i[l3z  —  wt]))  and  shows  significant  periodic 
variation  especially  for  x  <  1300. 

The  P  spectrum  is  shown  in  Fig.  9.  Implicitly,  we  set 
/?,•  =  0  when  Fourier-transforming  the  solution.  The  as¬ 
sumption  of  a  “flat”  spectrum  used  in  theoretical  treat¬ 
ments  is  fairly  well  satisfied  at  x  =  1100;  the  question 
is  obscured  by  the  time-dependence  of  the  spectrum. 
The  subsequent  wave-number  selection,  concurrent  with 
the  amplification,  is  evident.  The  most-amplified  wave- 
number  rapidly  shifts  to  lower  values,  and  the  spec¬ 
trum  displays  considerable  history  effects,  which  would 


Figure  9:  Spanwise  spectrum  of  TS  mode  trailing  an 
isolated  source,  at  three  phases  within  the  period. 
- ,  X  —  1100; - ,  a:  =  1500;  — ,  x  —  2000. 
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be  highly  challenging  for  methods  which  select  a  single 
wave  number  based  on  local  behavior.  At  a;  =  2000  the 
amplitude  has  been  almost  sustained  near  Pr  —  0.2,  and 
highly  amplified  near  Pr  —  0.04.  However,  the  peak  in 
the  spectrum  is  still  so  wide  that  the  algebraic  factors  in 
the  amplitude  growth  cannot  be  negligible  with  respect 
to  the  exponential  factors.  Even  a  Gaussian  model  [3] 
would  probably  not  be  very  accurate.  The  strong  damp¬ 
ing  in  the  [0.1,0.15]  interval  provides  a  fair  (although 
blurred)  demarcation  between  CF  and  TS  modes.  The 

breadth  of  the  spectrum  accounts  for  the  difficulty  In 
extracting  some  wave-vectors  from  the  visualizations, 
but  we  verify  a  good  agreement  between  the  dominant 
wave-number  in  the  spectrum,  when  there  is  one,  and 
that  deduced  from  the  visualization.  A.i  x  —  2000  the 
spectrum  indicates  Pr  ~  0.037,  and  the  visualization 
Pr  ~  0.036.  On  the  other  hand,  at  a;  =  1500  the  spec¬ 
trum  is  quite  flat  over  [0,0.06],  while  the  visualization 
indicates  /?,.  «  0.041.  The  overall  shape  of  the  spec¬ 
trum,  on  the  log  scale,  is  similar  to  the  variation,  versus 
/?,.,  of  the  growth  rate  —a,  predicted  by  the  OS  theory 
(not  shown). 

6.  WAVE  PACKETS 

"iVe  now  impose  a  disturbance  that  is  localized  both  in 
space  and  time.  If  the  localization  is  narrow  enough, 
we  are  introducing  about  the  same  amount  of  energy 
for  all  wave-vectors  and  frequencies.  As  a  result,  the 
only  overt  parameter  in  this  type  of  simulation,  once 
the  basic  flow  has  been  defined,  is  the  location  xq  at 
which  the  disturbance  was  placed.  However,  our  find¬ 
ings  based  on  the  crests  in  Fig.  5,  and  the  spectrum 
at  X  =  1100  in  Fig.  9,  indicate  that  the  shape  of  the 
body  force  (or  other  device)  cannot  be  totally  ignored, 
at  least  until  a  large  amplitude  ratio  has  been  achieved. 

VVe  selected  the  case  with  xq  =  1000  because  it  gener¬ 
ated  distinct  TS  and  CF  packets,  which  propagated  at 
rather  disparate  velocities.  This  is  revealed  by  Fig.  10. 
The  Ko  =  500  and  xq  —  1500  cases  led  to  the  same  con¬ 
clusions.  The  edge  and  wall  streamlines  originating  at 
the  pulse  point  (a;  =  1000,  z  =  200)  show  that  the  edge 
streamline  again  indicates  the  appropriate  propagation 
direction  very  well,  and  for  both  types  of  perturbations. 
Figure  11  shows  the  amplitude  of  the  wave  packet  at  a 
sequence  of  times. 

Table  IV  gives  quantitative  information  derived  from 
Figs.  10  and  11  and  companion  figures,  which  are  not 
shown  (for  instance,  the  frequency  is  extracted  by  com¬ 
paring  Fig.  10  and  visualizations  at  different  times). 
Ak  and  Az  are  the  distance  traveled  by  the  packets 
since  the  pulse  was  applied.  The  frequency  w,  like  the 
wave- numbers,  is  defined  by  analogy  with  pure  modes. 
The  phase  velocities  in  the  x  direction,  z  direction, 
and  the  magnitude  of  the  phase  velocity  are  given  by 
c<px,  and  |cg|,  respectively.  The  axis-dependent 
wave-numbers  (such  as  P)  and  phase  velocities  (such 
as  cgj  =  u>IPr)  can  be  deceptive,  as  the  wave-number 
can  be  artificially  low  and  the  velocity  artificially  high. 


Figure  10:  Visualization  of  wave-packet  created  at 
X  -  1000.  At  =  1200.  — ,  edge  streamline;  -  -  wall 

streamline.  DNS  period  =  400. 

The  corresponding  Cg  velocities  (such  as  cTV  =  Ax/ At) 
are  defined  a  little  loosely  as  “the  velocity  of  the  energy 
propagation”.  They  denote  the  travel  of  the  amplitude 
peaks  and  are  much  more  meaningful  than  the  separate 
phase  velocities.  The  overline,  as  in  c^,  indicates  an 
average  since  the  inception  of  the  packet.  The  |  |  signs, 
as  in  jc^l,  denote  the  magnitude  of  a  vector. 

The  “apparent  growth  rate”  —a,  app  denotes  the  slope 
of  the  amplitude  envelope  with  respect  to  x,  extracted 
from  Fig.  11.  The  TS  apparent  growth  rate  is  lower  than 
those  in  Table  IF  On  the  other  hand,  the  positive  CF 
apparent  growth  rate  was  unexpected,  especially  since 
Pr  =  0.13  was  damped  in  Fig.  9.  It  may  result  from 
favorable  phase  relationships,  or  from  a  more  favorable 
frequency  than  those  we  imposed  above.  The  CF  packet 
indicates  u>  w  0.011,  whereas  we  used  only  0  and  0.04. 

The  propagation  of  the  TS  packet  is  quite  as  expected. 
Referred  to  the  edge  streamline,  the  TS  packet  is  quite 
symmetric  and  dominated  by  two-dimensional  waves  (in 
a  rotated  frame).  This  packet  seems  unaffected  by  the 
cross-flow.  At  t  =  1200  the  conditions  are  Rs^  1500, 
and  a  weak  adverse  pressure  gradient.  The  phase  veloc¬ 
ity  is  34%,  and  the  energy  velocity  is  43%  of  the  magni¬ 
tude  of  the  edge  velocity.  The  wave  number  is  0.37,  nor¬ 
malized  by  displacement  thickness.  This  is  fairly  high, 
but  not  atypical  for  an  adverse  pressure  gradient. 


Figure  11:  Amplitude  of  wave-packet  created  at 
X  =  1000,  at  the  following  times.  At  o,  100; 
X,  400;  □  ,  700;  1000;  o,  1300;  -h,  1600;  A,  1900. 
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Table  IV: 

wave  packet. 

t  =  1200 

Region 

TS  packet 

CF  packet 

Ax 

600 

800 

Az 

520 

680 

ar 

0.070 

-0.08 

0.059 

0.13 

0.092 

0.15 

LO 

0.048 

0.011 

^4>x 

0.69 

-0.14 

Cex 

0.50 

0.67 

~{OS) 

0.49 

0.64 

TTe 

1.19 

1.18 

^<pz 

0.81 

0.08 

^ez 

0.43 

0.57 

c77(05) 

0.43 

0.50 

Wa 

1 

1 

\h\ 

0.52 

0.16 

K\ 

0.66 

0.88 

W\i0S) 

0.65 

0.81 

\jm  +  1V2 

1.55 

1.55 

Qu  /^^/max 

1.9  10"^ 

2.2  10-® 

app 

0.0037 

0.0042 

The  CF  packet  is  more  difficult  to  analyze.  First, 
there  is  a  weak  “precursor”  region  that  is  at  (x,  z)  = 
(2000,250)  at  t  -  1200.  Thus  it  has  (Aa;,A2)  = 
(1000,850).  It  has  precisely  followed  the  edge  stream¬ 
line,  and  the  magnitude  of  its  apparent  energy  velocity 
is  1.31.  That  represents  85%  of  the  edge  velocity,  and 
we  suspect  that  this  perturbation  is  located  high  in  the 
boundary  layer.  We  based  the  estimates  in  Table  IV 
on  the  stronger  region  of  CF,  located  around  x  =  1800. 
This  component  traveled  more  slowly  (57%  of  the  edge 
velocity),  but  it  retained  more  amplitude,  as  well  as  two 
crests.  For  these  reasons,  it  was  deemed  more  signifi¬ 
cant. 

A  detailed  wave-packet  comparison  between  the  DNS 
and  linear  theory  would  require  the  tracking  of  a  large 
number  of  linear  modes,  similar  to  the  work  of  Caster 
[14].  However,  a  small  number  of  OS  calculations  can 
give  an  estimate  of  the  ability  of  the  linear  theory  to 
predict  characteristics  of  the  energy  propagation.  Using 
the  dominant  frequencies  and  spanwise  wave  numbers 
identified  in  the  DNS,  OS  group  velocities  were  calcu¬ 
lated.  The  group  velocity  is  given  by  the  components 
=  duijdar,  Cez  =  duildPr-  For  the  TS  packet  the  OS 


results  show  a  moderate  change  in  |ce|,  approximately 
14%  over  the  region  1000  <  x  <  1600.  By  contrast, 
the  traveling  CF  mode  has  a  velocity  of  |ce|  =  0.94  at 
X  =  1000,  which  drops  to  |ce|  =  0.58  at  a;  =  1800.  The 
CF  packet  propagates  ahead  of  the  TS  packet  upstream 
of  X  =  1600;  but  downstream  of  x  =  1600,  the  TS 
packet  has  a  higher  group  velocity.  The  OS  velocities 
given  in  the  table  are  averaged  over  the  propagation 
distance.  The  comparisons  with  the  DNS  show  good 
agreement  for  TS  waves.  The  agreement  is  not  as  good 
for  the  CF  vortices;  this  could  be  attributed  to  errors 
near  x  =  1800,  similar  to  those  observed  in  pure  CF 
comparisons. 

7.  DISCUSSION 

We  have  generated  by  Direct  Numerical  Simulation  a 
basic  flow  and  a  range  of  perturbations  that  exercise 
both  the  Cross-Flow  and  Tollmien-Schlichting  instabil¬ 
ity  mechanisms,  in  the  linear  regime,  and  are  much 
more  general  than  the  perturbations  encompassed  by 
the  Orr-Sommerfeld  equation.  We  consider  these  per¬ 
turbations  as  “realistic”,  although  distributed  random 
numbers  would  also  be  of  interest  [7,  8]  and  were  not 
used  here.  We  provided  Orr-Sommerfeld  results  for  sev¬ 
eral  cases.  Some  cases  should  be  within  easy  reach  of 
the  Parabolized  Stability  Equations,  which  we  did  not 
use  here  but  has  agreed  very  well  with  earlier  DNS  re¬ 
sults,  in  terms  of  capturing  non-parallel  effects  [10,  11]. 
Other  cases  are  not  accessible  to  inexpensive  PSE  calcu¬ 
lations,  of  the  kind  that  would  be  needed  in  a  transition- 
prediction  method.  Therefore,  we  feel  that  these  cases 
can  test  some  of  the  ancillary  components  needed  in  a 
PSE-based  prediction  code.  We  also  noted  that  future 
amplitude-based  transition-prediction  methods  should 
find  useful  material  in  the  present  results. 

The  turning  of  the  basic  flow  and  the  amplification  of 
the  perturbations  occur  over  a  rather  short  distance, 
compared  with  the  boundary-layer  thickness.  This 
helped  contain  the  cost  of  the  simulations.  On  the  other 
hand,  the  “non-parallel  effects”  are  sizable,  and  in  fu¬ 
ture  work  we  may  strive  for  a  larger  Reynolds  number 
R  and  a  longer  region  with  weak  adverse  pressure  gra¬ 
dient.  However,  much  of  the  food  for  thought  pertains 
to  wave-vectors,  which  are  much  less  affected  by  non¬ 
parallel  effects  than  are  growth  rates.  We  may  hope 
that  the  localized  theories  will  fare  better  in  a  flow 
with  larger  streamwise  extent  and  therefore  weaker  non¬ 
parallel  effects.  However,  the  attachment-line  Reynolds 
number  R  is  250,  and  the  streamwise  Reynolds  num¬ 
ber  Rx  is  between  0.5  10®  and  10®,  depending  on  the 
exact  definition.  These  values  are  lower  than  in  air¬ 
liner  applications,  but  not  by  an  order  of  magnitude. 
Since  non-parallel  effects  roughly  scale  with  R~^^~,  it 
appears  that  they  are  not  grossly  exaggerated  in  the 
present  flow,  compared  with  likely  applications. 

For  a  range  of  excitation  types  and  frequencies,  CF- 
and  TS-type  perturbations  were  observed  concurrently. 
They  were  always  easy  to  distinguish  based  on  wave- 
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vector  magnitude  and  direction.  We  found  no  evi¬ 
dence  of  “energy  transfer”  between  them  (naturally,  this 
would  not  apply  in  the  non-linear  regime)  nor  did  we  ob¬ 
serve  any  significant  “conversion”  form  one  mode  type 
to  another.  Therefore,  our  experience  strongly  supports 
the  use  of  separate  N  factors.  Our  visualization  ap- 
proach  (which  is  quite  similar  to  those  used  in  exper¬ 
iments)  produces  interference  effects,  which  we  believe 
could  be  mistaken  for  energy  transfers,  or  for  the  emer¬ 
gence  of  an  unexpected  class  of  waves  (|5.2).  Visualiza¬ 
tion  always  invites  caution.  Results  obtained  elsewhere 
for  a  simple  class  of  non-linear  breakdowns  also  oppose 
the  idea  of  an  interaction  between  the  two  perturbation 
types  in  the  linear  or  even  the  early  non-linear  regimes 
[13].  The  wave-vector  direction  is  extensively  used  for 
the  CF/TS  distinction  in  prediction  codes,  and  there 
is  a  concern  about  possible  hybrid  instability  modes  (in 
terms  of  wave- vector)  which  could  confuse  the  codes.  In 
further  work,  we  intend  to  seek  regions  of  the  parameter 
space  (including  different  pressure  gradients)  in  which 
such  modes  may  play  a  role.  It  is  of  interest  that  they 
have  not  shown  up  here,  even  with  the  rich  spatial  and 
temporal  spectra  associated  with  wave  packets. 

Comparisons  between  the  DNS  and  the  OS  equation 
(with  Pi  —  0,  dPr/dx  =  0)  indicate  general  agreement. 
Non-parallel  effects  are  destabilizing  and  are  qualita¬ 
tively  predictable  based  on  earlier  studies  using  the 
PSE.  These  effects  are  greatest  for  CF  disturbances,  es¬ 
pecially  in  regions  of  decay.  The  dominant  spanwise 
wave  number,  based  on  an  integral  of  the  OS  growth 
rates,  was  in  reasonable  agreement  with  the  observed 
DNS  value.  For  a  given  frequency  and  spanwise  wave 
number,  the  OS  and  DNS  wave  angles  were  very  close. 
Group  velocity  calculations  were  also  in  good  agree¬ 
ment  with  observed  energy  propagation  for  wave  pack¬ 
ets.  The  direction  of  the  edge  velocity  of  the  bound¬ 
ary  layer  seems  to  provide  a  very  good  estimate  of  the 
propagation  direction.  This  result  could  be  important 
for  flows  without  “infinite  sweep” ,  since  the  propagation 
direction  then  influences  the  final  growth  level. 

When  designing  this  study,  we  had  hopes  of  ob¬ 
taining  firm  indications  of  the  most  relevant  wave- 
vectors.  This  would  have  represented  a  selective  test 
for  the  more  efficient  “integration  strategies”  used  in 
transition-prediction  codes;  these  strategies  typically 
track  a  single  “mode”  which  characterizes  the  evolu¬ 
tion  of  a  packet.  Unfortunately,  the  perturbations  that 
were  broad-banded  initially  remained  so  for  the  extent 
of  the  simulation,  so  that  narrow  wave- vector  estimates 
were  not  obtained.  We  resorted  to  estimates  taken  from 
the  region  of  highest  amplitude,  but  their  “error  bars” 
are  significant,  so  that  their  importance  should  not  be 
over-stated.  On  the  other  hand,  the  DNS  results  do 
offer  a  rich  test  case  for  the  different  theoretical  char¬ 
acterizations  of  the  wave  packet.  We  conclude  that  the 
relationship  between  pure-wave  calculations  and  “real 
life”  is  a  complex  matter  that  will  not  be  clarified  by  a 
small  set  of  simulations,  in  spite  of  our  efforts  to  gener¬ 
ate  “realistic”  perturbations  in  a  “realistic”  basic  flow. 
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1.  Summary 

Subcritical  instability  in  the  two-dimensional  in¬ 
compressible  attachment-line  boundary  layer  re¬ 
mains  a  topic  of  debate,  after  the  apparently 
contradictory  results  of  Hall  and  Malik  (1986) 
on  one  hand  and  Spalart  (1988)  and  Jimenez  et 
al.  (1990)  on  the  other.  Direct  Numerical  Simu¬ 
lation  (DNS)  results  are  presented,  aiming  at  ad¬ 
dressing  this  question.  Extensive  numerical  ex¬ 
perimentation  has  been  performed  and  all  re¬ 
sults  obtained  suggest  that  the  two-dimensional 
model  equations  describing  leading  edge  bound¬ 
ary  layer  (LEBL)  flow  do  not  support  solutions 
growing  subcritically  in  Reynolds  number,  al¬ 
though  the  nonlinear  neutral  loop  is  seen  to  bi¬ 
furcate  from  its  linear  counterpart  in  a  man¬ 
ner  consistent  with  the  predictions  of  the  the¬ 
ory  of  Hall  and  Malik  (1986).  Nonlinear  neutral 
loops  have  been  obtained  suggesting  that  the 
two-dimensional  model  LEBL  flow  is  similar  to 
the  classical  Blasius  boundary  layer  in  terms  of 
the  location,  in  parameter  space,  of  the  experi¬ 
mentally  observed  naturally  occuring  instability 
waves. 

2.  Introduction 

The  work  of  Hall  et  al.  (1984)  established  that 
the  eigenvalue  problem  (EVP)  resulting  from  lin¬ 
ear  analysis  of  the  generalised  Hiemenz  (1911) 
flow  (Rosenhead,  1963)  adequately  predicts  the 
behaviour  of  small-amplitude  disturbances  ob¬ 
served  experimentally  by  Pfenninger  and  Bacon 
(1969)  and  Poll  (1979).  However,  LEBL  flow  may 
become  turbulent  at  Reynolds  numbers  well  be¬ 
low  the  linear  critical  value,  R  ^  583,  as  ob¬ 
served,  f.e.,  in  the  systematic  experimental  stud¬ 
ies  of  Poll  (1979,  1985)  and  three-dimensional 
DNS  of  Spalart  (1988). 

Receptivity  being  at  its  early  stages  of  devel¬ 
opment  (Morkovin  and  Reshotko  1989)  deter¬ 
ministic  analytical  models  that  may  yield  pre¬ 


dictions  for  finite-amplitude  disturbances  pivot 
about  the  Stuart-Watson  weakly  nonlinear  anal¬ 
ysis  (Stuart.  1960;  Watson,  1960).  Hall  and  Ma¬ 
lik  (1986)  were  the  first  to  apply  weakly  nonlin¬ 
ear  analysis  and  DNS  to  the  LEBL  flow.  Their 
theory  predicted  that  this  flow  may  be  poten¬ 
tially  destabilised  by  finite-  amplitude  distur¬ 
bances  and  DNS  results  obtained  by  Hail  and 
Malik,  on  a  two-dimensional  model,  indeed  yield¬ 
ed  a  value  of  critical  R  ~  535. 

Spalart  (1988),  however,  presented  DNS  results 
of  instability  and  transition  to  turbulence  with¬ 
out  observing,  in  a  number  of  three-dimensional 
runs  performed,  the  subcritical  behaviour  pre¬ 
dicted  by  the  Hall  and  Malik  computations.  Spa- 
lart(1989)  used  no  a-priori  assumptions  on  the 
form  of  the  perturbations,  in  contrast  with  all 
other  work  to-date,  both  theoretical  and  numeri¬ 
cal,  which  invariably  uses  the  Gortler-Hammerlin 
(GH)  form  (Gortler,  1955:  Hammerlin,  1955). 
The  simulations  of  Spalart,  however,  provided 
evidence  that  use  of  this  form  is  permissible. 

Jimenez  et  al.  (1990)  attempted  to  resolve  the 
issue  by  considering,  numerically,  the  two-  di¬ 
mensional  limit  of  LEBL  flow,  since  it  is  on  this 
model  that  the  Hall  and  Malik  theory  yields  the 
prediction  of  (nonlinear)  subcritical  behaviour 
in  both  wave-  and  Reynolds  number.  Jimenez 
et  al.  took  the  (generalised  Hiemenz)  stagna¬ 
tion  point  flow  subject  to  the  GH  assumption 
as  a  model  for  their  base  flow  and,  performing 
extensive  experimentation,  concluded  that  the 
two-  dimensional  flow  does  not  support  subcrit¬ 
ical  solutions;  they  suggested  that  the  formally 
excluded  (in  view  of  the  GH  assumption)  three- 
dimensional  mechanisms  may  be  responsible  for 
the  observed  discrepancy  between  linear  theory 
and  experiment. 

Theofilis  (1988,  1993)  formulated  the  two-  di¬ 
mensional  LEBL  flow  as  an  initial- value-problem 
(IVP)  and  linearised  about  the  generalised  Hie- 
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nienz  profile  using  the  GH  assumption.  He  ol> 
tained  results  of  the  IVP  that  were  in  line  with 
the  EVP  predictions  of  Hall  et  al.  (1984).  The 
model  problem  considered  by  Theofilis  (1988) 
was  shown,  in  the  two-dimensional  limit  con¬ 
sidered,  to  respond  to  blowing/suction  of  the 
boundary  layer  in  the  manner  predicted  by  the 
EVP  in  Hall  et  al.  (1984)  and  the  three-dimensio¬ 
nal  DNS  of  Spalart  (1988). 

In  the  present  paper  we  relax  the  condition  of 
smallness  imposed  on  the  perturbations  and  solve 
the  resulting  nonlinear  problem.  The  points  on 
which  the  numerical  procedures  utilised  herein 
differ  to  those  presented  in  Theofilis  (1993)  are 
briefly  discussed  in  §3,  where  an  alternative  nu¬ 
merical  method  is  presented  for  the  solution  of 
the  EVP.  In  §4  results  on  the  EVP  aiid  both  the 
linear  and  nonlinear  IVP  are  presented.  The  sig¬ 
nificance  of  our  nonlinear  results  with  respect  to 
the  apparent  disagreement  between  earlier  two- 
dimensional  stability  results  is  highlighted.  Con¬ 
cluding  remarks  are  offered  in  §5. 

3.  Numerical  Methods 

The  governing  equations  solved  are  those  pre¬ 
sented  in  Theofilis  (1993)  with  the  additional 
inclusion  of  the  nonlinear  terms,  also  presented 
therein.  The  temporal  model  is  adopted  through¬ 
out  (Kleiser,  1993);  a  Fourier  expansion  is  as¬ 
sumed  in  the  homogeneous  spanwise  direction, 
treated  as  periodic,  and  second-order  finite-diffe¬ 
rences  on  a  stretched  grid  are  used  in  the  normal. 
The  implementation  of  stretching  in  the  normal 
direction,  as  opposed  to  the  uniform  grid  used 
in  Theofilis  (1993),  was  decided  on  grounds  of 
efficiency  but  also  in  view  of  the  fact  that  a 
uniform  grid  might  only  be  relevant  in  calcu¬ 
lating  the  late  nonlinear  stages,  which  have  not 
been  addressed  presently.  Time-marching  is  per¬ 
formed  by  an  implicit  Crank-Nicolson  scheme  in 
view  of  (a)  its  stability  properties  and  (b)  the 
relatively  short  integration  times  in  the  present 
study.  Further  technical  details  may  be  found  in 
Duck  (1985)  and  Theofilis  (1993). 

The  forcing  of  the  simulations  is  provided  by 
choosing  the  wall  normal  perturbation  velocity 
in  spectral  space  to  be  a  smootlhy  varying  func¬ 
tion  of  space  and  time.  We  have  focussed  on  two 
forms  of  forcing,  one  jet-like,  and  one  simulating 
ribbon  excitation.  The  forms  of  these  functions 
are  given  explicitly  in  Theofilis  (1993).  The  for¬ 
mer  is  a  short-lived  function  of  space  and  time 
while  the  latter  is  a  function  with  a  paramet¬ 


ric  dependence  on  the  frccpiency  of  the  maxi¬ 
mally  amplifif'd  linear  mode.  It  should  be  men¬ 
tioned  here  that  the  terms  jet  and,  especially, 
nbhon  are  used  to  provide  only  qualitative  de¬ 
scription.  Comparison  of  simulation  results  with 
experiments  whose  excitation  is  provided  by,  say, 
a  vibrating  ribbon,  require  the  former  to  adopt 
the  spatial  model  and  three-dimensional  calcu¬ 
lations.  Neither  of  the  two  falls  into  the  scope  of 
the  present  study. 

Information  on  the  EVP  is  desired  for  the  non¬ 
linear  computations.  It  was  thought  appropriate 
to  obtain  this  information  by  a  numerical  ap¬ 
proach  independent  of  that  utilised  for  the  simu¬ 
lations.  The  EVP  system,  of  the  Orr-Sommerfeld 
class,  but  not  the  Orr-Sommerfel  equation  (Poll. 
1978;  Arnal,  1992;  Theofilis,  1994)  is  thus  solved 
using  spectral  collocation  based  on  Chebyshev 
polynomials.  Of  the  results  obtained  the  growth 
rate  has  been  utilised  to  perform  comparisons 
with  those  yielded  by  the  IVP  approach  and  the 
frequencies  in  order  to  force  some  of  the  nonlin¬ 
ear  calculations  described  in  the  sequel. 

4.  Results 

Results  obtained  may  be  classified  as  follows. 
Firstly,  as  mentioned,  EVP  results.  Subsequently, 
linear  IVP  results  which,  when  compared  to  the 
EVP  results,  provide  validation  of  the  IVP  nu¬ 
merical  approach.  Finally,  nonlinear  results;  the 
latter  have  been  obtained  under  the  two  dis¬ 
tinct  forms  of  the  forcing  function  discussed  ear¬ 
lier.  The  amplitude  of  the  forcing  function  was 
utilised  as  a  parameter  to  control  the  size  of  the 
disturbances  initially  introduced  into  the  numer¬ 
ical  -solution. 

4.1.  The  Eigenproblem  Revisited 

Spectral  collocation  was  selected  to  solve  the 
eigenvalue  problem  in  view  of  the  favourable  ac¬ 
curacy  properties  of  spectral  methods  for  smooth 
functions  (Canute  et  al.  1993).  Within  the  con¬ 
text  of  collocation  calculations  Chebyshev  poly¬ 
nomials  were  preferred  to  other  spectral  basis 
functions,  based  on  arguments  related  to  the 
minimax  property  of  Clyebyshev  polynomials  u- 
sed  in  conjunction  with  the  standard  Gauss  and 
Gauss-Lobatto  grids  (Boyd,  1989).  The  grid  re¬ 
finement  history  at  the  neutral  conditions  (zero 
suction)  R  =  800,/?  =  .3384638  quoted  by  Hall 
et  al.  (1984)  is  presented  in  Table  I. 

Utilising  N  =  160  points,  compact  finite-differ¬ 
ences,  and  asymptotic  boundary  conditions,  Hall 
et  al.  (1984)  predict  that  the  neutral  mode  at 
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these  conditions  has  a  frequency  cy  =  0.3755134. 


N 

Cr 

Ci 

16 

0.38819.56 

-.0010554 

32 

0.37,54382 

-.0000697 

64 

0.37,55143 

-.0000007 

TABLE  I 

Grid  refinement  history  in  our  spectral 

collocation  numerical  solution  of  the 

EVP  at  R  =  800,  P  =  .3384638. 

It  may  be  seen  from  the  results  of  Table  I  that 
N  =  64  collocation  nodes  suffice  in  order  to  pro¬ 
duce  converged  EVP  results.  The  smaller  num¬ 
ber  of  nodes  utilised  compared  to  compact  finite- 
differences  results  in  substantial  savings  when 
using  the  QZ  algorithm  (Wilkinson,  1965;  NAG, 
1992)  to  solve  the  eigenproblem. 

Moreover,  our  results  are  obtained  on  a  large 
(one-dimensional)  integration  domain,  at  both 
endpoints  of  which  we  impose  the  boundary  con¬ 
dition  of  vanishing  perturbations.  This  condition 
is  more  general  than  the  prespecified  exponen¬ 
tial  decay  prescribed  by  Hall  et  al.  (1994);  the 
identical  results  obtained,  however,  justify  use  of 
the  asymptotic  behaviour  of  the  perturbations 
assumed  by  Hall  et  al.  (1994). 

4.2.  An  IVP  Formulation:  Linear 

In  the  IVP  formulation  of  the  stability  problem 
we  assume  the  decomposition  of  all  flow  quan¬ 
tities  into  base  and  perturbed  flow.  In  the  lin¬ 
ear  regime  we  expect  the  perturbations  to  be 
small  compared  to  the  0(1)  base  flow  and  set 
quadratic  in  perturbations  terms  to  be  identi¬ 
cally  equal  to  zero.  We  subsequently  march  the 
solution  in  time  and  monitor  the  behaviour  of 
the  perturbed  flow. 

We  utilise  the  jet-like  excitation  and  obtain  re¬ 
sults  typical  examples  of  which  are  presented  in 
figures  1  and  2  where  the  time  dependence  of 
the  wall  shear  component  in  the  streamwise  di¬ 
rection  Uy  of  an  (almost)  neutral  and  a  decaying 
mode  is  plotted.  After  some  transient,  Tollmien- 
Schlichting  (TS)  waves  emerge,  whose  growth  or 
decay  in  time  depends  upon  the  combination  of 
the  Reynolds  number  and  wavenumber  parame¬ 
ter  values. 


The  growth  rate  of  an  individual  TS  mode  may 
be  monitored  in  either  real  or  transform  space; 
the  simulation  is  terminated  when  convergence 
of  the  growth  rate  has  been  achieved.  The  growth 
rate  dependence  on  time  for  the  results  of  fig- 
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Fig.  1.  An  almost  neutral  linear  TS  mode  at  R  =  700, 
spanwise  wavenumber  P  =  0.35.  Upper:  wall  shear  u,j 
against  time  t.  Lower:  growth  rate  u;;  against  time  t. 

ures  1  and  2  is  also  presented.  The  frequency 
of  a  TS  mode  is  another  result  that  may  be  di¬ 
rectly  calculated  from  the  numerically  obtained 
IVP  linear  results.  Both  fi'equency  and  growth 
rate  linear  results  have  been  compared  against 
the  results  of  Hall  et  al.  (1984)  and  those  ob¬ 
tained  by  our  collocation  EVP  approach  with 
very  good  agreement  resulting. 

4.3.  An  IVP  Formulation:  Nonlinear 

The  smallness  condition  of  the  perturbed  flow 
quantities  is  next  relaxed  and  the  resulting  non¬ 
linear  system  is  solved  numerically.  We  concen¬ 
trate  on  the  zero  suction  case  and  define  our 
integration  box  according  to  the  following  crite¬ 
ria.  In  the  wall-normal  we  truncate  the  domain 
at  a  distance  large  enough  for  imposition  of  the 
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Fig.  2.  A  decaying  linear  TS  mode  aX  R  —  700,  spanwise 
wavenumber  p  =  0.37.5.  Upper:  wall  shear  Uy  against  time 
t.  Lower:  growth  rate  uji  against  time  t. 

boundary  condition  of  zero  perturbations  to  be 
applicable.  The  reason  for  this  choice  is,  again, 
our  unwillingness  to  introduce  an  a-priori  free- 
stream  rate  of  decay  on  the  perturbations.  A 
large  number  of  nodes,  typically  of  0(200)  are 
taken  in  this  direction  in  view  of  the  extent  of  the 
domain  and  the  low  accuracy  of  the  numerical 
method  in  this  direction.  In  the  spanwise  direc¬ 
tion  a  modest-to-large  number  of  Fourier  nodes, 
typically  0(100),  may  be  devoted  to  either  fine 
resolution  of  the  fundamental  or  capturing  of  a 
number  of  subharmonics.  In  this  study  we  have 
chosen  the  first  course  of  action,  concentrating 
on  the  domain  suggested  by  the  linear  response. 

Similarly  to  the  linear  IVP  results,  instability 
waves  develop  in  the  flow  after  some  transient; 
a  typical  example  is  shown  in  figure  3.  Values  of 
the  growth  rate,  uj\,  are  calculated  either  through 


using  the  time  signal  uf  a  spectral  space  flow 
quantity  (harmonic  of  the  respective  physical 
space  quantity)  or,  equivalently,  through  moni¬ 
toring  a  measure  of  the  perturbation  energy 

E{j3,  t)  =  [  +  w~}dy  (2) 

7o 

u,  V  and  w  indicating,  respectively,  perturba¬ 
tion  velocity  components  in  the  streamwise,  nor¬ 
mal  and  spanwise  directions,  and  calculating  the 
slope  of  the  function 

In  sjm  (3) 

at  a  given  wavenumber  /3  value.  The  two  def¬ 
initions  yield  identical  results. 


Fig.  3.  Wave  emerging  at  R  =  550,  /3  =  0.3.  Left:  5Ff{u,j} 
against  time.  Right:  against  time. 

The  quantity  defined  in  (2)  is,  additionally,  sig¬ 
nificant  in  that  it  measures  the  strength  of  an 
individual  Fourier  component  and,  as  such,  may 
be  monitored  in  relation  to  resolution  require¬ 
ments  of  the  simulation  (Reed,  1993).  Such  a 
study  has  been  performed  in  the  course  of  the 
runs  presented  and  a  typical  result  is  plotted  in 
figure  4.  Worth  noticing  here  are,  firstly,  that 
the  typical  of  spectral  simulations  linear  depen¬ 
dence  of  the  logarithm  of  energy  on  the  num¬ 
ber  of  nodes  utilised  is  clearly  exhibited.  Sec¬ 
ondly,  it  has  been  demonstrated  (f.e.  Zang  et 
ai,  1989)  that  a  minimum  requirement  for  reli¬ 
ability  of  results  obtained  in  transition  simula¬ 
tion  is  the  separation  of  the  energy  of  the  most- 
from  the  least-energetic  (Fourier)  modes  by  at 
least  eight  orders  of  magnitude;  more  than  ten 
orders  of  magnitude  separation  is  demonstrated 
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in  figure  4.  Moreover,  the  typical  tail  in  t,he  en- 
ergy  spectrum  whicfi  denotes  imminent  los.s  of 
accuracy  due  ter  accumulation  of  energy  in  high- 
vvavenumbers  is  absent  from  our  calculations. 
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Fig.  4.  Spanwise  resolution  quality  test. 


some  initial  tr.insient,  indicating  the  onset  ot 
How  behaviotir  (iescribed  by  linear  theory.  The 
sign  of  the  slope  of  an  individual  straight  line 
determines  growth  or  decay  of  the  respective  in- 
si-ability  wave.  Interpolation  of  the  results  at  dif¬ 
ferent  wavenumbers  determines  the  location  in 
parameter  space  of  the  branches  of  the  neutral 
loop.  Repeating  similar  calculations  at  different 
Reynolds  number  values  one  obtains  a  complete 
(nonlinear)  neutral  loop. 


The  issue  of  the  link  between  resolution  and  de¬ 
aliasing  has  also  been  considered  in  the  present 
nonlinear  calculations.  It  was  found  to  be  irrel¬ 
evant  to  actually  invoke  the  dealiasing  option  in 
conjunction  with  the  high  resolutions  utilised, 
although  it  was  necessary  to  de-aliase  our  calcu¬ 
lations  during  runs  on  more  modest  grids.  This 
result  appears  to  be  in  line  with  the  emerging 
consensus  that  de-aliasing  may  be  relevant  for 
marginally  resolved  simulations  (Spalart  et  al. 
1991;  Canute  et  al.  1993).  For  the  two-dimen¬ 
sional  results  presented  herein,  however,  it  is 
straightforward  to  resolve  all  scales  at  the  early 
nonlinear  stages  considered. 

We  first  compare  our  nonlinear  IVP  calculations 
against  those  yielded  by  the  linear  IVP  approach. 
In  figures  5  and  6  we  present  such  a  typical 
comparison  between  linear  and  nonlinear  IVP 
results,  the  latter  obtained  under  linear  condi¬ 
tions,  at  a  given  set  of  parameters.  Though  un¬ 
dergoing  different  transient  behaviour,  the  two 
sets  of  calculations  yield,  at  convergence,  identi¬ 
cal  frequency  and  growth  rate  results. 

We  next  turn  to  nonlinear  calculations  and  pre¬ 
sent  in  figure  7  a  typical  dependence  of  the  per¬ 
turbation  energy  function  defined  in  (3)  on  the 
spanwise  wavenumber  and  time  at  a  given  Rey¬ 
nolds  number.  This  function  becomes  a  linear 
function  of  time  at  a  given  wavenumber  after 


Fig.  5.  Frequency  in(a)  cind  growth  rate  in(b)  against 
time  at  =  590,  spanwise  wavenumber  /3  =  0.3  predicted 
by  linear  and  nonlinear  numerical  solution. 


Fig.  6.  Lineatr  and  nonlinear  growth  rate  vs.  wavenumber 
at  .R  =  590. 

In  order  to  address  the  issue  of  existence  of  two- 
dimensional  nonlinear  subcritical  solutions  we 
first  obtain  nonlinear  solutions  under  linear  con¬ 
ditions,  namely  small  amplitude  of  the  initially 
superimposed  disturbance.  Utilising  the  jet-like 
excitation  we  have  scanned  the  Reynolds  num¬ 
ber  parameter  range  in  the  neighbourhood  of  the 
neutral  loop  that  linear  theory  delivers;  all  our 
results  have  been  qualitatively  similar  to  those 
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presented  in  Hgnres  5  and  6,  namely  the  flow 
returns  to  its  linear  behaviour  after  the  initial 
transient. 


Fig.  7.  Perturbation  energy  as  function  of  time  at 
R  =  8(M,(3  e  [0.15,0.35]. 


Fig.  8.  Wall  shear  Uy  dependence  on  time  t  using  the 
ribbon-like  forcing  aX  R  =  550:  initially  a  neutral  wave  of 
the  imposed  frequency  is  generated;  after  the  forcing  is 
being  removed  a  decaying  wave  emerges. 


We  then  concentrate  on  a  single  Reynolds  num¬ 
ber  value  .R=550,  which  is  approximately  located 
in  the  middle  of  the  disputed  region  and,  keep¬ 
ing  all  other  parameters  the  same,  alter  the  form 
of  the  forcing.  We  consider  the  ribbon-like  exci¬ 
tation  which  we  apply  for  a  number  of  TS  cy¬ 
cles  before  abruptly  removing  it.  We  introduce 
periodic  suction  and  blowing  into  the  numeri¬ 
cal  solution  choosing  the  frequency  of  the  rib¬ 
bon  operation  to  be  that  of  the  most  unstable 
(decaying)  linear  mode  at  the  given  Reynolds 
number  value. ^  The  result  is  presented  in  figure 
8  from  which  two  conclusions  may  be  drawn. 
Firstly  it  may  be  seen  that  the  ribbon  sets  up 
a  (forced)  neutral  oscillation.  Secondly,  once  the 
forcing  is  removed,  the  flow  returns  to  its  lin¬ 
ear  behaviour,  namely  (strongly)  decaying  oscil¬ 
lation.  Incidentally  it  is  worth  noting  that,  al¬ 
though  a  sharp  peak  follows  the  removal  of  the 
forcing  at  t  =  750,  there  is  no  lasting  effect  on 
the  simulation  stemming  from  this  singular  al¬ 
teration  in  boimdary  conditions. 

Keeping  the  same  Reynolds  number  value  and 
reverting  to  the  jet-like  excitation  we  progres- 
sivley  increase  the  amplitude  of  the  initially  im¬ 
posed  perturbation.  The  effect  of  this  action,  as 
may  be  seen  from  the  result  presented  in  fig¬ 
ure  9,  is  that  a  longer  transient  ensues  in  the 
nonlinear  solution.  In  the  course  of  this  tran¬ 
sient  behaviour  solutions  corresponding  to  large 
initial  excitation  amplitudes  spend  time  grow- 

*  This  frequency  was  independently  obtadned  fron 
the  EVP  problem  discussed  in  §3.1 


ing  while  their  linear  counterparts  (the  solutions 
which  correspond  to  the  lowest  initial  excitation 
amplitude)  have  long  converged  to  their  decay¬ 
ing  state.  However,  this  behaviour  of  the  former 
solutions  is  only  transient;  eventually  all  calcu¬ 
lations  are  seen  to  fall  back  to  the  linear  result. 


Fig.  9.  Growth  rates  time  history  for  increasing  ini¬ 
tial  excitation  amplitudes  e;  Solid,  e  =  1  (linear  result); 
dashed,  £  =  5;  dash-dotted,  £  =  10;  dotted,  £  =  15. 

In  the  neighbourhood  of  the  linear  neutral  loop, 
however,  nonlinear  solutions  have  been  obtained 
that  bifurcate  (to  different  degrees)  from  the 
linear  loop.  A  typical  example  is  presented  in 
figure  10  where  the  modal  perturbation  energy 
and  respective  growth  rates  of  linear  and  nonlin- 
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ear  computations  are  plotted  against  time  at 
spanwise  wavenumber  increments  of  A/3  =  0.01. 
This  result  is  obtained  at  conditions  favouring 
linear  growth  {R  =  800.  in  the  neighbourhood 
of  Branch  I)  utilising  the  jet-like  form  of  forcing 
and  a  large  initial  excitation  amplitude. 


Fig.  10.  Nonlinear  (solid)  vs.  linear  (dashed)  results 
at  R  =  800.  Lower  to  higher:  spanwise  wavenumber 
,3  =  0.15(.01)0.19. 

The  growth  rate  dependence  on  wavenumber  for 
both  linear  and  nonlinear  calculations  is  pre¬ 
sented  in  figure  11;  projected  in  figure  11  are  also 
the  (linearly  interpolated)  linear  and  nonlinear 
neutral  loops,  as  well  as  the  line  of  maximum 
amplification  rate  of  the  nonlinear  calculation. 
Three  results  of  significance  may  be  observed  in 
this  figure. 

Firstly,  as  may  already  be  inferred  from  the  re¬ 
sults  of  figure  10,  the  nonlinear  neutral  loop  is 
confined  in  a  thin  region  around  the  linear  loop. 
This  result  is  similar  to  that  obtained  by  Jimenez 
et  al.  (1990)  and  appears  to  support  the  theo¬ 
retical  prediction  of  Hall  and  Malik  (1986). 

Secondly,  the  consequence  of  the  departure  of 
the  nonlinear  neutral  loop  from  the  linear  re¬ 
sult  is  that  the  maximum  amplification  rate  of 
the  nonlinear  neutral  curve  lies  very  close  to  the 
experimentally  observed  waves  (c.f.  Pfenninger 
and  Bacon,  1969;  Poll,  1979).  To-date  it  has  been 
assumed  that  the  experimentally  observed  natu¬ 
rally  occurring  waves  are  Branch  I  instabilities. 
It  is  well  known,  however,  that  naturally  occur¬ 
ring  disturbances  in  Blasius  flow  peak  near  the 
theoretical  maximum  amplification  and  maxi¬ 
mum  amplitude  ratio  curves  (see  f.e.  Poll,  1989), 
The  present  results  appear  to  yield  such  a  be¬ 
haviour  for  the  LEBL  flow  as  well. 


Finally,  one  may  notice  that  the  dependence  of 
the  maximum  amplihcation  rate  on  Reynolds 
number  is  very  similar  between  the  linear  and 
nonlinear  results.  One  may  infer  from  the  results 
presented  in  figure  11  that,  in  contrast  with  the 
numerical  predictions  of  Hall  and  Malik  (1986) 
and  in  line  with  a  similar  result  of  Jimenez  et  al. 
(1990),  our  nonlinear  calculations  on  the  present 
two-dimensional  model  yield  a  critical  Reynolds 
number  value  close  to  that  delivered  by  linear 
theory. 


X  10  ’ 


Fig.  11.  Linear  vs  Nonlinear  neutral  loofjs;  projected 
the  line  of  maxinnun  amplification  rate. 


5.  Discussion 

An  effort  has  been  made  to  address  the  issue 
of  subcritical  behaviour  in  incompressible  two- 
dimensional  attachment  line  flow.  The  initial- 
value-problem  approach  for  the  linear  stability 
problem  of  Theofilis  (1993)  has  been  extended  to 
allow  for  more  general  forms  of  perturbations,  in 
an  attempt  to  systematically  relax  the  approxi¬ 
mations  under  which  the  stability  of  incompress¬ 
ible  leading  edge  boundary  layer  flow  is  studied. 

In  line  with  the  numerical  work  of  Jimenez  et 
al.  (1990)  and  contrary  to  the  numerical  conclu¬ 
sions  put  forward  by  Hall  and  Malik  (1986),  we 
failed  to  observe  nonlinear  solutions  bifurcating 
subcritically  in  Reynolds  number.  The  argument 
put  forward  by  Spalart  (1988)  on  the  inability  to 
draw  conclusions  on  analytical  models  by  a  lim¬ 
ited  number  of  numerical  runs  still  holds.  How¬ 
ever,  the  extent  of  the  numerical  experimenta¬ 
tion  performed  on  the  two-dimensional  model 
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considered  presently  appears  to  support  the  con¬ 
clusion  of  Jimenez  et  al.  ( 1990)  that  three-dimen¬ 
sional  mechanisms  arc  to  be  held  responsible  for 
the  experimentally  observed  subcriticality. 

The  present  nonlinear  calculations  have  yielded 
neutral  loops  the  location  of  which,  in  parameter 
space,  suggests  that  the  experimentally  observed 
instability  waves  occur  at  (approximately)  max¬ 
imally  amplified,  rather  than  Branch  I  condi¬ 
tions.  While  work  is  in  progress  to  quantify  this 
conjecture,  this  result  suggests  that  the  attach¬ 
ment  line  boundary  layer  is,  in  this  respect,  akin 
to  the  classical  Blasius  flow. 

References 

1.  Arnal,  D.,  (1992).  Boundary  Layer  Transition:  Pre¬ 
diction,  Application  to  Drag  Reduction.  AGARD 
Rep.  786,  p.5-1. 

2.  Boyd,  J.  P.,  (1989).  Chebyshev  and  Fourier  Spectral 
Methods.  Lecture  Notes  in  Engineering  49,  Springer. 

.3.  Canuto,  C.,  Hussaini,  M.  Y,,  Quarteroni,  A.  and 
Zang,  T.  A.,  (1987).  Spectral  Methods  in  Fluid  Dy¬ 
namics,  Springer  Verlag,  Berlin. 

4.  Duck,  P.  W.,  {1985).  J.  Fluid  Mech.  160,  p.465. 

5.  Gortler,  H.,  (1955).  Dreidimensionale  Instabilitat  der 
ebenen  Staupunktstrdmung  gegeniiber  wirbelartigen 
Storungen.  in  50  Jahre  Grenzschichtforschung,  (H. 
Gortler  &:  W.  Tollmien  eds.),  p.304,  Vieweg  und 
Sohn,  Braunschweig. 

6.  Hammerlin  G.,  (1955),  Zur  instabilitatstheori.; 

der  ebenen  Staupunktstrdmung,  in  50  Jahre  Gren¬ 
zschichtforschung,  (H.  Gortler  &  W.  Tollmien  eds.), 
p.315,  Vieweg  und  Sohn,  Braunschweig, 

!.  Hall,  P.  and  Malik,  M.  R.,  (1986).  On  the  instabil¬ 
ity  of  a  three-dimensional  attachment-line  boundary 
layer:  weakly  nonlinear  theory  and  a  numerical  ap¬ 
proach.  J.  Fluid  Mech.  ,  163,  p.257. 

8.  Hall,  P.,  Malik,  M.  R.  and  Poll,  D.  I.  A.,  (1984).  On 
the  Stability  of  an  Infinite  Swept  Attachment-Line 
Boundary  Layer.  Proc.  Roy.  Soc.  A  395,  p.229, 

9.  Hiemenz,  K.,  (1911).  Dingl.  Polytechn.  J.  326,  p.321. 

10.  Jimenez,  J.,  Martel,  C.,  Agiii,  J.  C.  and  Zuliria,  J. 
A.,  (1990).  Direct  numerical  simulation  of  transition 
in  the  incompressible  leading  edge  boundary  layer. 
Techn.  Note  ETSIA  MF-903. 

11.  Kleiser,  L.,  (1993).  AGARD-FDP-VKI  LS-06: 

Progress  in  Transition  Modelling,  VKI,  Brussels,  Bel¬ 
gium,  March  29  -  April  1. 

12.  Morkovin,  M.  V.,  and  Reshotko,  E.,  (1989).  in 
I.U.T.A.M.  Symposium  on  Transition  and  Tur¬ 
bulence,  III,  Toulouse,  Springer  Verlag. 

13.  NAG,  (1992).  Numerical  Algorithms  Group,  Mark 

15. 

14.  Pfenninger,  W.,  and  Bacon,  J.  W.,  (1969).  Ampli¬ 
fied  laminar  boundary  layer  oscillations  and  transi¬ 
tion  at  the  front  of  a  45"^  swept  flat-nosed  wing  with 
and  without  boundary  layer  suction,  in  Viscous  Drag 
Reduction,  (G.  S.  Wells  ed.),  Plenum  Press,  p.85. 

15.  Poll,  D.  I.  A.,  (1978).  College  of  Aeronautics  Rep. 
7805. 

16.  Poll,  D,  1.  A.,  (1979).  Transition  in  the  infinite  swept 
attachment  line  boundary  layer.  The  Aeronautical 
Quart.  30,  p.607. 

17.  Poll,  D.  1.  A.,  (1985).  J.  Fluid  Mech.  150,  p.329. 


18.  Poll,  D.  1.  .A..  11989).  Ill  Computational  Methods  in 
.Aeronautical  Fluid  Dynamics,  (P.  Stow  ed.),  Oxford 
Lniversitv  Press,  p.l71. 

19.  Reed,  H.  L.,  (1993).  AGARD-FDP-VKI  LS-06; 

Progress  in  Transition  Modelling,  VKI,  Brus.sels,  Bel¬ 
gium,  March  29  -  April  1. 

20.  Rosenhead,  L.,  (1963).  Laminar  Boundary  Layers. 
Oxford  University  Press. 

21.  Spalart,  P.  R.,  (1988).  Direct  Numerical  Study  of 
Leading-Edge  Contamination.  AGARD  CP-438,  p.5- 
1. 

22.  Spalart,  P.  R.,  Moser,  R.  D.,  and  Rogers,  M.  M. 

(1991).  Spectral  methods  for  the  Navier-Stokes  equa¬ 
tions  with  one  infinite  and  two  periodic  directions.  J. 
Comp.  Phys.  96,  pp.  297-324. 

23.  Stuart,  J.  T..  (1960).  J.  Fluid  Mech.,  9,  p,352. 

24.  Theofilis,  V.,  (1988).  M.Sc.  Thesis,  Dept,  of  Math¬ 
ematics,  University  of  Manchester. 

25.  Theofilis,  V.,  (1993).  Numerical  Experiments  on 
the  Stability  of  Leading  Edge  Boundary  Layer  Flow: 
A  Two-Dimensional  Study.  Int.  J.  Numer.  Methods 
Fluids,  16,  p.l53. 

26.  Theofilis,  V.,  (1994).  The  Discrete  Temporal  Eigen¬ 
value  Spectrum  of  the  GeneraJized  Hiemenz  Bound¬ 
ary  Layer  Flow  as  Solution  of  the  Orr-Sommerfeld 
Equation.,  Journal  Eng.  Math.  ,  (to  appear  in  Vol. 

28). 

27.  Watson,  J.,  (1960).  J.  Fluid  Mech.,  9,  p.371. 

28.  Wilkinson,  J.  H,,  (1965).  The  Algebraic  Eigenvalue 
Problem.  Clarendon. 

29.  Zang,  T.  A.,  Krist,  S.  E.,  and  Hussaini,  M.  Y., 
(1989).  J.  Sci.  Comp.,  4,  vol.  2,  pp.  197-217. 


32-1 


SPATIAL  DIRECT  NUMERICAL  SIMULATION  OF  BOUNDARY  LAYER  TRANSITION 
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SUMMARY 

Laminar-turbulent  breakdown  of  a  strongly  decelerated 
Falkner-Skan-type  boundary  layer  ( Hartree-Parameter 
Pfj=-0.18)  is  investigated  by  direct  numerical  simulations 
using  the  complete  Navier-Stokes  equations  for  three- 
dimensional  incompressible  flows.  The  numerical  method 
is  based  on  the  so-called  spatial  model,  and  allows  for 
simulations  of  spatially  evolving  three-dimensional  dis¬ 
turbance  waves  in  a  two-dimensional  growing  boundary 
layer.  Transition  is  initiated  by  2-D  and  a  pair  of  oblique 
3-D  waves,  both  with  small  amplitudes,  excited  period¬ 
ically  within  a  narrow  disturbance  strip  at  the  plate 
surface.  Their  streamwise  ( linear  and  subsequent  non¬ 
linear)  evolution  resulting  in  the  fundamental  breakdown 
of  laminar  flow  is  simulated  with  high  spatial  resolution. 
It  is  observed  that  the  fundamental  breakdown  process 
under  adverse  pressure  gradient  is  dramatically  more 
complex  than  the  well-known  K-breakdown  in  the 
Blasius  flow:  In  addition  to  the  (upper)  high-shear  layer 
on  top  of  the  lambda-vortex,  a  (lower)  characteristic 
high-shear  layer  is  formed  simultaneously  in  between 
neighbouring  lambda-vortices.  This  shear  layer,  induced 
by  a  secondary  vortex  system  close  to  the  wall,  precipi¬ 
tates  ultimate  breakdown  to  turbulence. 

Finally,  some  results  of  preliminary  studies  on  the 
effect  of  suction  on  boundary-layer  transition  are  pre¬ 
sented  that  demonstrate  the  great  potential  of  spatial 
direct  numerical  simulations  for  applied  transition 
research  in  flows  of  practical  interest. 


1.  INTRODUCTION 

Transition  in  wall-bounded  shear  flows,  such  as  bound¬ 
ary  layers,  flow  through  pipes  and  channels,  etc.,  is  a 
spatially  evolving  complicated  process  influenced  by 
many  factors.  In  natural  boundary-layer  transition  this 
process  is  initiated  by  random  environmental  disturb¬ 
ances  such  as  freestream  turbulence,  sound,  vibrations 
etc.  that  enter  the  boundary  layer  and  generate  insta¬ 
bility  waves  [1-3].  This  first  part  of  the  transition  pro¬ 
cess  is  called  receptivity  and  is  still  not  well  under¬ 
stood.  In  the  second  part,  the  resulting  disturbances 
grow  while  proceeding  downstream  in  the  unstable 
laminar  boundary  layer,  and  finally  develop  through 
several  nonlinear  stages  of  increasing  complexity  into  a 
turbulent  flow.  The  type  of  transition  development  that 
occurs  is  dependent  on  many  parameters,  such  as  nature, 
amplitude,  and  spectrum  of  initial  disturbances,  as  well 
as  on  parameters  affecting  the  stability  properties  of 
the  basic  flow  (pressure  gradient,  roughness,  wall  cur¬ 
vature,  sweep  angle  etc.). 

In  order  to  reduce  the  number  of  these  parameters, 
transition  research  has  focussed  on  "controlled"  tran¬ 
sition  in  simple  model  flows,  such  as  the  plane  Poi- 
seuille  (channel)  flow  and  the  Blasius  boundary-layer 
flow  over  a  flat  plate.  In  controlled  experiments  in 
flat-plate  boundary  layers  (see  [4-7],  for  example),  a 
vibrating  ribbon  is  used  to  periodically  excite  two-dimen¬ 
sional  disturbance  waves.  The  streamwise  evolution  of 
the  disturbances  into  turbulent  flow  is  then  observed 
using  flow  visualization  and  hot-wire  measurements. 
Several  stages  of  disturbance  development  have  been 
identified.  Initially,  small  two-dimensional  disturbances 


(Tollmien-Schlichting  waves)  are  gradually  amplified 
with  growth  rates  adequately  described  by  linear  stab¬ 
ility  theory  [8].  As  soon  as  the  TS-waves  have  gained 
sufficiently  large  amplitudes,  the  flow  becomes  unstable 
with  respect  to  three-dimensional  disturbances  (second¬ 
ary  instability).  Essentially  two  different  secondary  in¬ 
stability  mechanisms  have  been  identified  by  secondary 
stability  theory,  namely,  subharmonic  resonance  and 
fundamental  resonance  [9].  For  the  fundamental-type 
breakdown,  subsequent  stages  lead  to  peak-valley  split¬ 
ting,  formation  of  lambda-shaped  vortices  together  with 
high-shear  layers,  and  breakdown  of  the  high-shear 
layer  as  indicated  by  spikes  in  the  disturbance  velocity 
hot-wire  signals.  The  lambda  vortices  are  aligned  along 
their  peaks  in  streamwise  direction,  repeating  every 
TS- wavelength  until  breakdown.  In  contrast,  for  the 
subharmonic-type  breakdown,  the  lambda-vortices  are 
staggered,  repeating  at  a  streamwise  distance  of  twice 
the  TS- wavelength. 

In  addition  to  experimental  and  theoretical  work,  direct 
numerical  simulations  based  on  the  solution  of  the 
complete  3-D  Navier-Stokes  equations  have  played  an 
increasingly  important  role  in  transition  research  in  the 
past  decade.  The  basic  approach  is  similar  to  that  of 
controlled  experiments.  Some  regular  perturbations  are 
introduced  into  the  integration  domain,  and  their  sub¬ 
sequent  unstable,  nonlinear  development  is  calculated 
numerically.  Two  basically  different  kinds  of  numerical 
models  are  in  use,  the  "temporal  model"  and  the  "spa¬ 
tial  model".  Both  models  have  their  own  advantages 
and  shortcomings,  as  discussed  in  the  recent  review 
by  Kleiser  &  Zang  [lO]. 

In  the  temporal  model  it  is  assumed  that  the  disturb¬ 
ances  are  periodic  in  streamwise  direction  and  that  the 
evolution  occurs  in  time,  while  the  base  flow  is  as¬ 
sumed  to  be  parallel.  Due  to  the  periodic  boundary 
conditions,  a  short  integration  domain  extending  only 
over  one  or  two  disturbance  wavelengths  can  be  used. 
Numerical  schemes  are  therefore  much  easier  to  develop 
and  numerical  computations  using  the  temporal  model 
are  less  expensive  compared  to  simulations  with  the 
spatial  model.  The  integration  domain  can  be  moved 
downstream  with  the  disturbances  to  approximately 
model  a  possible  streamwise  change  in  the  base  flow 
and  to  somehow  represent  the  spatial  disturbance  devel¬ 
opment  observed  in  experiments.  Most  of  the  transition 
simulations  reported  in  the  literature  are  based  on  this 
temporal  model  (see  [10]),  where,  for  the  case  of  con¬ 
trolled  transition  in  plane  Poiseuille  and  Blasius  flow, 
good  qualitative  and  to  some  extent  quantitative  agree¬ 
ment  with  experiments  was  achieved.  However,  the 
disadvantages  of  the  temporal  approach  result  from 
the  underlying  simplifying  assumptions.  Therefore,  for 
base  flows  exhibiting  strong  streamwise  variations 
(caused  by  pressure  gradients,  steps,  etc.),  the  temporal 
model  cannot  be  employed. 

In  contrast,  in  the  spatial  model  the  streamwise  evolu¬ 
tion  of  disturbances  is  simulated  in  a  fixed  integration 
domain  extending  over  a  large  downstream  distance. 
With  this  model  realistic  simulations  of  controlled 
experiments  even  in  flows  under  strong  adverse  pres¬ 
sure  gradient,  as  presented  in  this  paper,  are  possible. 
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However,  the  development  of  a  numerical  method  is 
much  more  difficult,  especially  due  to  the  required 
outflow  conditions  and  for  reasons  of  numerical  sta¬ 
bility.  Also,  the  demands  on  computer  resources  are 
very  high.  In  both  models  periodicity  of  the  flow  in 
spanwise  direction  is  assumed. 

In  the  past  several  years  numerical  methods  for  solving 
the  complete  Navier-Stokes  equations  based  on  the 
spatial  model  have  been  developed  and  successfully 
applied  for  transition  research  at  the  University  of  Stutt¬ 
gart  [11-21].  The  capability  of  these  methods  has  been 
convincingly  demonstrated  by  simulations  of  two  differ¬ 
ent  transition  experiments.  Rist  [14,  16]  performed  a 
simulation  of  the  vibrating-ribbon  experiments  by 
Kachanov  et  al.  [6,  7]  for  the  fundamental  breakdown  in 
a  Blasius  boundary  layer,  and  Konzelmann  [15,  17] 

simulated  the  nonlinear  development  of  a  three-dimen¬ 
sional  wave  packet  in  a  Blasius  boundary  layer  according 
to  the  wave-packet  experiments  by  Caster  &  Grant  [22]. 
For  both  simulations,  the  numerical  results  showed 
excellent  quantitative  agreement  with  the  experimental 
measurements. 

The  effects  of  a  (strong)  streamwise  pressure  gradient 
on  the  nonlinear  evolution  of  the  transition  process  are 
widely  unknown.  Controlled  experiments  have  not  yet 
been  performed,  due  to  the  great  difficulties  arising 
from  the  proneness  to  separation  and  the  strong  disturb¬ 
ance  growth  in  these  flows.  The  instability  mechanisms 
are  now  both  of  viscous  and  inviscid  nature  [8,  9].  In  this 
paper,  the  simulation  of  a  fictitious,  controlled  experi¬ 
ment  of  transition  in  such  a  flow,  a  strongly  decelerated 
Falkner-Skan-type  boundary  layer,  is  presented. 

Since  the  spatial  model  is  capable  to  consider  stream- 
wise  variations  of  the  basic  flow,  it  offers  the  possi¬ 
bility  to  investigate  also  the  effects  of  other  param¬ 
eters  on  transition  that  may  be  present  in  flows  of 
practical  interest,  as,  for  example,  the  effects  of  suction 
through  porous  strips.  This  is  shown  for  the  effect 
of  a  single  suction  strip  on  controlling  the  initial  non¬ 
linear  stages  of  transition  in  a  strongly  decelerated 
Falkner-Skan-type  boundary  layer.  It  is  demonstrated 
that  the  numerical  method  may  also  be  applied  to  a 
boundary-layer  flow  over  an  airfoil  with  distributed 
suction. 


2.  NUMERICAL  MODEL 

As  shown  schematically  in  Fig.  1,  a  finite  rectangular 
box  is  selected  to  represent  a  certain  region  of  a 
boundary -layer  flow  on  a  flat  plate.  In  the  chosen 
coordinate  system,  the  integration  domain  extends  in 
the  streamwise  direction  from  x=Xo  to  x=x^ ,  where  Xo 
is  downstream  of  the  leading  edge  of  the  flat  plate. 
The  integration  domain  in  the  normal  direction  extends 
from  y=0  to  y=yu  and  typically  covers  several  boundary- 
layer  thicknesses.  In  the  spanwise  direction,  the  flow 
is  assumed  to  be  periodic  with  the  domain  extending 
from  z=0  to  z=Xz  (Xz~  basic  spanwise  wavelength). 


as  longitudinal  vortices  can  be  generated  (see  [13]  for 
details).  The  streamwise  evolution  of  these  disturbances 
is  calculated  by  solving  the  unsteady  three-dimensional 
Navier-Stokes  equations.  The  so-called  non-parallel 
effects,  and  also  all  nonlinear  effects  involved  in  the 
transition  process  are  included  in  the  model.  Thus,  the 
numerical  model  can  be  regarded  as  a  numerical  simu¬ 
lation  of  a  "controlled"  transition  experiment  in  which 
some  sort  of  a  wavemaker  is  used  to  generate  con¬ 
trolled  disturbance  waves. 


disturbance  suction 
strip  strip 


Fig.  1  Integration  domain 


2.1  Governing  Equations 

The  numerical  method  is  discussed  in  detail  by  Kloker 
et  al.  [20,  21].  Therefore,  only  the  main  features  are 
given  here.  The  numerical  method  is  based  on  the 
three-dimensional  Navier-Stokes  equations  for  incom¬ 
pressible  flow  in  vorticity-transport  formulation.  The 
vorticity  components  are  denoted  by  co^  and  and 
u ,  V  and  w  are  the  velocity  components  in  the  x,  y 
and  z  directions,  respectively  (see  Fig.  1).  All  variables 
are  nondimensionalized  with  a  reference  length  L  and 
the  free  stream  velocity  Uco.  The  nondimensional  var¬ 
iables  relate  to  the  corresponding  dimensional  ones 
(denoted  by  bars)  as 


The  numerical  method  allows  for  simulations  of  spa-  j 

tially  evolving,  three-dimensional  disturbance  waves  in  a  coz  =  ■ 

two-dimensional  growing  boundary  layer.  The  simulation 
is  performed  in  two  steps.  First,  the  steady  two-dimen¬ 
sional  base  flow  is  calculated,  i.e.  a  boundary  layer  The  flow  variables  are  decomposed  into  those  of  the 
under  effect  of  a  streamwise  pressure  gradient  (and  two-dimensional  base  flow  (index  B)  and  of  the  disturb- 

suction  through  a  narrow  suction  strip,  if  applied).  ance  flow  (denoted  by  a  prime) 


Then,  in  the  second  step,  disturbances  are  introduced 
through  a  narrow  spanwise  strip  at  the  wall  (shown 
schematically  in  Fig.  1).  Whereas  in  most  experiments 
disturbances  are  generated  by  a  vibrating  ribbon,  in  our 
simulations  the  disturbances  are  introduced  by  timewise 
periodic  blowing  and  suction  within  the  disturbance 
strip.  With  a  given  frequency  and  spanwise  wavelength, 
different  kinds  of  two-dimensional  and  pairs  of  three- 
dimensional  oblique  Tollmien-Schlichting  waves  as  well 


u  =  Ub  +  u' ,  Ux  =  Ux  , 

V  =  VB  V’,  COy  =  Uy  ,  (2.3) 

w  =  w'  ,  tOz  =  COz  +  COzB  • 

Consequently,  for  the  steady  base  flow  one  vorticity 
transport  equation  for  cJzB  and  two  Poisson-equations 
for  Ug  and  vg  have  to  be  solved.  The  calculation  of 
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the  disturbance  flow  is  based  on  three  vortlcity  trans¬ 
port  equations  (in  conservative  formulation)  for  the 
vorticity  components  and  three  Poisson-equations  for 
the  three  velocity  components.  The  detailed  set  of  equa¬ 
tions  is  given  by  Kloker  et  al.  [20].  It  is  emphasized, 
that  no  simplifications  are  introduced  using  this  formu¬ 
lation.  A  variation  of  the  mean  flow,  as  generated  by 
nonlinear  interactions,  is  represented  by  a  non-vanishing 
time  average  of  the  disturbance  flow. 

2.2  Boundary  Conditions 

For  the  base  flow,  the  streamwise  pressure  gradient  is 
imposed  by  prescribing  the  streamwise  velocity  distri¬ 
bution  Ug(x)  of  the  external  flow  at  the  freestream 
boundary,  assuming  inviscid  flow!  For  the  simulations 
discussed  in  this  paper,  Ug(x)  is  chosen  according  to 
a  strongly  decelerated  Falkner-Skan-type  boundary  layer 
with  Hartree-Parameter  However,  u^lx)  may 

also  be  taken  from  an  experiment  to  represent  the 
velocity  distribution  of  an  airfoil  as  shown  in  section  5. 
At  the  inflow  boundary,  Falkner-Skan  profiles  corres¬ 
ponding  to  the  imposed  distribution  of  the  streamwise 
pressure  gradient  are  specified  for  the  base  flow  variab¬ 
les.  At  the  outflow  boundary,  all  equations  are  solved 
neglecting  the  terms  containing  the  factor  1/Re  (second 
x-derivatives).  At  the  wall,  the  velocity  components  are 
zero  (except  for  the  suction  strip,  if  applied).  The 
effect  of  suction  through  a  porous  strip  is  simulated 
by  prescribing  a  normal  velocity  distribution 
the  wall,  as  sketched  in  Fig.  10.  One  or  more  suction 
strips  with  variable  spacing  and  different  suction  rates 
may  be  applied. 

For  the  three-dimensional  disturbance  flow,  all  velocity 
components  are  zero  at  the  wall,  except  within  the 
disturbance  strip,  where  the  normal  velocity  component 
v'  can  be  prescribed  as  a  function  of  x,  z,  and  t  in 
order  to  introduce  controlled  time-periodic  two-  and 
three-dimensional  disturbance  waves.  At  the  freestream 
boundary,  vanishing  vorticity  fluctuations  and  an  expo¬ 
nential  decay  of  the  velocity  disturbances  are  assumed. 
At  the  inflow  boundary,  all  velocity  and  vorticity  dis¬ 
turbances  are  set  to  zero.  As  for  the  outflow  bound- 
ary,  the  implementation  of  appropriate,  non-reflecting 
outflow  conditions  is  of  crucial  importance  for  the 
feasibility  of  numerically  stable  and  reliable  simulations 
up  to  late  breakdown  stages  or  developed  turbulence. 
Here  we  use  the  newly  introduced  method  of  "artificial 
relaminarization"  (see  Kloker  et  al.  [20]).  An  artificial 
decay  of  disturbances  is  enforced  in  a  region  somewhat 
upstream  of  the  outflow  boundary  to  substantially 
(orders  of  magnitude)  reduce  the  disturbance  level  at 
this  boundary.  This  is  achieved  by  direct  suppression 
of  the  disturbance  vorticity  vector.  Thus,  possible  undue 
reflections  caused  by  large  amplitude,  broad-band  dis¬ 
turbances  passing  the  outflow  boundary  are  prevented. 

2.3  Numerical  Method 

For  the  numerical  solution  of  both  the  base  flow  and 
the  disturbance  flow  equations  a  fourth-order  accurate 
finite-difference  discretisation  on  a  uniform  grid  is 
employed  in  streamwise  direction  and  normal  to  the 
wall,  which  allows  a  proper  treatment  of  the  effects 
of  a  varying  boundaty'  layer. 

For  the  calculation  of  the  base  flow,  the  vorticity 
transport  equation  is  solved  with  a  semi-implicit,  tem¬ 
porally  dissipative  time-stepping  technique  to  march  to 
steady  state.  The  vb- Poisson  equation  is  solved  with  a 
vectorizable,  stripe  pattern  GauB-Seidel-like  line  iteration 
and  the  UB-equation  is  directly  solved. 

The  discretisation  in  spanwise  direction  for  the  disturb¬ 
ance  flow  is  done  by  using  a  spectral  ansatz 

f'(x,y,z,t)  =  Z  Fk(x,y,t)e“‘''^^  (2.4) 

k=-K 


to  exploit  the  periodicity  with  respect  to  z,  where  the 
complex  F^  represent  all  disturbance  variables  in  spec¬ 
tral  space,  and  y  is  the  basic  spanwise  wavenumber 
calculated  from  y  =  Since  all  flow  variables  are 

real,  the  relation  F  =  F^  holds,  where  the  asterisk 
denotes  the  complex  conjugate.  Additionally,  for  flow 
symmetry  to  z=0,  the  Fjj^’s  are  purely  real  for  u’,  v', 
and  purely  imaginary  for  w',  and  Uy  . 

For  the  disturbance  flow,  the  integration  in  time  is  per¬ 
formed  with  a  fourth-order  accurate  Runge-Kutta 
scheme.  The  four  stages  per  time  step  of  this  scheme 
are  coupled  with  a  centered-upwind-downwind-(and  vice 
versa)-centered  discretisation  for  the  x-convection  terms. 
This  technique  ensures  numerical  stability  by  effective 
damping  of  high  wavenumber  (larger  than  aprox.  7t/2Ax) 
components  in  the  solution,  that  are  represented  un¬ 
acceptably  Inaccurate  by  the  spatial  discretisation  on 
the  used  grid  and  lead,  if  undamped,  to  spurious,  grow¬ 
ing  oscillations.  The  nonlinear  terms  are  computed  using 
a  pseudospectral  method.  The  v’-Poisson  equation  is 
solved  with  a  multigrid  method,  using  a  vectorizable, 
stripe-pattern  SOR  line-iteration  technique  on  each  grid . 
The  u'-  and  w’-Poisson  equations  are  directly  solved. 

For  all  results  presented  in  this  paper,  the  Reynolds  num¬ 
ber  is  Re=10^(U^=9.09m/s,  L=0.16Sm,  v  =  1.5  *10-^  mVs). 
if  not  otherwise  stated.  The  calculations  were  performed 
on  the  Cray-2  of  the  Stuttgart  university  computer  center. 

2.4  Code  V2didatlon 

For  controlled  transition  in  boundary  layers,  the  nume¬ 
rical  method  was  carefully  validated,  both,  for  the 
Blasius  flow  and  for  flows  with  streamwise  pressure 
gradient,  by  extensive  comparisons  with  results  from 
linear  (spatial)  stability  theory  and  secondary  stability 
theory  (see  [11,  18,  21]).  The  agreement  for  the  spatial 
amplification  rates,  and  for  the  amplitude  and  phase 
distributions,  as  obtained  from  Fourier-analysis  of  the 
unsteady  flow-field  data,  was  generally  very  good. 

For  the  Blasius  case,  the  simulation  of  the  vibrating- 
ribbon  experiments  by  Kachanov  et  al.  [6,  7]  showed 
quantitatively  very  good  agreement  with  measured  hot¬ 
wire  data  up  to  the  appearance  of  multi-spikes  in  the 
u'  time-signals  [14,  16]. 


3.  FUNDAMENTAL  BREAKDOWN  UNDER  ADVERSE 
PRESSURE  GRADIENT 

The  goal  of  this  study  was  to  explore  the  effects  of 
a  strong  streamwise  adverse  pressure  gradient  on  the 
evolution  of  the  transition  process.  These  effects  are 
widely  unknown,  as  controlled  experiments  have  not 
yet  been  performed  for  this  type  of  base  flow,  due  to 
the  great  difficulties  arising  from  the  strong  disturbance 
growth  in  these  highly  unstable  flows.  Therefore,  the 
present  study  may  be  regarded  as  a  numerical  simulation 
of  a  "fictitious"  vibrating-ribbon  transition  experiment 
performed  in  a  strongly  decelerated  Falkner-Skan-type 
boundary  layer  (Hartree-Parameter  3h  =  “0.18,  U3-profile 
near  separation),  denoted  subsequently  by  Case  2. 

The  numerical  simulations  were  performed  by  M.  Kloker 
and  are  discussed  in  more  detail  in  his  dissertation  [21]. 
The  results  presented  in  this  paper  are  of  exemplary 
nature,  and  were  selected  in  order  to  demonstrate  that 
direct  spatial  simulations  have  reached  a  state  of  devel¬ 
opment  where  they  can  be  used  to  explore  flow  pheno¬ 
mena  that  are  not  previously  known  from  experiments. 
The  results  will  also  show  the  considerable  details  that 
can  be  captured  with  such  simulations.  We  will  con¬ 
centrate  here  on  comparing  some  of  the  complex  flow 
structures  associated  with  transition  under  strong  ad¬ 
verse  pressure  gradient  with  the  well-known  structures 
in  a  transitional  Blasius  flow  as  obtained  from  a  numer¬ 
ical  simulation  of  the  vibrating-ribbon  experiments  by 
Kachanov  et  al.  [6,  7],  denoted  by  Case  1.  This  simu¬ 
lation  was  originally  performed  by  Rist  [14,  16],  however. 
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in  this  paper  results  from  a  more  recent  simulation  of 
the  same  experiments  are  shown  that  was  performed 
by  Kloker  (see  [21])  using  a  much  finer  spatial  resolution. 
The  computer  resource  limits  of  the  Cray-2  were  fully 
exploited  in  this  case.  In  both  cases  the  fundamental- 
type  breakdown  is  triggered  by  the  input  at  the  disturb¬ 
ance  strip. 

3.1  Reference  Case:  Fundamental  Breakdown  for  Zero 
Pressure  Gradient 

In  the  experiments  by  Kachanov  et  al.  the  boundary 
layer  flow  over  a  flat  plate  was  periodically  disturbed 
by  a  vibrating  ribbon  at  x  =  2S0mm  (Resi^670,  §rdis- 

placement  thickness)  distance  from  the  flat-plate  leading 
edge.  A  spanwise  row  of  small  pieces  of  tape  was 
glued  on  the  plate  surface  underneath  the  ribbon  in 
order  to  induce  three-dimensional  disturbances  with  a 
fixed  spanwise  wavelength 

In  fact,  such  a  disturbance  generates  a  system  of  small- 
amplitude  longitudinal  vortices.  In  direct  succession, 
this  system  interacts  nonlinearly  with  the  large  am¬ 
plitude  2-D  wave  producing  a  pair  of  oblique  3-D  waves 
with  the  frequency  of  the  2-D  wave  and  spanwise  wave¬ 
lengths  ±  Xz.  This  phase-locked  combination  of  funda¬ 
mental  disturbance  waves  grows  while  propagating 
downstream  and  generates  higher  harmonics  in  the 
frequency-spanwise-wavenumber  spectrum.  The  disturb¬ 
ance  amplitudes  in  physical  space  exhibit  "peaks"  and 
"valleys"  in  spanwise  direction  (see  Fig.  Sa),  half  a  span- 
wise  wavelength  Xz;/2  apart. 
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Fig.  2  Downstream  amplitude  development  of  various 
wave  components  at  spanwise  peak  position  for 
Case  1.  Comparison  with  experiments  (symbols  [7]) 

In  the  experiment  the  disturbance  development  was 
measured  between  x=300mm  and  x^700mm  using  hot¬ 
wire  probes.  From  these  measurements  a  considerable 
amount  of  information  about  the  spatial  and  temporal 
three-dimensional  disturbance  development  is  available 
through  the  detailed  measurement  and  analysis  of  the 
u-velocity  component,  while  there  is  no  information 
about  the  v-  and  w-velocity  components.  The  detailed 
information  about  one  velocity  component  is  very  valu¬ 
able  for  the  validation  of  the  numerical  results.  Once 
validated,  on  the  other  hand,  the  numerical  simulation 


provides  the  complete  flow  field  without  the  presence 
of  extra  disturbances  caused  by  measuring  devices. 

In  Fig.  2  results  of  the  numerical  simulation  between 
x=300mm  and  x=4S0mm  were  compared  with  these 
measurements.  The  maximum  amplitude  of  the  down¬ 
stream  velocity  disturbance  component  u’  and  its  fre¬ 
quency  harmonics  are  shown.  The  harmonic  with  primary 
frequency  (i.e.  the  frequency  of  the  vibrating  ribbon)  is 
labelled  FI,  while  F2  to  F6  denote  the  higher  harmonics, 
with  F6  having  six  times  the  frequency  of  the  funda¬ 
mental,  for  example.  As  the  disturbances  In  the  numer¬ 
ical  simulation  are  generated  by  periodic  blowing  and 

suction  through  the  flat  plate,  they  show  a  different 
initial  behavior  between  x=300mm  and  x=350mm.  Down¬ 
stream  of  this  region,  the  agreement  between  simulation 
and  experiment  is  improving  towards  an  excellent  agree¬ 
ment.  All  harmonics  show  a  steady  increase  until  a 
maximum  is  reached  near  x=420mm  to  x=430mm,  the 
position  where  the  first  spikes  could  be  observed  in  the 
experimental  hot-wire  signals.  More  detailed  compari¬ 
sons  with  the  experimental  results  are  given  by  Rist  [14]. 

An  overall  view  of  the  dynamic  processes  involved  in 
the  K-breakdown  process  in  the  Blasius  flow  can  be 
obtained  from  Fig.  3,  where  the  instantaneous  Uz  vorti- 
city  contours  at  the  spanwise  peak  and  valley  positions 
are  shown.  At  the  peak  position  (Fig.  3a),  the  formation 
and  subsequent  breakdown  of  the  instantaneous  high- 
shear  layer  into  smaller  vorticity  concentrations  can  be 
observed,  leading  to  a  totally  chaotic  motion  resembling 
that  of  a  turbulent  boundary  layer.  In  contrast,  the 
disturbance  development  at  the  valley  position  (Fig.  3b) 
shows  no  outstanding  characteristic  structures  at  this 
stage.  Correspondingly,  the  disturbance  amplitudes  at 
the  valley  position  decrease  at  first,  and  start  to  grow 
fast  not  until  downstream  of  the  shear-layer  breakdown 
at  the  peak  position  (see  Fig.  5a). 

As  the  numerical  simulation  yields  more  information 
about  the  flow  field  than  the  experiments,  we  are 
able  to  visualize  the  dominant  flow  structures  of  the 
transition  process  by  a  number  of  different  visualization 
techniques.  Some  examples  for  such  visualizations  are 
given  in  Figs.  7a  and  8a,  where  iso-surfaces  of  (Ox  and 
(Oz  are  plotted  in  three-dimensional  perspective  view. 
The  iso-surfaces  consist  of  iso-contours  |t)xl  =const., 
and  (Oz=const.,  respectively,  calculated  at  successive 
downstream  x  positions  and  plotted  in  perspective  view. 
The  spanwise  section  considered  here  covers  one  wave¬ 
length  Xz,  extending  from  z=0  to  z=-Xz.  The  spanwise 
peak  position  of  the  disturbance  development  is  loca¬ 
ted  at  z=-Xz/2,  while  the  valley  positions  are  at  z=0 
and  z=-Xz.  The  iso-surfaces  |ux  I  =const.  in  Fig.  7a  visua¬ 
lize  longitudinal  vortical  structures  orientated  in  stream- 
wise  direction,  which  represent  the  "legs"  of  a  develop¬ 
ing  lambda-vortex.  The  iso-surfaces  Uz=const.  in  Fig.  8a 
enclose  the  regions  of  high  shear,  and  show  a  tongue¬ 
like  structure  of  the  high-shear  layer,  which  is  develop¬ 
ing  above  the  lambda-vortex.  Both  observations  are  in 
good  agreement  with  other  experimental  observations. 


Fig.  3 

Longitudinal  sections  of  the 
flow  field,  showing  instan¬ 
taneous  (t/T=11.4)  spanwise 
vorticity  (uz)  contours  at 
spanwise  peak  (a)  and  valley 
(b)  position  for  Case  1  with¬ 
out  pressure  gradient 
(simulation  of  experiments  by 
Kachanov  et  al.  [6,  7]). 
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3.2  Fundamental  Breakdown  under  Strong  Adverse 
Pressure  Gradient 

For  this  simulation  (Case  2)  a  strongly  decelerated 
boundary  layer  with  Hartree-Parameter  Ph=“0.18  was 
chosen  as  the  base  flow  and  calculated  as  described  in 
section  2.  The  corresponding  flow  configuration  is 
shown  in  Fig.  4  together  with  the  streamwise  variation 
of  the  velocity  profiles  Ug  and  the  vorticity  profiles 
of  the  base  flow.  The  adverse  pressure  gradient 
causes  a  shift  of  the  position  of  the  maximum  base- 
flow  vorticity  away  from  the  wall  into  the  bound¬ 
ary  layer  and  forces  the  flow  to  almost  separate. 
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Fig.  4  A  schematic  of  a  strongly  decelerated  Falkner- 
Skan  boundary  layer  (Hartree-Parameter 
I.P.  -  Inflexional  Points 

For  this  simulation,  up  to  1850  grid  points  in  the  x- 
direction  (corresponding  to  80  points  per  initial  wave¬ 
length  Xx),  and  121  grid  points  in  the  y-direction  were 
used.  In  the  spanwise  z-direction  40  de-aliased  modes 
(K=40  in  eq.  (2.4))  were  used.  In  the  time  direction, 
19  periods  of  the  disturbance  frequency  were  calculated, 
with  the  intervals  varied  from  175  per  period  for  the 
linear  stages  to  350  per  period  for  the  nonlinear  stages 
of  disturbance  development,  resulting  in  a  total  of 
calculated  5250  time  steps. 

Transition  was  initiated  by  introducing  a  2-D  wave  with 
frequency  F=1.08  (F=p v"/ Um  *10*)  and  a  pair  of  oblique 
3-D  waves  with  identical  frequency  and  ^4  the 

disturbance  strip  to  enforce  fundamental  breakdown. 
The  disturbances  were  introduced  between  Xi=2.08  and 
X2=2.29  ( Reg j(x2) =1303 )  into  the  flow,  both  with  very 
small  amplitudes  (u'2d/Uco=10  ^  ■  u’3q=2u'2d)-  At  first, 
both  modes  grow  according  to  iinear  Instability,  fol¬ 
lowed  by  the  onset  of  fundamental  resonant  growth 
of  the  3-D  mode  and  the  simultaneous,  nonlinear  gener¬ 
ation  of  the  so-called  longitudinal  vortex  mode  [18,  21]. 
It  should  be  noted  that,  in  the  presence  of  a  suffi¬ 
ciently  large  2-D  wave,  the  existence  of  a  longitudinal 
vortex  mode  is  inherently  connected  with  the  presence 
of  a  pair  of  oblique  3-D  waves,  and  vice  versa.  Thus, 
if  one  mode  is  part  of  the  disturbance  input,  the  other 
is  nonlinearly  generated.  Therefore,  characteristic  differ¬ 
ences  in  the  fundamental  breakdown  between  the  two 
cases  investigated  in  this  paper  are  not  due  to  the 
disturbance  input. 

It  was  observed  that  the  fundamental  breakdown  proc¬ 
ess  under  adverse  pressure  gradient  evolves  rapidly  and 
quite  different  than  in  the  Blasius  flow.  The  streamwise 
evolution  of  the  total  u'- disturbance  amplitudes  at  dif¬ 
ferent  spanwise  positions  for  the  two  cases  are  com¬ 


pared  in  Fig.  5.  From  Fig.  Sb  it  is  obvious,  that  the 
terms  "peak"  and  "valley"  positions,  as  used  for  the 
Blasius  flow  to  distinguish  between  spanwise  regions 
of  large  and  low  disturbance  amplitude  growth  in  the 
fundamental  breakdown  process  (Fig.  5a),  seem  to  be 
not  appropriate  for  the  breakdown  under  adverse  pres¬ 
sure  gradient,  as  there  are  only  minor  differences  in 
the  disturbance  growth  along  these  spanwise  positions. 
Therefore,  we  will  use  the  term  "co-peak"  for  this 
spanwise  position  (half  a  spanwise  wavelength  apart 
from  the  peak  position),  where  the  largest  amplitudes 
occur  except  for  those  at  the  peak  position. 


Fig.  5  Streamwise  evolution  of  the  total  u'-distubance 
amplitudes  at  different  spanwise  positions  z/X^ 
for  (a)  Case  1  and  (b)  Case  2. 


The  final  breakdown  stages,  visualized  in  the  same  man¬ 
ner  by  instantaneous  Oz-vorticlty  contours  as  in  Fig.  3 
for  Case  1,  are  shown  in  Fig.  6.  At  the  spanwise  peak 
position,  a  qualitatively  similar  formation  of  a  high- 
shear  layer  can  be  observed,  albeit  more  intense  due 
to  the  larger  amplitudes  (see  Fig.  5),  and  undergoing  a 
more  rapid  breakdown.  Drastic  differences,  however, 
appear  in  the  plane  at  the  spanwise  co-peak  position, 
which  is  the  valley  plane  in  Case  1.  Now,  in  addition 
to  the  "upper"  high-shear  layer  at  the  peak  position, 
a  "lower  inverted"  high-shear  layer  evolves  close  to 
the  wall.  The  inverted  layer,  generated  by  a  downstream 
travelling,  instantaneous  separation  zone  (see  the 
streamline  plot  inserted  in  Fig.  6b)  merges  with  a 
second  high-shear  layer,  both  together  crossing  the 
entire  boundary  layer.  Thus,  they  are  separating  very 
slow,  partly  recirculating  fluid  from  the  energetic  mo¬ 
tion  above.  The  break-up  of  this  very  unstable  layer 
into  smaller  structures  occurs  obviously  earlier,  i.e. 
further  upstream,  than  the  shear-layer  decay  at  the 
peak  position. 

It  is  therefore  not  surprising  that  the  flow  structures 
associated  with  the  nonlinear  disturbance  development 
are  also  different  from  those  in  the  Blasius  flow.  In 
Figs.  7b  and  8b,  iso-surfaces  |uxl=const.  and  C02=const. 
visualize  longitudinal  vortical  structures  and  instanta¬ 
neous  high-shear  layers,  respectively,  at  a  comparable 
stage  of  disturbance  development  as  shown  for  Case  1 
in  Figs.  7a  and  8a.  Without  going  into  detail,  from  a 
comparison  of  the  structures  of  both  cases  it  is  quite 
obvious  that  the  breakdown  to  turbulence  under  adverse 
pressure  gradient  evolves  much  more  dramatically  with 
major  differences  with  respect  to  the  disturbance  evo¬ 
lution  in  the  "valley"  and  "co-peak"  positions,  respec¬ 
tively.  In  Fig.  8b  the  formation  of  a  "lower"  inverted 
high-shear  layer  at  the  co-peak  position  is  clearly  visi¬ 
ble.  This  high-shear  layer  is  induced  by  a  secondary 
vortex  system  located  underneath  close  to  the  wall, 
which  is  visible  in  Fig.  7b  downstream  of  x’=»4.S7. 


Fig.  9  Perspective  view  of  instantaneous  lambda-shaped  vortices  for  the  fundamental  breakdown  in 
(a)  Case  1  and  (b)  Case  2. 

Visualization  by  passive  particles  released  from  a  horizontal  wire  in  a  streamwise  domain 
covering  Ax=0.7. 


Finally,  in  Fig.  9,  the  flow  structures  are  visualized 
by  numerically  generated  particle-lines  as  they  can  be 
generated  experimentally  by  the  hydrogen  bubble  tech¬ 
nique  (in  water  flow)  using  a  horizontal  wire  placed 
near  the  y-position  of  the  critical  layer.  The  particle¬ 
lines  are  plotted  in  perspective  view  likewise  the  iso¬ 
surfaces  in  Figs.  7  and  8,  with  the  difference  that  the 
spanwise  section  considered  here  now  covers  two 
wavelengths  X^.  For  Case  1,  the  numerically  generated 
particle- lines  develop  into  lambda-vortex  structures  that 
are  separated  by  straight  lines  in  the  valley  positions, 
while  for  Case  2,  the  formation  of  inverted  lambda¬ 
shaped  vortices  are  observed  at  these  spanwise  positions. 
The  rapid  spatial  redistribution  of  particles  in  Case  2 
documents  the  violent  transition  process. 

Detailed  investigations  of  the  disturbance  evolution,  the 
formation  of  transitional  structures,  and  the  various 
flow  phenomena  observed  from  this  simulation  are  dis¬ 
cussed  in  [21]. 

3.3  Computational  Aspects 

The  supercomputer  resources  needed  for  the  calculation 
of  the  results  presented  in  section  3  were  very  high. 
For  Case  1,  up  to  4600  grid-points  in  x,  121  grid-points 
in  y,  and  15  (de-aliased)  Fourier  components  in  z  have 
been  used.  With  this  discretisation  220  Megawords  of 
memory  of  the  Cray-2  were  needed  to  run  the  simula¬ 
tion.  The  numerical  integration  of  the  Navier-Stokes 
equations  was  performed  over  7160  discrete  time  levels, 
producing  a  total  amount  of  ~2  Terabytes  of  flow-field 
information  (of  which  only  1/1000  could  be  stored  on 
tape).  The  cpu-time  for  the  simulation  added  up  to 
~400  hours,  which  is  equivalent  to  17  days.  Since  it  is 
impossible  to  continuously  run  such  a  large  job  during 
regular  operation  time  of  the  supercomputer,  the  simula¬ 
tion  had  to  be  split  into  much  smaller  over-night  and 
weekend  jobs.  Including  the  time  necessary  to  analyse 
intermediate  results  (which  is  necessary  to  decide 


whether  the  simulation  should  be  continued  or  not  in 
the  planned  way),  the  simulation  took  more  than  half 
a  year. 

For  Case  2,  up  to  18S0  grid  points  in  x,  121  in  y,  and 
40  de-aliased  modes  in  the  z  direction  have  been  used. 
The  necessary  storage  capacity  was  only  128  Megawords, 
namely  due  to  (i)  the  use  of  an  effective  treatment  of 
the  outflow  region  using  an  "artificial  relaminau-ization" 
zone  [20]  that  enables  a  relatively  short  integration 
domain  without  undue  upstream  influence  by  the  out¬ 
flow  boundary  conditions,  and  (ii)  due  to  the  use  of  a 
special  integration  scheme  improved  with  respect  to 
numerical  stability.  The  cpu-time  for  the  simulation 
was  150  hours. 


4.  EFFECT  OF  A  SINGLE  SUCTION  STRIP 

Transition  delay  using  wall  suction  is  under  considera¬ 
tion  for  laminar  flow  control  (LFC)  of  aircraft  wings. 
Suction  is  used  to  affect  the  initial  stage  of  the  tran¬ 
sition  process  characterized  by  linear  growth  of  small 
disturbances  in  the  laminar  boundary-layer  flow.  The 
application  of  suction  acts  to  alter  the  mean-velocity 
profile  in  such  a  way  that  it  is  more  stable  with  re¬ 
spect  to  the  growth  of  small  disturbances.  The  goal 
of  LFC  is  to  extend  this  regime  of  linear  disturbance 
development  as  far  downstream  as  possible  to  maintain 
laminar  flow.  Suction  may  be  applied  through  spanwise 
slots  or  porous  surfaces  such  as  perforated  plates.  An 
array  of  spanwise  porous  suction  strips  located  at 
suitable  intervals  allows  for  minimizing  the  amount  of 
suction  necessary  to  keep  the  boundary  layer  laminar. 
For  the  design  of  efficient  strip  configurations  with  the 
optimal  number,  spacing,  and  suction  rate,  the  stability 
characteristics  of  the  altered  mean  flow  needs  to  be 
determined.  For  such  calculations  the  mean  flow  must 
first  be  determined  as  accurately  as  possible.  Nayfeh  & 
El-Hady  [23]  used  a  nonsimilar  boundary- layer  code  to 
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solve  this  problem.  However,  boundary-layer  calculations 
fail  to  account  for  upstream  influence.  Reed  &  Nayfeh 

[24]  proposed  a  numerical-perturbation  scheme  for  de¬ 
termining  the  stability  of  flows  over  discrete  suction 
strips  using  closed-form  linearized  triple-deck  solutions 
of  the  flow  due  to  the  strips.  Their  results  show  good 
agreement  with  the  experiments  by  Reynolds  &  Saric 

[25] .  The  effect  of  suction  on  the  secondary  instability 
in  Blasius  and  Falkner-Skan  flows  was  investigated  in 
a  recent  paper  by  El-Hady  [26]  using  primary  and  sec¬ 
ondary  instability-theory  calculations. 

The  basic  element  of  a  suction  configuration  is  a  single 

suction  strip.  In  the  numerical  model  the  effect  of 
suction  through  a  porous  strip  (see  Fig.  1)  is  simula¬ 
ted  by  prescribing  a  normal  velocity  distribution  vb,  o  (x) 
at  the  wall  as  sketched  in  Fig.  10.  One  or  more  suction 
strips  with  variable  spacing  and  different  suction  rates 
may  be  applied.  In  order  to  validate  the  code  for  the 
effect  of  suction  through  porous  strips,  experiments  by 
Reynolds  &  Saric  [25]  in  a  Blasius  boundary  layer  with 
suction  through  discrete  spanwise  p>orous  strips  were 
simulated  previously  [19,  27],  Good  agreement  with  the 
experimental  data  was  observed  for  a  case  with  one 
suction  strip  [19],  as  well  as  for  a  case  with  six  suc¬ 
tion  strips  [27]  compared  with  theoretical  results  by 
Reed  &  Nayfeh  [24].  With  these  thourough  checks  the 
suitability  of  the  present  numerical  procedure  to  simu¬ 
late  the  spatial  disturbance  development  in  a  boundary 
layer  with  suction  is  emphasized. 


Fig.  10  Normal-velocity  distribution  at  the  wall  for  the 
simulation  of  a  suction  strip 

In  this  section  we  present  some  results  of  preliminary 
numerical  studies  of  the  effect  of  a  single  suction  strip 
on  controlling  the  initial  nonlinear  stages  of  transition 
in  a  boundary  layer  with  strong  adverse  pressure  gra¬ 
dient.  Emphasis  is  placed  on  Investigating  the  upstream 
and  downstream  variation  of  the  mean  flow  and  its 
stability  characteristics  due  to  a  single  suction  strip. 
The  simulations  were  performed  for  the  same  simple 
model  flow  as  used  for  Case  2  in  section  3.2,  i.e.  a 
Falkner-Skan-type  boundary  layer  with  3h=-0.18.  How¬ 
ever,  whereas  in  Case  2  a  fundamental-typre  breakdown 
was  enforced  by  the  disturbance  input,  here,  we  intro¬ 
duced  a  2-D  wave  and  a  pair  of  oblique  3-D  subhar¬ 
monic  waves  at  the  disturbance  strip.  The  effect  of 
suction  was  observed  from  comparisons  with  previous 
simulations  for  subharmonic  breakdown  [18]  without 
suction. 

4.1  Calculation  of  Base  Flows 

Two  different  downstream  locations  of  the  suction 
strip  are  considered:  For  Case  A,  the  center  of  the 
strip  is  fixed  at  x=2.9  (width  X2’- Xi’  =  0.12)  and  for 
Case  B,  further  downstream  at  x=4.3.  The  nondimen- 
sional  suction  rate  in  both  cases  is  chosen  as  q=-0.3, 
where  q=/vB,o(x)dx  (vb,  Omax/Uco=-0.007S).  The  inte¬ 
gration  domain  starts  at  Res,  =1100  corresponding  to 
xo  =1.58.  A  perspective  view  of  the  velocity  components 
ub,  Vb  and  the  vorticity  cj^b  for  Case  A  is  given  in 
Figure  11.  The  streamwise  velocity  profile  ub  (y)  up¬ 
stream  of  the  suction  strip  shows  an  inflexion  point 
due  to  adverse  pressure  gradient.  Near  the  suction  strip, 
the  UB-profile  drastically  changes  its  shape  due  to 
continuity,  and  further  downstream  it  gradually  returns 


to  the  inflexional  shape.  The  normal-velocity  distribution 
is  dominated  by  the  values  prescribed  at  the  wall;  a 
remarkable  upstream  influence  of  the  suction  strip  on 
the  potential  flow  can  be  observed.  The  UzB  (y) -maxi¬ 
mum  (Fig.  11c)  corresponds  to  an  inflexion  p)oint  in  the 
ub  (y)- profile  (Fig.  11a).  The  suction  causes  a  shift  of 
the  cozB  -maximum  to  the  wall  like  a  favourable  pres¬ 
sure  gradient. 
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Fig.  11  Effect  of  local  suction  (Case  A)  on  the  mean- 
flow  quantitives  for  a  Falkner-Skan-type  bound¬ 
ary  layer  with  gH=-0.18.  Steady  flow  variables 
Ub,  VB,  UzB  vs.  X  and  y  in  perspective  view. 

Quantitatively,  the  stabilizing  effect  of  suction  is  ex¬ 
hibited  by  the  development  of  the  integral  shape  factor 
fli2  (Fig-  12).  In  the  vicinity  of  the  suction  strip  the 
shape  factor  steeply  falls  below  the  Blasius  value 
(indicated  by  the  straight  line)  with  a  mimimum  of 
Hi2  >^2.3,  corresponding  locally  to  a  flow  with  Ph  =  +0.S. 
A  noticeable  upstream  influence  Is  also  recognized. 
Downstream  of  the  suction  strip,  the  shape  factor 
re-grows  only  slowly  indicating  a  far-downstream  in¬ 
fluence  on  the  base  flow. 
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Fig.  12  Streamwise  distribution  of  the  shape  factor  Hj2 
for  Case  A  and  Case  B. 
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Fig.  13  Effect  of  early  suction  (Case  A)  on  the  stream- 
wise  2-D  and  3-D  disturbance  development. 

4.2  Disturbance  Development  for  Early  Suction  (Case  A) 

For  the  disturbance  input,  a  nondimensional  frequency 
F2d=108  was  chosen  for  the  fundamental  2-D  wave 
and,  therefore,  F3d=0.S4  for  the  subharmonic  3-D  wave. 
The  spanwise  wavenumber  was  y=30.6.  The  Fourier  series 
for  the  spectral  approximation  of  the  numerical  method 
was  truncated  at  K=2.  All  parameters  were  chosen  such 
to  enable  comparison  with  a  case  without  suction  [18]. 
The  disturbance  strip  was  located  between  x=1.98  and 
x=2.4,  where  a  2-D  wave  of  half  the  amplitude  of  the 
3-D  wave  was  generated.  For  Case  A,  the  center  of  the 
suction  strip  was  located  at  x=2.9.  The  effect  of  early 
suction  on  the  streamwise  development  of  the  2-D  and 
3-D  disturbance  waves  can  be  seen  from  Fig.  13  for 
the  u-disturbance  component  (max.  over  y-direction). 
Upstream  of  the  suction  strip,  the  2-D  wave  is  more 
amplified  than  the  3-D  wave  but  remains  smaller  due 
to  its  lower  initial  amplitude.  Due  to  suction,  the  2-D 
wave  is  damped  between  x=3.0  and  x=3.5,  and  grows 
again  exponentially  further  downstream.  The  3-D  wave 
is  not  damped  as  effectively  as  the  2-D  wave  but  keeps 
its  amplitude  up  to  x=4.0,  and  continues  growing  down¬ 
stream  of  x=4.0.  The  amplitude  level  remains  below 
0.2%  up  to  x=5.0. 


Fig.  14  Spatial  amplification  rate  otj  vs.  x  of  the  2-D 
and  3-D  waves  for  Case  A.  Comparison  of 
numerical  simulation  with  results  of  linear 
stability-theory  calculations. 
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Fig.  15  Stability  diagram  for  2-D  waves  for  Case  A 
performed  for  the  base-flow  profiles  taken  from 
the  steady  Navier-Stokes  solution. 

A  comparison  of  the  amplification  rates  for  both  the 
2-D  and  the  3-D  wave  with  results  of  spatial  linear 
stability  theory  is  shown  in  Fig.  14.  For  the  stability 
calculations,  the  base-flow  profiles  are  taken  from  the 
Navier-Stokes  simulation.  The  damping  of  both  the 
2-D  and  the  3-D  wave  within  the  suction  strip  region 
is  clearly  overestimated  by  linear  theory.  In  Fig.  14, 
only  one  discrete  2-D  frequency  is  considered.  In  order 
to  gain  a  qualitative  overview  on  the  effect  of  a  single 
suction  strip  on  the  spectrum  of  amplified  frequencies 
of  2-D  waves,  we  used  spatial  linear  stability-theory 
calculations  to  determine  a  stability  diagram  for  this 
base  flow  (Case  A),  as  plotted  in  Fig.  15.  The  solid 
line  indicates  neutral  stability,  iso-amplification  lines 
are  dashed.  Upstream  of  the  suction  strip  a  broad  band 
of  frequencies  is  amplified.  As  an  effect  of  suction,  all 
frequencies  are  damped  up  to  x=3.3.  In  spite  of  inflex¬ 
ional  velocity  profiles  only  a  narrow  band  of  frequen¬ 
cies  is  amplified  further  downstream,  i.e.  for  this  case 
suction  acts  as  a  low-pass  filter  to  disturbances. 
However,  as  can  be  seen  from  Fig.  14,  the  correct  am¬ 
plification  (n-factor  for  e"-method)  can  only  be  gained 
from  a  direct  numerical  simulation. 

4.3  Disturbance  Development  for  Late  Suction  (Case  B) 

For  Case  B,  the  suction  strip  was  moved  downstream 
to  x=4.3  and  therefore  the  development  of  the  disturb¬ 
ances  changes  drastically.  The  effect  of  late  suction 
on  the  streamwise  disturbance  development  can  be  seen 
from  Fig.  16  by  comparison  with  the  disturbance  evolu¬ 
tion  without  suction.  The  2-D  wave  grows  quickly  to 
reach  an  amplitude  of  3.5%  at  the  location  of  the  suc¬ 
tion  strip,  whereas  for  the  case  without  suction  the 
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amplitude  grows  up  to  about  7%.  As  an  effect  of  the 
upstream  influence  of  the  suction  strip,  as  discussed 
before,  the  growth  of  the  2-D  wave  is  retarded  for 
3.8<x<4.3,  i.e.  upstream  of  the  suction  strip.  Downstream 
of  the  suction  strip  the  amplitude  of  the  2-D  wave  is 
almost  kept  constant. 

The  2-D  wave  exceeds  and  holds  a  threshold  of  about 
0.7%  (Kloker  [18])  giving  rise  to  a  secondary  instability 
mechanism;  the  3-D  wave  undergoes  enhanced  amplifi¬ 
cation  due  to  subharmonic  resonance.  For  the  suction 
case  the  growth  of  the  3-D  wave  is  reduced  due  to 
lower  2-D  wave  amplitude,  but  it  still  grows  up  to 
10/{  beyond  the  suction  strip  and  then  saturates.  An 

important  indicator  of  the  final  stage  of  transition  is 
the  change  of  the  mean  flow  (mode  (0,  0)).  Without 
suction,  the  mean-flow  distortion  reaches  a  maximum 
amplitude  of  about  20%  at  x=4.8  (see  Kloker  [18]), 
whereas  in  the  case  with  suction  this  development  is 
delayed  in  stream  wise  direction  (approximately  by 
Ax^O.5)  but  not  prevented. 


-  2-D 

—  3 


-D  J 


without  suction 


Fig.  16  Effect  of  late  suction  (Case  B)  on  the  streamwise 
2-D  and  3-D  disturbance  development.  Compar¬ 
ison  of  calculations  with  and  without  suction. 

A  comparison  between  the  calculated  amplification  rates 
and  both,  the  linear  and  the  secondary  stability  theory 
results,  is  performed  in  Fig.  17.  Again,  the  stability 
calculations  are  performed  for  the  base-flow  profiles 
taken  from  the  Navier-Stokes  calculations.  For  the  2-D 
wave,  linear  theory  is  in  good  agreement  with  the 
simulation  up  to  x=3.8,  where  suction  starts  to  affect 
the  flow.  The  3-D  wave  is  amplified  according  to  linear 
theory  up  to  x=3.3.  Then,  the  amplification  rate  deviates 
from  linear  behaviour  due  to  the  onset  of  secondary 
instability.  The  symbols  indicate  results  of  a  secondary 
stability  analysis,  where  the  required  velocity  profiles 
for  both  the  disturbance  and  the  base  flow  including 
mode  (0,  0)  were  taken  from  the  Navier-Stokes  calcu¬ 
lation.  The  calculated  amplification  rates  for  the  3-D 
wave  are  in  good  agreement  with  the  results  of  the 
direct  simulation.  However,  it  is  emphasized  that  the 
correct  base  flow  and  2-D  amplitude  plus  amplitude 
distribution  were  used,  which  can  only  be  determined 
by  direct  simulation. 

The  results  for  the  two  cases  have  shown  that  suction 
applied  in  a  region  with  linear  disturbance  development 
can  considerably  delay  transition  in  this  otherwise  very 
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Fig.  17  Amplification  rates  o(j  vs.  x  of  the  2-D  and  3-D 
waves  for  Case  B.  Comparison  of  numerical  simu¬ 
lation  with  results  of  (primary)  linear  theory 
and  secondary  instability  theory  calculations. 

unstable  base  flow.  The  influence  of  the  suction  strip 
extends  far  downstream.  On  the  other  hand,  after  the 
onset  of  subharmonic  resonance,  nonlinear  development 
can  only  be  weakly  affected  by  suction.  In  particular, 
the  growth  of  the  3-D  wave  depends  strongly  on  the 
local  amplitude  of  the  2-D  wave.  Since,  in  the  investi¬ 
gated  case,  the  amplitude  of  the  2-D  wave  does  not 
fall  below  the  threshold  for  nonlinear  coupling,  the 
growth  of  the  3-D  wave  is  only  slightly  diminished. 
Thus,  passive  control  in  an  already  nonlinear  stage  of 
disturbance  development  cannot  prevent  transition  to 
turbulence. 


5.  APPUCATION  TO  AN  AIRFOIL  WITH  SUCTION 

The  results  presented  in  this  section  shall  demonstrate 
that  the  numerical  method  is  also  applicable  for  a  2-D 
boundary  layer  on  a  real  airfoil  with  distributed  suction. 
Therefore,  we  recalculated  the  base  flow  of  experiments 
on  an  airfoil  with  suction  performed  by  Van  Ingen  [28] 
in  a  wind  tunnel. 
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Fig.  18  NACA  642-A-215  airfoil  with  suctions  chambers. 

Experimental  investigation  by  Van  Ingen  [28]. 

For  the  flow  over  a  NACA  642-A-21S  airfoil  (Fig.  18), 
Van  Ingen  investigated  the  prevention  of  flow  separa¬ 
tion  with  minimal  viscous  drag  by  suction  through  a 
porous  surface  with  streamwise  variable  suction  dis¬ 
tribution.  Between  30%  and  90%  chord  the  wing  section 
was  divided  into  20  suction  chambers,  each  adjustable 
separately.  In  the  suction  area  the  airfoil  surface 
consisted  of  a  filtering  paper  fixed  on  a  honeycomb¬ 
like  structure.  A  complete  set  of  experimental  data 
allows  for  the  numerical  simulation  of  the  base  flow. 
Due  to  the  small  ratio  of  boundary-layer  thickness  to 
surface  curvature  radius  within  the  considered  chord 
region  the  flat- plate  assumption  is  well  justified. 
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Abstract 

Direct  numerical  simulations  (DNS)  of  the  Navier- 
Stokes  equations  are  employed  to  explore  the  ef¬ 
fects  of  suction  holes  on  transition  in  a  laminar 
flat  plate  boundary  layer.  The  Navier-Stokes  equa¬ 
tions  are  cast  in  vorticity-velocity  form.  Periodicity 
is  imposed  in  spanwise  direction;  all  other  spatial 
derivatives  are  discretized  with  fourth  order  com¬ 
pact  differences.  An  explicit  fourth  order  Runge- 
Kutta  scheme  is  employed  for  the  time-integration  of 
the  vorticity  transport  equations.  Suction  is  applied 
through  a  row  of  holes  aligned  in  spanwise  direc¬ 
tion.  For  low  suction  strengths,  each  hole  generates 
a  pair  of  stable  streamwise  vortices.  When  the  suc¬ 
tion  strength  exceeds  a  critical  value,  the  vortices 
become  unstable.  For  high  suction  strengths,  vor¬ 
tex  shedding  occurs  right  at  the  suction  holes.  Our 
numerical  findings  agree  well  with  experimental  ob¬ 
servations. 

1  Introduction 

Suction  through  the  wall  can  be  a  very  effective 
means  to  delay  transition  to  turbulence.  Linear  sta¬ 
bility  theory  (LST)  analysis  shows  that  continuous 
suction  through  the  wall  can  substantially  increase 
the  critical  Reynolds  number  of  boundary  layers,  i.e. 
the  distance  from  the  leading  edge  up  to  which  (in¬ 
finitesimally)  small  disturbances  are  damped.  In 
the  theoretical  limit,  optimal  wall  suction  applied 
to  a  two-dimensional  boundary  layer  on  a  flat  plate 
leads  to  the  asymptotic  suction  profile  with  a  criti¬ 
cal  Reynolds  number  {Uca^i/^)cr  =  70000  which  is 
more  than  130  times  larger  than  the  critical  value 
of  the  Blasius  boundary  layer  [8].  These  impressive 
theoretical  results  led  to  early  application  of  wall 
suction  in  laminar  flow  control  (LFC).  However,  for 
most  aeronautical  LFC  applications  a  continous  wall 
suction  is  impractical.  It  requires  a  permeable  wall 
which  cannot  carry  the  structural  loads  of  present 
aircraft  skin  panels.  Thus,  in  practice  wall  suction 


for  LFC  is  usually  applied  through  slots  or  holes  [5] . 

When  suction  holes  are  used,  the  wall  normal  ve¬ 
locity  is  zero  over  most  of  the  surface  and  varies 
rapidly  over  the  suction  holes.  This  can  give  rise  to 
undesired  effects  that  can  limit  the  efficiency  of  LFC 
and  even  lead  to  early  transition:  First,  the  recep¬ 
tivity  of  the  boundary  layer  may  be  increased  by  the 
rapid  flow  variations  near  the  suction  holes,  i.e.  the 
boundary  layer  becomes  more  susceptible  to  exter¬ 
nal  disturbances  such  as  sound  waves  or  freestream 
turbulence.  Second,  the  streamwise  vortices  which 
emerge  from  the  holes  can  be  unstable  to  small  per¬ 
turbations  in  the  flow.  There  is  now  ample  evidence 
that  even  very  weak  streamwise  vortices  can  have  a 
dramatic  effect  on  transition  ([7,  2,  1]).  Third,  os¬ 
cillations  generated  by  the  suction  pump  can  feed 
into  the  boundary  layer  and  generate  disturbances. 
In  addition,  pre-existing  disturbance  waves  inside 
the  boundary  layer  may  be  scattered  by  the  suction 
holes. 

Theoretical  or  numerical  studies  of  suction  hole 
configurations  are  exceedingly  difficult  because  of 
the  vast  disparity  of  length  scales  involved.  Typi¬ 
cally,  the  diameter  of  suction  holes  is  only  a  fraction 
of  the  disturbance  wavelength.  Therefore,  to  date 
the  bulk  of  data  on  suction  holes  is  from  experimen¬ 
tal  work. 

1.1  The  Northrop  Experiments 

In  the  1950s,  Goldsmith  [4]  performed  a  series  of 
experiments  at  Northrop  Aircraft  to  investigate  the 
effects  of  suction  holes  on  the  boundary  layer  flow 
in  the  entrance  region  of  a  circular  pipe.  Suction 
was  applied  through  one  row  of  holes  equally  spaced 
along  the  circumference  of  the  pipe.  A  schematic 
representation  of  this  setup  is  given  in  Fig.  1. 

Goldsmith  found  that  for  sufficiently  low  suction 
rates  each  hole  generated  a  pair  of  steady  stream- 
wise  vortices  that  extended  downstream  inside  the 
boundary  layer.  If  the  suction  strength  exceeded  a 
critical  value,  the  vortices  of  adjacent  holes  merged 
to  form  horseshoe  vortices  that  periodically  shed  in 
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Figure  1:  Experimental  setup  of  Northrop  experi¬ 
ments.  Goldsmith  [4] 


downstream  direction,  which  then  lead  to  rapid  tran¬ 
sition  to  turbulence.  The  experiments  showed  that 
the  effects  of  the  suction  could  be  satisfactorily  de- 
cribed  by  two  nondimensional  parameters,  a  nondi- 
mensional  wall  shear 


2i/\dy) 


wall 


1.18 


and  a  nondimensional  suction  flux 


1  AQ 
u  Az 


(1) 

(2) 


Figure  2:  Critical  suction  curve.  Goldsmith  [4] 


In  addition  to  its  possible  effects  on  LFC,  this  phe¬ 
nomenon  is  very  interesting  from  a  stability  point 
of  view:  Usually,  boundary  layers  are  only  convec- 
tively  unstable,  i.e.  disturbances  are  amplified  (or 
damped)  as  they  propagate  downstream.  In  con¬ 
trast,  the  vortex  shedding  observed  in  the  experi¬ 
ment  may  be  an  indication  of  absolute  instability. 


where 

ub  ■  ■  ■  streamwise  velocity  of  the  unperturbed  basic 
flow 

. . .  viscosity 

s  . . .  spacing  between  centers  of  adjacent  holes 
d  . . .  hole  diameter 

AQ/Az  ...  suction  flow  volume  per  unit  length 
along  the  circumference  of  the  pipe. 

For  a  given  geometry  and  base  flow,  T  is  con¬ 
stant  and  !F  varies  linearly  with  increasing  suction 
strength. 

For  these  two  parameters  Goldsmith  found  a  “crit¬ 
ical  suction  curve” .  A  part  of  this  curve  is  shown  in 
Fig. 2,  with  T  on  the  abscissa  and  T  on  the  ordinate 
axis. 

For  values  of  the  parameters  T,  to  the  left  of  the 
critical  suction  curve.  Goldsmith  found  stable  vor¬ 
tices  emerging  from  the  holes  and  extending  down¬ 
stream  in  a:-direction.  For  values  T ,  T  'm  between 
the  two  branches  of  the  curve,  he  found  vortex  shed¬ 
ding  and  transition  to  turbulence.  For  values  T,  T 
to  the  right  of  the  suction  curve,  he  again  found 
stable  vortices,  which,  however,  were  aligned  in  the 
azimuthal  direction. 


1.2  Scope  of  the  Present  Work 

A  major  finding  of  the  experiments  was  that  the  crit¬ 
ical  suction  curve  is  independent  of  the  precise  shape 
of  the  boundary  layer  profile,  because  only  the  wall 
vorticity  appears  in  T  of  eq.  (1).  This  allowed  us 
to  substitute  in  the  numerical  simulation  a  flat  plate 
boundary  layer  for  the  pipe  entrance  boundary  layer 
in  the  experiment,  thus  quasi  “unrolling”  the  pipe 
onto  a  plate.  To  account  for  the  finite  circumference 
of  the  pipe,  we  imposed  periodicity  in  the  spanwise 
direction  z  (corresponding  to  the  eizimuthal  direc¬ 
tion  6  in  the  experiments).  In  addition  we  imposed 
symmetry  of  the  flow  with  respect  to  the  z  =  0  plane 
to  reduce  the  memory  and  CPU-time  requirements 
of  the  simulation. 

With  these  assumptions,  we  performed  three  nu¬ 
merical  simulations  Cl,  C2,  and  C3,  as  indicated  in 
Fig. 2.  In  all  three  calculations,  the  nondimensional 
wall  shear  was  T  =  404.  In  the  calculation  Cl  (sub- 
critical  case)  the  nondimensional  suction  flux  was 
.?"  =  35,  corresponding  to  a  point  in  the  stable  region 
to  the  left  of  the  critical  suction  curve.  In  the  calcu¬ 
lation  C2  (weakly  supercritical  case)  the  nondimen- 
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sional  suction  flux  was  T  =  46.  This  point  is  just 
inside  the  unstable  region  of  the  parameter  space. 
It  should  be  noted  that  there  is  considerable  scatter 
of  the  original  experimental  data  in  this  region.  In 
the  calculation  C3  (strongly  supercritical  case)  the 
nondimensional  suction  flux  was  J  —  58,  which  is 
well  inside  the  unstable  region. 

2  Mathematical  Model 

2.1  Governing  Equations 

The  governing  equations  are  the  incompressible,  un¬ 
steady  Navier-Stokes  equations.  Following  the  ap¬ 
proach  taken  by  Fasel  et.  al.  [3],  we  adopted 
the  vorticity- velocity  formulation  of  these  equations. 
They  consist  of  three  vorticity  transport  equations 
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a  =  vwx  —  uujy  +  vbUx  —  UBtjJy  (4a) 

h  =  wijjy  — vu}^— vbu)z— vuzB  (4b) 

C  =  UU)^  —  WUlj;  +  Ub^Oz  +  uu^B  (4c) 

and  three  velocity  equations 
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Here  we  define  the  vorticity  as 
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With  the  assumption  of  periodicity  in  spanwise  di¬ 
rection  z  and  symmetry  w.r.t.  z  =  0,  we  can  expand 
the  flow  variables  in  sine-  and  cosine  series 
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u{x,y,z)  =  ^Uk{x,y)cos{jkz)  (7a) 
ifc=o 


Substitution  of  these  expansions  into  the  vorticity 
transport  equations  (3a),  (3b),  (3c)  and  the  veloc¬ 
ity  equations  (5a),  (5b),  (5c)  yields  the  governing 
equations  in  Fourier-space 
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These  equations  are  coupled  through  the  nonlinear 
terms  Ak,  Bk,Ck,  defined  as 
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a{x,y,z)  = 

Y^Akix,y)  sin(7jbz) 
fc=i 

K 

(10a) 

b{x,y,z)  - 

Y^Bk{x,y)  cos(7iz) 
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K 

(10b) 

c{x,y,z)  = 

^Ck(x,y)  cos(7fc2) 
it=0 

.  (10c) 

A  crucial  aspect  of  the  vorticity- velocity  formulation 
is  the  fact  that  the  vorticity  values  at  the  wall  can¬ 
not  be  computed  from  the  vorticity  transport  equa¬ 
tions  (3a),  (3b),  (3c).  Rather,  they  should  be  com¬ 
puted  from  the  velocity  fields,  to  maintain  consis¬ 
tency  and  ensure  overall  conservation  of  mass  and 
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zero-divergence  of  the  vorticity.  We  used  the  fol¬ 
lowing  relations  to  evaluate  the  vorticity  at  the  wall 
y=0: 
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Eq.  (11b)  follows  from  the  definition  of  the  normal 
vorticity  (fib). 


2.2  Boundary  Conditions 


Suction  velocity  at  hole 


Figure  4:  Plot  of  the  suction  velocity  distribution 
v/vc  over  one  hole. 


The  governing  equations  (8a),  (8b),  (8c),  (9a),  (9b), 
(9c)  are  solved  inside  the  computational  domain 
shown  schematically  in  Fig. 3. 


Figure  3:  Computational  domain. 

At  the  inflow  boundary,  a  Blasius  boundary 
layer  profile  is  imposed.  At  the  wall,  no-slip  condi¬ 
tions  are  imposed  on  u  and  w.  The  normal  velocity  v 
is  zero  over  the  solid  part  of  the  wall  and  is  imposed 
as  v  =  Vc  cos(7rr/d)  over  the  holes  as  shown  in  Fig. 4. 
In  addition,  dv/dy  =  0  is  imposed  to  ensure  con¬ 
servation  of  mass.  At  the  freestream  boundary, 
a  decay  condition  is  imposed  on  v.  Near  the  out¬ 
flow  boundary,  we  use  a  buffer  domain  technique 
similar  to  the  one  proposed  by  Kloker  et.al.  [fij. 


3  Numerical  Method 

In  the  governing  equations,  the  spatial  derivatives 
in  z,  j/  directions  are  discretized  with  4th-order  com¬ 
pact  differences.  The  nonlinear  terms  Ak,  Bk,Ck  of 
the  vorticity  transport  equations  are  evaluated  pseu- 
dospectrally,  using  fast  sine-  and  cosine  transforms 
[10]  to  convert  from  physical  space  to  Fourier  space 
and  back.  The  vorticity  transport  equations  are  in¬ 
tegrated  in  time  using  a  4th  order  explicit  Runge- 
Kutta  method.  At  each  Runge-Kutta  substep,  the 
calculation  proceeds  as  follows: 

1.  integrate  vorticity  transport  equations  over  one 
substep 

2.  solve  14-Poisson  equation  with  a  direct  Fast 
Fourier  Transform  method  [9] 

3.  solve  Wk,Uk  Poisson  equations 

4.  compute  vorticities  firt,  ^zk  the  wall 

3.1  Computational  Parameters 

In  our  simulations,  we  used  the  following  parame¬ 
ters: 

Uoo  —  15  rn/s  . . .  freestream  velocity 

1/  =  15  X  10“®  m^/s  . . .  dynamic  viscosity 

Vc  ==  O.fit/oc  (case  Cl)  /  O.SUoc  (case  C2)  / 
1.017oo  (case  C3),  . . .  maximum  suction  ve¬ 
locity  at  hole  center 

Vav  —  0.12  /  0.17  /  0.21  Uoo  ■  ■  •  average  suction 
velocity  over  each  hole 
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s  =  2.007362  mm  . . .  hole  spacing 
d  —  1.0287  mm  . . .  hole  diameter 

Xc  =  506  mm  . . .  distance  of  holes  from  leading 
edge. 

In  practical  LFC  applications,  we  expect  average 
suction  velocities  of  0(0.01{7oo  •  •  .O.ll/oo),  and  a  ra¬ 
tio  hole  of  spacing  to  hole  diameter  (s/d)  of  5  ...  10. 

In  the  computations,  the  integration  domain  was 
discretized  with  961  gridpoints  in  x  direction  (one 
hole  diameter  =  14  Aa;),  and  with  100  gridpoints  in 
y  direction  (=  2  B.L.  thicknesses).  11  Fourier  modes 
were  used  for  the  spanwise  discretization,  with  17 
collocation  points  used  to  compute  the  nonlinear 
terms. 

4  Results 

4.1  Subcritical  Case  Cl 

During  the  simulation  of  case  Cl,  trailing  vortices 
emerged  from  the  holes  as  expected  and  extended 
downstream.  Once  the  vortices  had  reached  the  out¬ 
flow  boundary,  the  flow  field  attained  a  steady  state. 
This  is  in  agreement  with  the  experimental  observa¬ 
tions. 

A  three-dimensional  contour  plot  of  the  magni¬ 
tude  of  the  streamwise  vorticity  |wa;|  is  shown  in 
Fig. 5,  with  all  lengths  given  in  mm.  Within  the 
limits  of  the  3-D  perspective,  the  region  shown  is 
drawn  to  scale  in  x,y,z.  It  extends  from  the  cen- 
terplane  of  one  suction  hole  at  z  =  0  to  the  cen- 
terplane  of  the  adjacent  suction  hole  to  the  right  at 
z  =  s.  In  streamwise  direction  x,  it  extends  ap¬ 
proximately  1.5  hole  diameters  upstream  of  the  hole 
centers  and  approximately  6  hole  diameters  down¬ 
stream.  In  wall  normal  direction,  the  region  extends 
to  approximately  one  half  boundary  layer  thickness. 
The  streamwise  vortices  generated  by  the  holes  are 
clearly  visible,  and  the  shape  of  these  vortices  agrees 
well  with  the  experimental  observations. 

Between  the  vortices  is  a  small  recirculation  re¬ 
gion,  identified  by  contours  of  u  =  0,  which  extends 
about  three  hole  diameters  downstream  of  the  holes 
(see  Fig. 6). 

From  Fig. 5  one  can  observe  that  vortices  from  ad¬ 
jacent  holes  are  closer  to  each  other  than  vortices 
from  the  same  hole,  as  shown  schematically  in  Fig. 7. 

Consequently,  the  main  interaction  between  those 
vortices  causes  a  mutual  uplifting,  i.e.  as  the  vortices 
extend  in  downstream  direction  they  move  away 
from  the  wall.  Fig. 8  shows  contours  of  the  stream- 
wise  vorticity  in  the  plane  z  =  s/3.  These  plots 


Figure  5:  Case  Cl:  Contourlines  of  |a;*|  =  30,  view 
from  upstream. 


Figure  6:  Case  Cl:  Contourlines  of  u  =  0,  view  from 
downstream. 

essentially  represent  a  cut  through  a  vortex  core.  Su¬ 
perimposed  on  the  vorticity  contours  are  the  veloc¬ 
ity  vectors  {u,v)  of  the  undisturbed  boundary  layer 
flow. 

Near  the  holes,  the  vortices  are  still  close  to  the 
wall,  where  the  slope  of  the  (undisturbed)  bound¬ 
ary  layer  is  fairly  constant.  Thus  as  the  vortices 
are  lifted  up,  they  move  into  a  fluid  layer  with  in¬ 
creased  mean  streamwise  velocity.  This  leads  to  vor¬ 
tex  stretching,  which  results  in  an  increeise  of  vortic- 
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Figure  7:  Schematic  of  holes  with  trailing  vortices, 
view  from  top. 


Figure  8:  Sideview  of  vortices.  Contours  are  levels 
of  streamwise  vorticity  w®,  arrows  are  velocity  vec¬ 
tors  of  undisturbed  boundary  layer  flow  at  left  edge 
of  plot.  Drawn  to  scale  in  x,y  (in  mm);  x  -  is 
distance  from  center  of  holes. 


ity  in  downstream  direction.  Further  downstream, 
as  the  vortices  approach  the  edge  of  the  bound¬ 
ary  layer,  the  mean  streamwise  velocity  no  longer 
increases  in  vertical  direction,  and  the  growth  of 
vorticity  levels  off.  This  behavior  can  be  observed 
clearly  from  the  next  figure. 

In  Fig. 9,  the  streamwise  vorticity  u)x  at  the  vortex 
core  is  plotted  versus  the  downstream  distance  x  — 


Figure  9:  Case  Cl:  Streamwise  vorticity  of  the  vor¬ 
tex  cores,  plotted  over  downstream  distance  x  —  Xc 
(in  mm). 


Xc-  At  the  holes,  the  vorticity  attains  a  maximum 
and  then  falls  off  rapidly  over  a  distance  of  three  hole 
diameters.  This  distance  is  the  same  as  the  extent 
of  the  recirculation  region  mentioned  above.  From 
there  on,  the  vorticity  increases  again,  and  grows 
approximately  oc  ^Jx.  After  18  hole  diameters,  the 
vortices  have  risen  to  the  edge  of  the  boundary  layer, 
and  the  growth  becomes  weaker. 

4.2  Weakly  Supercritical  Case  C2 

For  this  case  the  flow  field  near  the  holes  is  qualita¬ 
tively  not  very  different  from  the  previous  case,  as 
shown  in  Figs.  10  and  11.  Two  vortices  emerge  from 
each  hole,  and  initially  they  appear  steady.  However, 
after  20  hole  diameters  downstream  one  can  observe 
small  fluctuations  in  the  form  of  a  periodic  (both  in 
space  and  time)  thickening  and  thinning  of  the  vor¬ 
tices.  This  is  shown  in  Figs.  12  and  13.  This  behav¬ 
ior  is  reminiscent  of  the  sinuous  mode  disturbances 
that  are  observed  in  vortex  instabilities.  Finally  af¬ 
ter  30  hole  diameters  the  vortices  break  up  (see  Figs. 
14  and  15). 

A  Fourier  analysis  of  the  fluctuations  shows  a  dis¬ 
tinct  peak  at  1714  Hz.  In  the  usual  nondimensional 
unit  for  stability  investigations  F=27r/i//17oo^  x  10"*, 
this  corresponds  to  F=7.18.  This  is  much  higher 
than  any  frequency  in  the  amplified  TS-band  for  the 
Blasius  boundary  layer. 

For  further  analysis,  the  phase  of  the  Fourier 
mode  corresponding  to  1714  Hz  was  calculated  near 
the  y,z  location  of  the  vortex  core.  In  Fig.  16,  this 
phase  is  plotted  versus  downstream  distance  x  —  Xc- 
The  phase  is  fairly  constant  over  the  first  15  diam¬ 
eters  downstream  of  the  hole.  From  there  on  it  ex- 
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Figure  10:  Case  C2:  Contours  of  \u)x\  =  30,  x  — ic  = 
-3.75...  7.5. 


Figure  11:  Case  C2:  Contours  of  Iwj,!  =  60,  x  —  Xc  = 
7.5...  18.25. 

hibits  the  typical  pattern  of  a  traveling  wave,  with 
the  phase  increasing  by  27r  over  every  wavelength. 
From  the  slope  of  the  phase  curve  one  can  compute 
the  phase  speed  of  the  fluctuations,  which  is  about 
45  %  of  the  freestream  speed. 

In  Fig. 17,  the  Fourier  amplitude  corresponding  to 
the  phase  in  In  Fig. 16  is  plotted  versus  x  —  Xc-  Af¬ 
ter  about  15  diameters  downstream  of  the  hole  the 
amplitude  begins  to  grow:  This  correlates  with  the 
change  of  the  pheise  pattern  in  the  previous  figure. 


Figure  12:  Case  C2:  Instantaneous  contours  of 
|a;*|  =  90,x-xc  =  18.25  ...  30.00. 


Figure  13:  Case  C2:  Instantaneous  contours  of 
|wr|  =  90,  X  -  Xc  =  18.25  . .  .30.00  at  a  later  time. 

4.3  Strongly  Supercritical  Case  C3 

For  the  third  case  C3,  the  flow  is  qualitatively  very 
different  from  the  first  two  cases.  The  fluctuations 
are  strong  already  at  the  suction  holes,  and  it  ap¬ 
pears  that  there  is  vortex  shedding.  This  can  be 
seen  from  the  3-D  contour  plots  of  the  magnitude  of 
the  streamwise  vorticity  (Fig.  18)  and  of  the  magni¬ 
tude  of  the  total  vorticity  (Fig.  19). 

Fig.20  shows  timesignals  of  the  spanwise  vortic¬ 
ity  at  several  downstream  locations  x,  with  y,z  = 
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Figure  14:  Case  C2:  Instantaneous  contours  of 
=  90,  X  -  a;c  =  30.00  . .  .41.25. 


Figure  15:  Case  C2:  Instantaneous  contours  of 
\^x\  —  90,  X  —  Xc  =  30.00  . .  .41.25  at  a  later  time. 

constant.  From  these  curves  the  periodicity  of  the 
vortex  shedding  near  the  holes  is  clearly  discernible. 
Further  downstream  the  timesignals  resemble  more 
and  more  those  of  a  turbulent  flow.  (Note  that  in 
Fig. 20  only  every  twenty-fifth  computed  point  was 
used  for  the  plotting). 

Again  a  Fourier  analysis  of  the  fluctuations  was 
performed.  Now  the  frequency  of  the  vortex  shed¬ 
ding  is  approximately  735  Hz,  which  is  much  lower 
than  the  peak  frequency  in  case  C2.  This  correlates 


phase  at  r^.753,  v0»-0.8,  (T-81-120) 


Figure  16:  Case  C2:  Phase  ofwj,  Fourier  component 
with  frequency  1714  Hz,  plotted  versus  x  at  constant 
y  =  1.5, ,  2  =  0.753 


Wr  amplilods  at  zi^.753.  vO^.S,  (T«81- 


Figure  17:  Case  C2:  Amplitude  of  Fourier  com¬ 
ponent  with  frequency  1714  Hz,  plotted  versus  x  at 
constant  y  —  l.b,  ,z  —  0.753 

with  Goldsmith’s  observation  that  the  shedding  fre¬ 
quency  decreases  with  increasing  suction  strength. 
In  Fig.21,  the  phase  of  the  Wj  component  of  the 
735  Hz  fluctuation  is  plotted  versus  x.  Contrary  to 
the  case  C2,  the  phase  exhibits  a  traveling  wave  pat¬ 
tern  starting  immediately  at  the  holes.  The  phase 
speed,  inferred  from  the  slope,  is  about  45  %  of  the 
freestream  speed. 

5  Conclusions 

The  computational  results  are  in  good  qualitative 
(for  lack  of  quantitative  data)  agreement  with  the 
experimental  results.  Our  calculations  confirmed  the 
location  of  the  lower  branch  of  the  critical  suction 
curve,  and  its  universal  character  (i.e.  the  curve  is 
applicable  to  both  to  pipe  flow  boundary  layers  and 
flat  plate  boundary  layers.). 

Of  particular  interest  are  the  results  of  calculation 
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Figure  18:  Case  C3:  Instantaneous  contours  of 
=  40,  X  —  Xc  =  —3.75  . .  .7.5. 


Figure  19:  Case  C3:  Instantaneous  contours  of  |a;|  = 
90,  x-x,  =  7.5...  18.25. 

C2,  the  weakly  supercritical  case.  From  the  experi¬ 
mental  data  it  was  not  quite  clear  how  the  transition 
from  the  stable  to  the  unstable  region  in  parameter 
space  takes  place.  In  principle,  it  could  be  either 
due  to  vortex  instability,  or  due  to  an  instability  of 
the  recirculation  region  that  forms  between  the  vor¬ 
tices.  Goldsmith  attributed  the  observed  turbulence 
to  vortex  shedding  from  the  hole,  which  sets  in  once 
the  suction  strength  is  above  the  critical  threshold. 
In  contrast,  our  calculations  indicate  that  (at  least  in 


*-xc=3.75 
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Figure  20:  Case  C3:  Wj  plotted  versus  t,  for  several 
downstream  locations  x  at  constant  y  =  2.25,  ,z  = 
1.003 


-'iphase  alZi^/2,v<V-1.0 


Figure  21:  Case  C3:  Phase  of  Fourier  component 
with  frequency  735  Hz,  plotted  versus  x  at  constant 
y  =  2.25,,x  =  1.003 

some  region  of  the  parameter  space  T ,  T)  the  tran¬ 
sition  is  caused  by  a  vortex  instability. 

As  the  suction  strength  is  further  increased,  we 
expect  the  onset  of  instability  growth  in  the  vortices 
to  move  upstream  and  eventually  to  coalesce  with 
the  recirculation  region,  leading  to  the  vortex  shed¬ 
ding  observed  in  the  experiments  (and  in  calculation 
C3). 

A  major  difference  between  the  pipe-entrance 
boundary  layer  and  the  flat  plate  boundary  layer  is 
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that  the  former  is  much  more  stable  (in  fact  a  use¬ 
ful  neutral  stability  curve  has  yet  to  be  established 
for  this  flow).  Indeed,  Goldsmith  did  not  observe 
transition  in  the  absence  of  suction.  In  contrast, 
with  the  parameters  used  in  the  simulations,  the 
Blasius  boundary  layer  is  unstable  to  small  distur¬ 
bances.  We  would  expect  transition  to  turbulence  to 
occur  sufficiently  far  downstream,  even  with  the  low¬ 
est  suction  strength  (case  Cl).  In  view  of  this,  the 

critical  suction  curve  assumes  a  different  character 

for  the  flat  plate  boundary  layer:  It  separates  regions 
where  transition  is  guaranteed  to  occur  due  to  suc¬ 
tion  effects  alone  (vz.  in  between  the  two  branches) 
from  those  where  transition  may  be  caused  by  other 
effects. 

Acknowledgements 

This  work  is  supported  by  the  National  Aeronau¬ 
tics  and  Space  Administration  under  NASA-Langley 
Contract  No.  NAG-1422. 


[7]  Nayfeh,  A.  H.,  1981,  “Effect  of  streamwise  vor¬ 
tices  on  Tollmien-Schlichting  waves,”  J.  Fluid 
Mech.,  Vol.  107,  pp. 441-453. 

[8]  Schlichting,  H.,  1987,  “Boundary  Layer  The¬ 
ory,”  seventh  edition,  McGraw-Hill,  pp.  506- 
509 

[9]  Swarztrauber,  P.  N.,  1977,  “The  Methods  of 

Cyclic  Reduction,  Fourier  Analysis  and  the 

FACE  Algorithm  for  the  Discrete  Solution  of 

Poisson’s  Equation  on  a  Rectangle,”  SIAM  Re¬ 
view,  Vol.  19,  No.  3,  pp.  490—501. 

[10]  Swarztrauber,  P.  N.,  1982,  “Vectorizing  the 
FFTs,”  Parallel  Computations  (G.  Rodrigue, 
ed.).  Academic  Press,  pp.  51-83. 


References 

[1]  Bertolotti,  F.,  1991,  “Linear  and  Nonlinear 
Stability  of  Boundary  Layers  with  Streamwise 
Varying  Properties,”  PhD  Dissertation,  Ohio 
State  University. 

[2]  Butler,  K.,  Farrell,  B.,  1992,  “Three- 

dimensional  optimal  perturbations  in  viscous 
shear  flow,”  .  Phys.  Fluids  A,  Vol.  4  (8),  pp. 
1637-1650. 

[3]  Fasel,  H.,  Rist,  U.,  Konzelmann,  U.,  1990, 
“Numericail  investigation  of  the  three  dimen¬ 
sional  development  in  boundary  layer  transi¬ 
tion,”  AIAA  Journal,  Vol.  28,  No.  1,  p.29. 

[4]  Goldsmith,  J.,  1957,  “Critical  Laminar  Suction 
Parameters  for  Suction  into  an  Isolated  Hole 
or  a  Single  Row  of  Holes,”  Northrop  Aircraft 
Report  No.  BLC-95. 

[5]  Harris,  C.  D.,  Brooks,  C.  W.,  Clukey,  P. 
G.,  Stack,  J.  P.,  1992,  “The  NASA  Langley 
Laminar-Flow-Control  Experiment  on  a  Swept, 
Supercritical  Airfoil,”  NASA  Technical  Memo¬ 
randum  4309. 

[6]  Kloker,  M.,  Konzelmann,  U.,  Fasel,  H., 
1993  “Outflow  boundary  conditions  for  spa¬ 
tial  Navier-Stokes  simulations  of  transitional 
boundary  layers,”  AIAA  Journal,  Vol.  31,  No. 
4,  pp.  620-628. 


34-1 


Direct  Numerical  Simulation  of  2-D  and  3-D  Instability  Waves 
in  a  Laminar  Separation  Bubble 

Ulrich  Rist 
Ulrich  Maucher 

Institut  fiir  Aerodynamik  und  Gasdynamik 
Universitat  Stuttgart 
Pfaffenwaldriug  21 
70550  Stuttgart 
Germany 


1.  SUMMARY 

Direct  Numerical  Simulations  of  a  laminar  separation  bubble 
are  presented,  where  the  bubble  is  generated  by  prescribing 
a  locally  decelerated  free-stream  velocity  along  a  flat-plate. 
Controlled  disturbances  are  introduced  into  the  flow  field  up¬ 
stream  of  the  bubble  by  suction  and  blowing  through  the  wall 
in  order  to  study  the  linear  and  nonlinear  stability  character¬ 
istics  of  the  flow,  A  number  of  generic  cases  with  different 
two-dimensional  (S-D)  and  three-dimensional  (S-D)  initial 
disturbance  amplitudes  are  investigated,  (i)  a  linear  case,  (ii) 
a  case  subject  to  secondary  instability  (strong  amplification 
of  3-D  disturbances  by  resonance  with  a  large  amplitude  2-D 
wave),  (iii)  a  3-D  nonlinear  case  (interaction  of  two  oblique 
waves),  and  (iv)  a  nonlinear  case  combining  the  interaction 
of  two  oblique  waves  with  a  2-D  wave.  Good  quantitative 
agreement  of  the  numerical  results  with  (local)  linear  stabil¬ 
ity  theory  is  observed  throughout  case  (i)  and  for  the  initial 
disturbance  development  of  the  priming  waves  in  the  other 
cases  despite  the  nonparallel  base  flow.  For  the  nonlinear 
disturbance  development,  however,  unexpected  results  are 
obtained:  Secondary  instability  is  hard  to  distinguish  from 
primary  instability  and  apparently  breaks  down  as  soon  as 
the  priming  2-D  disturbances  saturate.  However,  the  nonlin¬ 
ear  mechanism  identified  in  cases  (iii)  and  (iv),  is  obviously 
much  more  likely  to  produce  large  amplitude  3-D  disturb¬ 
ances  necessary  for  the  generation  of  a  transitional  laminar 
separation  bubble.  The  mechanism  leads  to  a  nonlinearly 
saturated  regime  with  reasonably  turbulent  mean-flow  char¬ 
acteristics  as  well  as  longitudinal  vortices  in  the  reattachment 
zone. 

2.  INTRODUCTION 

Laminar  separation  bubbles  may  occur  at  low  Reynolds  num¬ 
ber  under  certain  operating  conditions,  especially  on  laminar- 
flow'  airfoils  (cf.  [1]).  Due  to  a  strong  adverse  pressure  gradi¬ 
ent  downstream  of  the  minimum  pressure  point  the  laminar 
boundary  layer  may  separate  before  undergoing  transition. 
Most  separation  bubbles  are  transitional,  i.e.,  the  bubble  is 
closed  by  turbulent  reattachment.  Improving  flight  and  per¬ 
formance  characteristics  of  laminar-flow  airfoils  and  compres¬ 
sor  blades  requires  an  accurate  prediction  of  separation  bub¬ 
bles.  However,  all  present  models  used  for  the  prediction  of 
separation  bubbles  rely  on  empirical  relations  derived  from 
experiments,  since  the  flow  physics  are  not  yet  fully  under¬ 
stood.  Turbulence  models  good  enough  for  predicting  tran¬ 
sitional  flows  are  not  available  and  most  Direct  Numerical 
Simulations  {DNS)  of  laminar  separation  bubbles  are,  so  far, 
only  based  on  the  2-D  Navier-Stokes  equations.  2-D  inves¬ 
tigations  were  justified  due  to  the  observation  of  2-D  effects 
dominating  the  flow  in  the  separation  zone  and  inside  the 
bubble.  For  the  generation  of  turbulence,  however,  3-D  ef¬ 
fects  are  necessary.  In  addition,  longitudinal  vortices  have 
been  observed  in  some  experiments  (e.g.,  [2j)  in  the  reattach¬ 
ment  zone  behind  the  bubble. 

The  present  work  is  a  continuation  of  earlier  (2-D)  investiga¬ 
tions  by  Gruber  et  al.  [3]  (2-D)  and  Rist  [4]  (3-D)  with  the 
aim  of  obtaining  deeper  insight  into  the  transition  and  reat¬ 
tachment  process  in  laminar  separation  bubbles.  Based  on 
the  experience  gained  from  the  DNS  of  flat-plate  boundary- 
layer  transition  [5]  where  transition  in  a  low  turbulence  en¬ 


vironment  is  initiated  by  a  sequence  of  instabilities,  e.g.,  pri¬ 
mary  instability  (instability  of  the  base  flow  versus  Tollmien- 
Schlichting  waves)  and  secondary  instability  (instability  of 
the  flow  in  the  presence  of  finite-amplitude  2-D  waves  ver¬ 
sus  small  amplitude  3-D  disturbances),  a  number  of  generic 
disturbance  combinations  are  investigated  in  the  present  pa¬ 
per. 


3.  NUMERICAL  METHOD 

Only  a  general  outline  of  the  method  will  be  given  here,  de¬ 
tails  are  available  in  [5]  -  [9].  The  latest  version  of  the  DNS- 
scheme  developed  by  Fasel  et  al.  [5],  improved  by  Kloker  et 
al.  [6]  and  more  recently  by  Kloker  [7],  is  used.  It  is  based 
on  the  numerical  solution  of  the  complete  3-D  Navier-Stokes 
equations  in  vorticity-velocity  formulation  for  incompressible 
unsteady  flow.  The  flow  is  split  into  a  two-dimensional  steady 
base  flow  and  a  three-dimensional  unsteady  disturbance  flow 
in  such  a  way  that  no  linearization  occurs.  This  allows  the 
calculation  of  different  base  flows  by  prescribing  different  free- 
stream  velocity  distributions  without  altering  the  boundary 
conditions  for  the  calculation  of  the  disturbance  flow.  Thus, 
compared  to  earlier  simulations  of  boundary  layer  instability 
and  transition,  only  the  base  flow  had  to  be  changed  for  the 
calculations  presented  in  this  paper. 


3.1  Governing  equations 

The  flow  over  a  flat  plate  is  considered  (see  Figure  1)  where 
the  streamwise,  wall  normal,  and  spanwise  directions  are  de¬ 
noted  by  X,  y,  and  z,  respectively  with  their  relevant  velocity 
components  denoted  by  u,  v,  and  w.  All  variables  are  nondi- 
mensionalized  by  the  free-stream  velocity  Uoo  upstream  of 
the  separation  bubble  and  by  a  reference  length  L,  where 
overline  denotes  dimensional  variables 


y  =  s/Re  =  , 

V  = 

U  CO 


(1) 


and  Re  =  U^LjV  is  the  global  Reynolds  number.  For  all 
investigations  presented  here.  Re  =  10^  (Uoo  =  30m/s,  V  = 
1.5  •  10~®m^/s,  and  L  =  0.05m). 


Figure  1:  Integration  domain  for  the  DNS  of  a  laminar  sepa¬ 
ration  bubble.  S  =  separation  point,  R  =  reattachment  point. 


Paper  presented  at  the  74th  Fluid  Dynamics  Symposium  on  “Application  of  Direct  and  Large  Eddy 
Simulation  to  Transition  and  Turbulence"  held  at  Chania,  Crete,  Greece,  in  April  1994. 
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With  the  vorticity  defined  as  Cj  =  —rot{u),  the  vorticity 
transport  equations  for  the  calculation  of  the  x-,  y-,  and  z- 
vorticity  components  are 


~  ""  ^  ~ 

9  ^  ,  9  ,  . 


duj, 

~dt 


-  nw^) 


Au)^, 
Acu,,  (2) 
Aw,, 


where 

A  _  Xii  ii 

/?e  clj/^  iie  9^^ 

The  velocity  components  are  calculated  from 


d^u  d^u 


d^w  d^w 
dx^  dz'^ 


dujy  d^v 
dz  dxdy' 
dujx  9w, 
dz  ’  dx 

diHy  d^v 
dx  dydz 


(3) 


(4) 


“disturbance  strip”,  and  their  downstream  development  is 
obtained  by  solving  the  3-D  disturbance  flow  equations. 

Periodicity  in  spanwise  direction  is  assumed,  and  an  effective 
pseudospectral/finite  difference  scheme  is  constructed  by  us¬ 
ing  a  Fourier  ansatz  in  z-direction 

f{x,y,z,t)=  ^2  (6) 

k=~K 

where  /  =  [«',  v',  w\  w^,  w',  w^J,  =  [(/*,,  14,  Wk,  firf,  ilyk, 

and  7  =  2'kI\;  is  the  spanwise  wave  number.  Since  / 
in  equation  6  is  a  real  quantity,  only  those  modes  with  i'  ^0 

need  to  be  calculated,  the  others  are  defined  by  F-k  =  Fk, 
where  ~  stands  for  the  complex  conjugate.  0{Ax*,  Ay‘^)- 
accurate  finite  difference  expressions  are  used  for  discretiza¬ 
tion  on  the  grid  already  used  in  section  3.2  for  the  calculation 
of  the  base  flow.  Time  integration  is  performed  by  an  explicit, 
£)(Af^)-accurate  four  stage  Runge-Kutta  scheme  using  cen¬ 
tral,  upwind,  downwind,  and  again  central  finite  differences 
for  the  x-convection  terms,  in  each  stage,  respectively.  The 
sequence  of  upwind  and  downwind  differences  is  altered  for 
every  time  step.  It  can  be  shown  that  this  technique  ef¬ 
fectively  damps  out  small  scale  oscillations  that  cannot  be 
accurately  discretized  on  a  given  grid  [7]. 


Next,  the  flow  is  split  into  a  steady,  two-dimensional  base 
flow  (index  B),  and  an  unsteady,  three-dimensional  disturb¬ 
ance  flow  (denoted  by  primes) 

u  =  ub  +  u' ,  V  =  vb  -h  v',  w  =  w',  (5) 

cJi  =  uj'y.,  uiy  =ujy,  tu,  =  +  w(. 

Inserting  equation  (5)  into  equations  (2  -  4)  and  sorting  out 
the  equations  to  be  fulfilled  by  the  base  flow  yields  two  sets  of 
equations  for  the  calculation  of  the  base  and  for  the  disturb¬ 
ance  flow,  respectively.  The  boundary  conditions  are  split 
accordingly,  and  both  flows  are  computed  separately,  as  de¬ 
scribed  in  the  next  two  sections. 

3.2  Calculation  of  the  base  flow 

The  integration  domain  is  divided  into  N  and  M  equally 
spaced  intervals  in  x  and  y  direction,  as  shown  in  Figure  1. 
Blasius  boundary  layer  profiles  are  prescribed  at  the  inflow 
boundary  A-B,  the  no-slip  boundary  condition  applies  at  the 
plate’s  surface  at  y  =  0,  and  at  outflow  (C-D)  the  governing 
equations  are  solved  with  the  assumption  of  1/Re-d^f  /dx'^  = 
0,  where  /  =  [ub,  vb,  i-Ozb]-  The  “relaminarization  zone”  and 
the  “disturbance  strip”  shown  in  Figure  1  are  not  used  for 
the  calculation  of  the  base  flow.  Along  the  upper  boundary 
B-C  a  free-stream  velocity  distribution  is  prescribed  contain¬ 
ing  a  smooth  step  by  Au,vf  between  Xi  and  X2  (cf.  Figure  2). 
A  steady  finite  difference  solution  to  the  2-D  base  flow  equa¬ 
tions  is  seeked  by  using  an  0{Ax"‘,  Ay'',  Af^)-accurate  finite 
difference  x-implicit,  y-explicit  splitting  method. 

3.3  Calculation  of  the  disturbance  flow 

After  the  base  flow  has  been  calculated,  disturbances  are 
introduced  into  the  integration  domain  by  timewise  peri¬ 
odic  blowing  and  suction  upstream  of  the  bubble  witbin  tbe 


Figure  2;  Velocity  distribution  along  the  free-stream  bound¬ 
ary  of  the  integration  domain. 


The  boundary  conditions  for  the  disturbance  flow  are:  no 
disturbances  at  inflow  (A-B),  no  slip  at  the  plate  (A-D), 
except  for  the  wall-normal  velocity  within  the  disturbance 
strip 

Vk{x,0,t)  =  AkVRe  Vy,{x)sm{dt),  (7) 

where  u„(x)  is  a  “wall-forcing  function”,  and  /?  is  the  di¬ 
mensionless  frequency  related  to  the  frequency  parameter 
F  =  lii'IU'2  ■  10'*  usually  used  in  boundary-layer  stability 
theory  hy  d  =  F  ■  Re  ■  10”"*.  );„(x)  is  zero  everywhere,  ex¬ 
cept  within  the  disturbance  strip,  where  a  point-symmetric 
amplitude  distribution  with  respect  to  the  strip’s  center  is 
constructed  from  the  5‘*’-order  polynomial  Vyj{F)  =  20.25  • 
(2  —  35.4375  •  d' d-  15.1875  •  with  ^  running  from  0  to  1  in 
the  first  and  from  1  to  0  in  the  second  half  of  the  disturbance 
strip. 

The  vorticity  at  the  wall  is  calculated  from 

9^1  ^  I  ^  d^LVy  I  _^Aau| 

dx'^  4=0  dz"^  4=0  dxdy\y=o  dz  4=o’ 

diOz  I  deJx  I  ^  I 

dx  4=0  9z  4=0  ly=0 

At  the  upper  boundary  of  the  integration  domain  (B-C)  an 
exponential  decay  of  the  disturbances  in  y-direction  is  al¬ 
lowed,  and  hence  a  relatively  small  integration  domain  of 
only  a  few  boundary  layer  thicknesses  can  be  used.  Start¬ 
ing  already  upstream  of  the  outflow  boundary  (C-D),  the 
disturbances  are  forced  to  decay  by  gradual  suppression  of 
the  disturbance  vorticity  (with  x)  [6].  This  technique  has 
been  carefully  tested,  it  works  for  boundary  layers  as  well  as 
for  strongly  nonparallel  base  flows,  like  e.g.,  free  shear  layers 
or  bluff  body  wakes. 

4.  NUMERICAL  RESULTS 

The  integration  domain  shown  in  Figure  1  begins  at  Reg-,  = 
1.72077\/a:o  •  =  331,  extends  over  18(5i  in  y-direction  (un¬ 

til  y  =  18.84)  and  from  xq  =  0.37  to  xn  =  5.06.  A  velocity 
step  by  Aum  =  9%  is  prescribed  between  Xi  —  0.71  and 
X2  =  2.43  according  to  Figure  2.  Except  where  noted,  697 
and  96  equally  sized  intervals  are  used  for  discretization  in 
X-  and  y-direction,  respectively  for  a  discretization  using  ap¬ 
prox.  25  grid  points  per  TS-wavelength  in  x-direction  and 
100  time  steps  per  period.  With  the  disturbance  strip  placed 
between  x  =  0:55  and  x  =  0.70  and  the  “relaminarization 
zone”  beginning  at  x^z  =  4.67,  the  spanwise  wave  number  in 
equation  (6)  is  set  to  7  =  20. 
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Figure  3:  Base  flow  parameters:  free-stream  velocity  um, 
shape  factor  H,  displacement  thickness  (fi,  separation  stream¬ 
line  ysep,  separation  point  S,  and  reattachment  point  R. 

4.1  Base  flow 

Characteristic  features  of  the  base  flow  are  given  in  Figure  3. 
They  allow  the  comparison  of  the  prescribed  free-stream  ve¬ 
locity  unf(x)  with  the  displacement  thickness  the  shape 

factor  H[x)  (displacement  thickness/momentum  thickness), 
and  the  separation  streamline  corresponding  to  'P  =  0  where 
d*  is  the  (2-D)  stream  function.  Here  and  in  all  subsequent 
figures  S  and  R  mark  the  separation  and  reattachment  of  the 
base  flow,  they  are  repeated  to  facilitate  comparison  between 
different  figures.  The  shape  factor  starts  with  the  Blasius 
value  H  =  2.59  at  inflow,  increases  to  a  maximum  around 
4.8,  and  decreases  again  in  the  reattachment  region.  The 
strong  increase  of  and  hence  H  begins  already  upstream 
of  the  bubble.  Separation  and  reattachment,  however,  oc¬ 
cur  downstream  of  the  largest  gradient  of  um{x)  at  those 
positions  where  //  ss  4.  With  ^15  ~  4.0  at  separation  ac¬ 
cording  to  Figure  3,  the  Reynolds  number  based  on  the  dis¬ 
placement  thickness  at  separation  Res^s  =-/Re  ■  Sis  ~  1265 
turns  out  to  be  quite  large  compared  to  the  Blasius  value  of 
Reg^  =  1. 72077 «  715  for  the  same  x.  Behind  the 
bubble,  the  flow  asymptotically  recovers  to  a  Blasius  bound¬ 
ary  layer  indicating  that  the  laminar  separation  bubble  has 
primarily  a  local  effect  on  the  base  flow.  Since  Si  decreases 
downstream  of  the  bubble  until  the  decrease  is  superseded  by 
the  growth  of  the  fiat-plate  boundary  layer,  Reg^  would  also 
decrease  and  the  presentation  of  the  results  further  down, 
based  on  a  local  normalization  by  Si  would  be  equivocal.  It 
is  therefore  better  to  keep  to  the  “global  normalization”  in¬ 
troduced  in  equation  (1). 

4.2  Choice  of  disturbance  frequency 

Linear  Stability  Theory  [LST)  calculations  based  on  the  Orr- 
Sommerfeld  equation  and  using  UB-velocity  profiles  calcu¬ 
lated  in  the  previous  section,  revealed  that  the  flow  was  most 
unstable  with  respect  to  2-D  disturbances  with  frequencies 
around  /9  =  18  (F  =  ^/Re  •  10“'  =  1.8  in  the  stability  dia¬ 
gram).  This  was  verified  in  the  DNS  with  small  amplitude 
wave  packets  centered  ai  p  —  7, 14,  and  28,  respectively. 
In  all  three  cases  the  most  amplified  disturbance  occured  at 
P  fs  18.  The  disturbance  frequency  for  all  subsequent  studies 
using  periodical  forcing  was  therefore  set  to  P  =  18. 

4.3  Discussion  of  Results 

Depending  on  the  choice  of  the  disturbance  amplitudes  Ak  in 
equation  (7),  different  cases  can  be  investigated:  a  “linear” 
case  (L)  with  a  2-D  and  two  pairs  of  3-D  TS-waves  each  with 
such  a  small  amplitude  that  no  relevant  nonlinear  interac¬ 
tions  occur;  a  “fundamental”  case  (F)  with  a  large  amplitude 
2-D  TS-wave  together  with  small  amplitude  3-D  TS-waves; 
an  “oblique”  case  (O),  where  only  one  large- amplitude  3-D 
wave  pair  is  introduced;  and  a  “combined”  case  (C),  where 
an  equally  large  2-D  TS-wave  is  introduced  together  with  the 
oblique  wave  pair  of  case  O.  In  the  first  two  cases,  the  spec¬ 
tral  ansatz  (6)  is  truncated  at  K  =  2,  and  disturbances  are 
introduced  for  fc  =  0,  1,  and  2,  i.e.,  7  =  0,  20,  40,  respec¬ 
tively.  In  the  other  two  cases,  eqn.  (6)  is  truncated  at  K  =  4 
or  larger. 


Figure  4:  Amplification  curves  for  small-amplitude  disturb¬ 
ances  (case  L),  P  =  frequency,  7  =  spanwise  wave  number. 


Figure  5:  Comparison  of  DNS-amplification  rates  from  case  L 
with  Linear  Stability  Theory  (LST),  P  =  frequency,  7  =  span- 
wise  wave  number. 

4.3.1  Linear  case 

Amplification  curves  of  the  u’-disturbance  maxima  vs.  x  are 
shown  in  Figure  4  for  the  2-D  wave  and  the  3-D  wave  pairs. 
Generated  at  the  disturbance  strip  (0.55  <  x  <  0.70)  with 
Ao  =  Ai  =  A2  =  10""’  in  (7),  the  waves  undergo  a  strong 
amplification  over  several  orders  of  magnitude,  starting  al¬ 
ready  upstream  of  the  separation  point.  The  amplification 
is  strongest  for  the  flat  wave,  it  decreases  with  increasing 
spanwise  wave  number.  Downstream  of  the  bubble,  the  am¬ 
plification  is  reduced  due  to  the  relaxation  of  the  base  flow 
to  a  Blasius  boundary  layer.  It  is  important  to  note  that  the 
magnitude  of  the  amplification  rate  a,-  =  —d/dx(\nu'^^,P)  is 
more  than  ten  times  larger  in  presence  of  the  bubble  than 
without  it.  In  addition,  3-D  waves  are  nearly  as  amplified  as 
2-D  waves. 

A  quantitative  comparison  of  the  amplification  rates  extract¬ 
ed  from  Figure  4  with  results  of  LST  using  local  base  flow 
profiles,  i.e.,  parallel-flow  assumption,  is  given  in  Figure  5. 
Remarkably  good  quantitative  agreement  is  observed,  small 
differences  can  be  attributed  to  the  nonparallel  base  flow, 
since  the  disturbance  amplitudes  are  too  small  for  nonlinear 
effects  (0(10—*)).  Closer  investigation  of  these  nonparallel 
effects  showed  that  the  u'-disturbance  maximum  agrees  bet¬ 
ter  with  LST  in  the  downstream  part  of  the  bubble,  whereas 
’^'max  agrees  better  in  the  upstream  part.  Such  qualitative  be¬ 
havior  is  plausible,  since  the  streamlines  have  different  (con¬ 
cave/convex)  curvature  before  and  after  the  bubble.  On  the 
whole,  nonparallel  effects  are  surprisingly  small. 

4.3.2  Fundamental  case 

The  only  difference  of  this  case  to  the  previous  one  is  a  much 
larger  amplitude  of  the  2-D  wave  at  the  disturbance  input, 
Ao  =  10"®  (compare  above).  The  intention  is  to  simulate  a 
combination  that  will  lead  to  K-type  transition  in  a  Blasius 
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Figure  6:  Amplification  curves  for  large  2-D  and  small  3-D 
disturbance  amplitudes  (case  F),  7  =  spanwise  wave  number. 


boundary  layer.  In  such  a  case,  a  tenfold  increase  of  the 
3-D  amplification  rates  can  be  expected  due  to  secondary 
instability  [10].  As  long  as  the  amplitudes  of  the  3-D  disturb¬ 
ances  are  very  small,  no  interaction  is  expected  among  these, 
and  the  simultaneous  introduction  of  two  oblique  wave  pairs 
is  considered  an  effective  means  of  getting  an  idea  about  the 
sensitivity  of  the  expected  resonance  to  the  spanwise  wave 
number. 

Except  for  the  larger  amplitude  of  the  2-D  wave,  the  2-D  and 
3-D  disturbances  in  Figure  6  initially  develop  in  the  same  way 
as  in  Figure  4.  However,  when  the  2-D  wave  attains  ampli¬ 
tudes  of  v-'maxl^<x>  ~  20%,  nonlinear  effects  are  responsible  for 
its  saturation  which  persists  downstream  of  the  bubble.  As 
already  shown  in  [4]  and  as  will  be  shown  further  down,  the 
flow  is  qualitatively  reasonable  for  x  >  2.0,  despite  the  pos¬ 
sible  deterioration  of  the  numerical  results  due  to  insufficient 
numerical  resolution  for  x  >  2.0. 

High-frequency  harmonics  (/3  =  36  and  /?  =  54  for  the  2-D 
wave,  /3  =  36  for  the  3-D  waves)  have  been  included  in  Fig.  6 
as  dotted  lines  in  order  to  give  an  additional  indication  of 
nonlinear  effects.  Saturation  of  disturbance  amplitudes  at 
a  high  level  and  generation  of  higher  harmonics  are  typical 
nonlinear  phenomena  which  can  also  be  observed  in  other 
base  flows,  e.g.,  in  a  Blasius  boundary  layer  [8],  [9].  In  case  L, 
where  no  saturation  is  observed,  all  higher  harmonics  stay 
below  10“^^. 

As  regards  the  3-D  disturbances,  which  were  supposed  to  get 
in  resonance  with  the  2-D  wave  and  strongly  amplified  by  sec¬ 
ondary  instability  (cf.  Herbert  [10])  after  the  2-D  wave  has 
attained  sufficiently  large  amplitudes  (0(1%)),  an  unexpect¬ 
edly  reduced  growth  of  the  3-D  waves  is  observed  as  soon  as 
the  2-D  wave  saturates.  This  could  again  be  due  to  nonlinear 
effects  since  the  3-D  higher  harmonics  shown  have  approxi¬ 
mately  the  same  amplitude  as  the  fundamentals.  However, 
the  reduced  amplification  may  also  be  explained  by  nonlinear 
deformation  and  stabilization  of  the  mean  flow  due  to  the 
action  of  the  2-D  nonlinear  disturbances,  as  already  shown 
in  [4]. 

In  order  to  validate  this  surprising  result,  case  F  has  been 
re-computed  using  smaller  grid  sizes  in  x  and  time  (i.e.,  w50 
gi'id  points  per  wavelength,  and  120  intervals/period,  respec¬ 
tively).  No  differences  were  observed. 

Next,  the  simulation  was  repeated  using  larger  3-D  disturb¬ 
ance  amplitudes.  Results  of  this  simulation  are  shown  in 


Figure  7:  Effect  of  increasing  the  3-D  disturbance  amplitude 
compared  to  Figure  6,  7  =  spanwise  wave  number. 


Figure  8;  Comparison  of  DNS-amplification  rates  from  case  F 
with  Linear  Stability  Theory  {LST),  P  =  frequency,  7  =  span- 
wise  wave  number. 

Figure  7  in  the  same  way  as  in  Figure  6.  Apart  from  larger 
numerical  noise  upstream  of  the  bubble,  depicted  by  the  high- 
frequency  harmonics,  no  significant  differences  occur  for  the 
2-D  and  3-D  waves  compared  to  the  preceding  investigation. 
So  far,  no  important  contribution  of  secondary  instability  to 
the  transition  process  could  be  observed  for  the  laminar  sep¬ 
aration  bubbles  under  investigation,  even  after  changing  the 
scenario  from  “fundamental”  to  “subharmonic  resonance”,  as 
reported  in  [4]. 

When  looking  at  the  amplification  rates  —a;  in  Figure  8, 
calculated  from  the  data  shown  in  Figure  6,  an  initially  rather 
close  quantitative  agreement  between  the  DNS  and  LST  is 
again  observed  as  for  the  linear  case  in  Figure  5.  For  clarity 
the  3-D  a;  curves  are  not  shown  for  x  >  2.0,  since  a;  would 
overemphasize  local  oscillations  of  the  amplitudes  vs.  x  in 
Figure  6.  Starting  at  a:  w  1.85,  the  amplification  rates  begin 
to  deviate  from  LST  and  all  waves  shown  turn  towards  a 
neutral  behavior.  The  2-D  wave  experiences  a  short  distance 
with  slightly  increased  amplification  while  the  3-D  wave  with 
the  larger  spanwise  wave  number  (7  =  40)  attains  a  rather 
large  amplification  rate  before  it  decreases. 

Comparisons  with  stability  calculations  for  secondary  insta¬ 
bility  at  a:  =  1.8,  where  the  2-D  disturbance  amplitude  is  ap¬ 
proximately  1%,  yield  increased  3-D  amplification  rates  for 
7  =  40,  thus  indicating  indeed  a  possible  secondary  instabil¬ 
ity  just  before  the  nonlinear  saturation  of  the  2-D  disturb¬ 
ances.  However,  identification  of  a  secondary  instability  in 
the  DNS  results  is  very  difficult  in  the  present  case  due  to  its 
small  difference  to  primary  instability,  as  far  as  amplification 
rates  are  concerned.  In  addition,  the  secondary  instability 
breaks  down  soon  after  its  emergence.  Similar  observations 
are  made  in  the  subharmonic  case  S  [4]. 
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mode  (1,1):  /3  =  18,  7  =  20 


Figure  9:  Amplification  curves  for  large  3-D  disturbance  am¬ 
plitudes  (case  O),  /?  =  frequency,  7  =  spanwise  wave  number. 


Figure  10:  2-D  mean-flow  parameters  in  case  O:  free-stream 
velocity  u^,  shape  factor  H,  displacement  thickness  5i,  sep¬ 
aration  streamline  y^ep-  S,  R:  separation  and  reattachment  of 
the  undisturbed  base  flow. 


4.3.3  Oblique  case 

In  the  past  years,  a  new  3-D  amplification  mechanism  was 
found,  initially  in  the  transonic  flow  regime  (e.g.,  [11])  where 
3-D  waves  are  equally  or  even  more  amplified  than  2-D  waves. 
A  somewhat  similar  situation  appears  here  in  the  separation 
bubble:  3-D  (linear)  disturbances  are  approximately  as  am¬ 
plified  as  2-D  disturbances  (cf.  Fig.  4  and  5).  Therefore,  a 
3-D  instability  (now  called  oblique  breakdown)  might  be  of 
relevance  here.  This  possibility  is  investigated  in  case  O  by 
means  of  a  pair  of  oblique  waves  with  =  18  and  7  =  ±20 
(i.e.,  A/t  =  0,  for  k  ^  1,  and  Aj  =  10“^  in  eqn.  (7)). 

In  this  case,  additional  nonlinear  effects  are  expected  to  oc¬ 
cur  among  different  modes  in  spanwise  direction.  Therefore, 
in  addition  to  using  a  finer  resolution  in  x  and  t  (wfiO  grid 
points/wavelength,  and  200  time  steps/period,  resp.),  K  in 
equation  (6)  is  increased  compared  to  the  simulations  above. 
In  order  to  save  some  computer  time,  the  beginning  of  the 
“relaminarization  zone”  and  the  end  of  the  integration  do¬ 
main  are  placed  at  x^z  =  2.52  and  X]\j  =  3.17,  respectively.  In 
addition,  case  O  is  performed  as  a  “spatial  continuation  sim¬ 
ulation”  using  two  integration  domains  overlapping  in  down¬ 
stream  direction,  and  K  =  4  and  K  =  8  in  the  two  grids, 
respectively.  Periodic  inflow  conditions  for  the  disturbances 
calculated  on  the  second  grid  beginning  at  a:  =  1.5,  are  ex¬ 
tracted  from  the  results  of  the  first  grid  at  the  same  x.  xq 
of  the  first  grid  and  the  height  of  the  integration  domain  in 
y-direction  are  not  altered  compared  to  the  simulations  dis¬ 
cussed  so  far,  but  the  number  of  grid  points  in  x-direction  is 
reduced  to  498  in  spite  of  the  finer  resolution. 

Amplification  curves  u'^  vs.  x  from  case  O  are  shown  in 
Figure  9  for  some  typical  spectral  modes.  A  typical  feature  of 
the  oblique  breakdown  is  the  amplification  of  modes  {n,  k)^ , 
where  n  ±  A;  is  even.  These  modes  include  2-D  disturbances, 
e.g.,  mode  (2,0),  and  longitudinal  vortices,  e.g.,  mode  (0,±2). 
The  amplitudes  of  corresponding  oblique  wave  pairs  (denoted 
by  ±k9  are  added  to  form  single  curves  in  Figure  9.  Two 
observations  are  important:  first,  modes  (1,±1)  are  amplified 
according  to  LST  until  nonlinear  effects  lead  to  saturation 
around  x  w  2.0,  and  second,  all  other  modes  are  generated  by 
nonlinear  interactions,  e.g.,  modes  (0,±2),  (2, ±2),  and  (2,0) 
by  modes  (1,±1).  The  second  observation  is  confirmed  by  the 
amplification  rates  between  x  =  1.5  and  x  =  2.0  in  Figure  9: 
the  nonlinearly  generated  waves  belonging  to  the  interaction 
just  mentioned,  are  all  amplified  with  the  same  rate  which  is 
approximately  twice  the  rate  of  the  forcing  waves.  Higher- 
order  nonlinear  modes  start  at  an  initially  lower  amplitude 
with  even  larger  amplification  rates,  e.g.,  (1,±3).  It  turns  out 
that  the  local  amplitudes  of  all  nonlinearly  generated  modes 
solely  depend  on  the  local  amplitude  of  modes  (1,±1)  [11]. 

In  principle,  the  “oblique  breakdown”  mechanism  is  opera¬ 
tive  for  any  spanwise  wave  number  7  >  0  as  long  as  the 

±  =  frequency  index  (relative  to  /?  =  18),  k  =  spanwise  wave  number 
index  (relative  to  7  =  20). 


corresponding  oblique  wave  pair  is  amplified.  From  the  ob¬ 
servations  in  connection  with  case  L,  however,  a  “preferred” 
or  “optimal”  spanwise  wave  number  7^  can  be  expected:  De¬ 
creasing  7  from  7p  to  7  =  0,  the  amplification  of  the  3-D 
waves  can  no  longer  increase,  since  the  amplification  of  the 
2-D  wave  is  the  largest  possible,  but  at  the  same  time  the 
“oblique”  mechanism  somehow  must  decrease  due  to  its  ab¬ 
sence  in  2-D.  Increasing  7  beyond  7p  must  also  decrease  the 
strength  of  the  mechanism  due  to  the  reduced  amplification 
of  oblique  primary  waves  with  increasing  spanwise  wave  num¬ 
ber.  Taking  o;  of  modes  (0,±2)  between  a:  =  1.5  and  x  =  2.0 
as  a  reference,  a  number  of  test  calculations  were  performed 
using  different  (global)  spanwise  wave  numbers  7  in  eqn.  (6), 
and  the  largest  amplification  of  modes  (0,±2)  was  found  near 
7p  ~  20.  The  “preferred”  spanwise  wavelength  of  the  longitu¬ 
dinal  vortices  represented  by  modes  (0,±2)  (7  ss  40)  is  thus 
Ajp  «  0.157.  With  ^15  «  4  from  Figure  3,  A^p  can  be  ex¬ 
pressed  as  \zp  ~  12.45is,  when  the  stretching  in  y-direction 
by  \^Re  is  taken  into  account. 

As  already  observed  in  case  F,  additional  nonlinear  effects 
lead  to  the  saturation  of  all  disturbance  amplitudes  at  x  > 
2.0.  Although  the  resolution  is  still  not  adequate  to  resolve 
all  aspects  of  the  flow  in  that  region,  a  number  of  interesting 
qualitative  mean-flow  features  can  be  observed,  as  will  be 
shown  in  the  next  two  figures. 

The  downstream  development  of  the  free-stream  velocity  um, 
the  shape  factor  H,  the  displacement  thickness  ^i,  and  the 
separation  streamline  y^zp  for  the  mean  flow  from  case  O  are 
given  in  Figure  10  for  comparison  with  the  base  flow  (i.e.,  the 
undisturbed  steady  flow)  in  Figure  3.  No  differences  occur  for 
x  <  1.85  in  agreement  with  the  small  disturbance  amplitudes 
observed  further  above.  In  the  rearward  part  of  the  bubble, 
however,  everything  is  different  from  the  undisturbed  flow: 
Reattachment  occurs  earlier,  the  bubble’s  outline  resembles 
a  triangle,  the  shape  factor  and  the  displacement  thickness 
both  decrease  to  very  low  values,  and  even  the  free-stream  ve¬ 
locity  is  decreased.  The  retardation  of  the  outer  flow  is  thus 
increased  by  additional  5%  relative  to  t4o  by  the  action  of  the 
disturbances,  which  have  reached  such  a  large  amplitude  that 
they  have  finite  amplitude  at  yM,  despite  their  exponentially 
fast  decay  with  increasing  y.  Such  a  large  change  of  the  ve¬ 
locity  at  the  upper  boundary  of  the  integration  domain  could 
cause  undue  influences  of  the  chosen  height  of  the  domain 
on  the  flow,  especially  for  x  >  2.1.  This  would  be  clarified 
by  additional  simulations  using  different  distances  yM  of  the 
upper  boundary  from  the  flat  plate.  Other  investigations  us¬ 
ing  a  viscous-inviscid  interaction  model  of  the  kind  proposed 
in  [12]  are  also  of  interest,  they  would  further  remove  possible 
effects  of  a  finite  height  of  the  integration  domain. 

The  sudden  jump  of  all  curves  back  to  the  undisturbed  values 
at  a;  w  2.52,  however,  is  due  to  the  artificial  suppression  of 
the  disturbances  in  the  “relaminarization  zone”  beginning  at 
Xrz  =  2.52.  This  shows  the  efficiency  of  the  “relaminarization 
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1.2,  1.4,  2,4. 


zone”.  Compared  to  case  L,  and  to  the  influence  of  the  bubble 
on  the  base  flow  described  in  connection  with  Figure  3,  where 
only  a  local  influence  of  the  bubble  on  the  flow  was  observed, 
the  influence  of  the  large-amplitude  disturbances  is  not  lo¬ 
cal,  since,  once  amplified  and  saturated,  a  quasi-turbulent 
flow  would  persist  for  all  x  downstream  of  the  bubble  if  no 
relaminarization  were  enforced. 

The  downstream  evolution  of  the  2-D  mean-flow  profiles  for 
the  three  cases  L/F/O  are  compared  in  Figure  If.  For 
X  <  2.0,  there  is  no  difference  due  to  the  small  disturbance 
amplitudes.  Further  downstream  in  the  reattachment  zone, 
the  most  striking  differences  appear:  the  profiles  according  to 
cases  with  large-amplitude  disturbances  have  different  curva¬ 
ture  and  a  much  larger  dujdy  close  to  the  wall.  Qualitatively 
these  profiles  look  like  turbulent  boundary  layer  profiles,  and 
indeed,  calculation  of  the  shape  factor  H  in  the  reattachment 
zone  for  the  nonlinear  cases  yields  H  a:  2.0,  and  //  ss  1.4 
in  case  F,  and  O,  respectively.  Thus,  the  qualitative  and 
quantitative  resemblance  of  the  mean  flow  behind  the  bubble 
to  a  turbulent  mean  flow  is  most  pronounced  in  case  O  (a 
typical  shape  factor  for  turbulent  flat-plate  boundary  laj^ers 
is  H  «  1.5).  The  apparent  difference  between  case  F  and 
case  O  is  due  to  different  3-D  disturbance  amplitudes:  the 
flow  in  case  F  is  dominant  2-D  and  therefore  qualitatively 
more  distinct  from  3-D  turbulence  than  in  case  O. 

In  summary,  the  separation  bubble  in  case  O  yields  the  best 
qualitative  agreement  with  a  transitional  laminar  separation 
bubble.  In  addition,  longitudinal  vortices  which  have  already 
been  observed  in  experiments  (e.g.,  [2])  might  be  due  to  the 
occurence  of  modes  (0,±2).  The  calulation  of  A^p  further 
above  gives  an  estimate  for  the  spanwise  wavelength  of  such 
vortices.  What  happens  to  case  O  if  an  even  large  amplitude 
2-D  disturbance  is  present,  is  investigated  in  the  next  section. 

4.3.4  Combined  case 

The  results  presented  in  sections  4.3.2,  and  4.3.3  show  that  a 
large  amplitude  2-D  disturbance  will  not  immediately  drive 
small  amplitude  3-D  disturbances  to  large-amplitude  satu¬ 
ration,  the  mutual  interaction  of  3-D  disturbances  seems  to 
be  much  better  suited  for  that  purpose,  instead.  A  problem 
with  case  O,  however,  is  that  the  flow  is  dominated  by  3-D 
disturbances  whereas  experiments  show  a  dominance  of  2-D 
effects. 

Until  reliable  receptivity  studies  are  available,  the  initial  dis¬ 
turbance  spectrum  must  be  estimated  and  different  generic 
combinations  must  be  investigated,  as  it  is  done  here.  Due 
to  the  convective  nature  of  the  instabilities  observed  above, 
the  flow  downstream  of  the  separation  bubble  depends  on  the 
disturbance  spectrum  introduced  further  upstream.  In  order 
to  check  the  relevance  of  case  O,  a  number  of  additional  simu¬ 
lations  were  performed,  where  large-amplitude  subharmonic, 
fundamental  or  higher  harmonic  2-D  disturbances  were  added 
to  the  initial  3-D  disturbance  in  case  O.  The  most  “danger¬ 
ous”  combination  found,  was  that  using  fundamental  disturb¬ 
ance  frequency,  since  that  frequency  is  the  only  one  that  is 
comparably  amplified  as  the  forcing  3-D  modes  (1,±1)  al¬ 
ready  in  the  “linear  region”  upstream  of  the  bubble. 

The  simulation  presented  in  this  section  is  performed  using 
w50  grid  points/wavelength,  200  time  steps/period,  7  =  20, 
K  =  4  in  equation  (6),  and  594  grid  points  in  x.  Disturbances 
are  generated  with  /?  =  18,  Aq  =  1.1  ■  10'*,  and  Ai  =  10'* 


Figure  12:  Amplification  curves  for  large  2-D  and  3-D 
disturbance  amplitudes  (case  C).  (a.)  n-fk  even,  (b.)  n-)-k 
odd.  Dotted  lines  in  (a)  represent  the  results  already  shown 
in  Figure  9. 

in  eqn.  (7),  and  xq  and  the  height  of  the  integration  domain 
are  left  unchanged  compared  to  the  simulations  already  de¬ 
scribed.  The  amplitudes  Aq  and  Ai  are  chosen  so  that  mode 
(1,0)  and  the  superposition  of  mode  (1,1)  with  mode  (1,- 
i)  start  with  equally  large  disturbance  amplitudes  at  the 
disturbance  strip. 

Amplification  curves  for  the  new  simulation  (case  C)  are  pre¬ 
sented  in  Figure  12.  Figure  12(a)  contains  only  those  (even) 
modes  (n,k)  which  are  also  present  in  case  O  with  the  results 
from  Figure  9  replotted  as  dotted  lines.  Compared  to  case  O, 
some  modes  (e.g.,  (2,0)  and  (3,±1))  are  initially  larger  while 
others  remain  unchanged  until  x  ss  1.85.  Downstream  of 
this  x-station,  the  even  modes  are  generally  smaller  than  in 
case  O,  this  is  especially  apparent  for  the  longitudinal  vortex 
modes  (0,±2)  and  obviously  due  to  the  presence  of  large- 
amplitude  odd  modes  shown  in  Figure  12(b).  For  x  >  1.85 
two  major  qualitative  differences  between  case  C  and  case  O 
arise  from  the  quantitative  differences  observed  further  up¬ 
stream:  (i)  the  flow  is  dominated  by  the  2-D  wave  (1,0)  in  a 
manner  qualitatively  similar  to  that  in  case  F,  and  (ii)  the 
longitudinal  vortices  are  represented  by  modes  (0,±1)  instead 
of  modes  (0,±2),  i.e.,  their  spanwise  wavelength  is  halted. 

As  already  observed  in  case  O  (Figure  9),  some  modes  are 
again  equally  amplified  between  x  =  1.5  and  x  =  2.0,  e.g., 
modes  (0,±2),  (2,0),  and  (2, ±2)  in  Figure  12(a),  and  modes 
(0,±1)  and  (2,±1)  in  Figure  12(b).  Such  wave  pair  triples 
or  pairs  thus  belong  to  the  same  nonlinear  combination  in¬ 
teraction  mechanism,  i.e.,  mode  (1,1)  with  its  complex  con¬ 
jugates  in  the  first  case,  and  mode  (1,0)  with  modes  (1,±1) 
in  the  second  case.  Even  the  increased  amplitudes  of  some 
modes  (e.g.  (2,0))  can  be  explained  by  wave  (mode)  interac¬ 
tion:  compared  to  case  O,  where  it  is  generated  solely  by  (1,1) 
and  (1,-1),  a  self  interaction  of  mode  (1,0)  also  contributes  to 
this  mode  in  case  C  and  provides  for  an  increased  amplitude. 
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Although  the  even  modes  in  case  C  are  somewhat  smaller 
than  in  case  O  for  i  >  1.85,  and  despite  the  existence  of 
odd  modes,  the  underlying  instability  mechanism  appears  to 
be  the  same.  Namely,  the  nonlinear  interaction  of  modes 
in  the  frequency-spanwise-wave-number-spectrum.  Thus,  the 
inclusion  of  2-D  disturbances  into  the  “oblique  breakdown” 
model  does  not  alter  the  principle  found  there. 

5.  CONCLUSIONS 

Inclusion  of  3-D  disturbances  in  the  DNS  of  an  arbitrarily 
chosen  laminar  separation  bubble  gave  a  number  of  unex¬ 
pected  results.  Since  only  one  specific  base-flow  configura¬ 
tion  has  been  investigated  so  far,  it  is  not  yet  clear  to  what 
extent  the  present  results  may  be  generalized.  Further  in¬ 
vestigations  using  other  base  flow  parameters,  e.g.,  larger 
free-stream  velocity  drop  Aum,  larger  Reynolds  number  at 
separation  Res^s,  larger  integration  domain  in  y-direction, 
etc.  are  therefore  necessary. 
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Abstract  1 .  INTRODUCTION 


The  accurate  prediction  of  shear  layer 
transition  plays  an  important  role  in 
the  performance  amelioration  of  modern 
aero-mechanical  devices,  since 
transitional  shear  layers  are 
frequently  observed  on  axial 
turbomachine  blades  and  other  low 
Reynolds  number  airfoils. 

In  the  present  work  some  of  the  most 
famous  existing  turbulence  models  are 
used  in  order  to  analyze  a  large 
variety  of  well  documented  experimental 
transitional  shear  flows.  Particular 
attention  is  paid  to  the  estimation  of 
the  transition  length  and  to  the 
calculation  of  loss  evolution  inside 
the  transition  area. 

Finally  interesting  conclusions  of  the 
proposed  analysis  are  summarized  in  the 
last  part  of  the  paper,  where  the 
behaviour  of  several  transitional  blade 
shear  layers  is  examined,  applying  the 
most  reliable  of  the  above  tested 
turbulence  models. 


NOMENCLATURE 

e  total  energy  per  unit  volume 

k  thermal  conductivity 

p  static  pressure 

turbulent  kinetic  energy 
Re  Reynolds  number  based  on 

reference  conditions 
t  t  ime 

T  temperature 

(u,v)  velocity  components 

Ug  free  stream  velocity 

(x,y)  coordinates  of  a  Cartesian 

system 

y+  yip.Tj  /fi 

y  intermittency  factor 

5  shear  layer  thickness 

6  momentum  thickness 

p  density 

tensor  of  total  viscous 
stresses  (i,j=x,y) 

Q  vorticity  vector 

Subscripts 

w  value  at  the  wall 


The  accurate  prediction  of  shear  layer 
transition  plays  an  important  role  in 
the  performance  amelioration  of  modern 
aero -mechanical  devices,  since 
transitional  shear  layers  are 
frequently  observed  on  axial 
turbomachine  blades  and  other  low 
Reynolds  number  airfoils. 

Up  to  now  boundary  layer  transition  is 
not  yet  fully  understood.  Therefore 
this  lack  of  accurate  information  on 
boundary  layer  transition  poses  serious 
constraints  in  the  application  of 
computer  aided  design  procedures  for 
the  design  of  high  performance 
compressors  and  turbines,  Kaldellis 
(1993),  Douvikas  et  al  (1989). 
Additionally  the  prediction  of  the  3-D 
loss  distribution  is  also  based  on  the 
correct  estimation  of  behaviour  of  the 
transitional  shear  layers,  Katramatos 
and  Kaldellis  (1991) . 

In  the  present  work  a  two-dimensional 
compressible  numerical  code  is 
developed  and  used  to  investigate  the 
evolution  of  the  main  flow  parameters 
of  some  transitional  compressor  and 
turbine  blade  shear  layers.  During  this 
effort  some  of  the  most  famous  simple 
turbulence  models  are  used  in  order  to 
check  the  influence  of  the  turbulence 
model  upon  the  loss  evolution  inside 
the  transition  area,  see  also  Kaldellis 
and  Kodossakis  (1992)  . 

For  this  purpose  the  proposed  method  is 
first  checked  over  a  wide  range  of 
experimental  data  by  Gostelow  and 
Blunden  (1988)  and  Walker  and  Gostelow 
(1989).  Then  it  is  applied  to  analyze 
the  behaviour  of  several  transitional 
blade  shear  layers.  Some  interesting 
conclusions  of  the  proposed  analysis 
are  summarized  in  the  last  part  of  the 
paper . 


2.  PRINCIPLES  OF  NUMERICAL  ALGORITHM 

The  numerical  method  is  based  on  the 
non-dimensional  2-D  compressible 
Navier-Stokes  equations  written  in 
conservative  form.  These  equations  can 


(1)  also  Technological  Educational  Institute  of  Piraeus; 
Permanent  address:  Pontou  S8,  16777  Greece. 
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Simulation  to  Transition  and  Turbulence”  held  at  Chania,  Crete,  Greece,  in  April  1994. 
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be  expressed  as: 

where : 


,  du  3v\ 


where  the  effective  viscosity  " 
takes  into  account  the  molecular  " y" 
and  the  eddy  viscosity  " y^"  using  also 
the  transition  intermittency  factor 
"  Y " ,  i  .  e : 


pw^+p-  —  -c, 
^  Re  ^ 


0  uv- - ‘T 

^  i?e  ^ 


u  ( e+p)  -  ■  ( UT  +  VT  +k-^ ) 

Re  ^  ^  dx 


The  coefficient  of  bulk  viscosity  "X" 
is  generally  negligible  except  in  the 
study  of  shock  and  acoustic  waves, 
which  is  not  our  case.  The  effective 
thermal  conductivity  "k"  is  calculated 
using  the  turbulent  Prandtl  number  and 
the  transition  intermittency  factor 


where  "Re"  is  the  Reynolds  number  based 
on  reference  conditions.  The  above  form 
of  equations  does  not  take  into  account 
external  heat  exchange  and  body  forces, 
while  "e"  is  the  total  energy  per  unit 
volume  given  as: 

e  =  p(i  +  i^!|^)  (5) 


and  "i"  is  the  internal  energy  per  unit 


Finally  the  two  equations  of  state  must 
also  be  used,  i  .  e  : 


p  =  p  ( p ,  T) 


i  =  i  (p,  T) 


Note  that  for  the  initial  test  cases 
the  perfect  gas  assumption  is  adopted. 


Since  the  emphasis  of  this  paper  is  not 
on  the  numerical  method,  the  main 
points  of  the  algorithm  are  briefly 
described  below.  The  numerical  solution 
of  the  system  of  equations  is  obtained 
using  a  typical  time-marching 
technique.  The  governing  equations  are 
treated  using  MacCormack' s  method  which 
is  a  predictor-corrector  version  of  the 
Lax-Wendroff  scheme,  see  also  Anderson 
et  al  (1984) .  Several  numerical 
techniques  are  also  used  (e.g. 
multigrid  stage,  local  time-stepping, 
artificial  viscosity  terms)  to  ensure 
and  accelerate  the  convergence  of  the 
algorithm,  see  also  Kaldellis  (1992) . 

The  grids  used  in  the  present  version 
of  the  method  are  H-C  grids,  which  are 
the  most  commonly  used  grids  for 
viscous  flow  computations  in  cascade 
flows.  H-O-H  grids  are  also  under 
development  in  order  to  improve  the 
accuracy  of  the  method  particularly  at 
the  trailing  edge.  The  grid  generation 
procedure  is  decomposed  in  three  main 
steps;  domain  definition  and  allocation 
of  the  points  on  domain  boundaries, 
filling  of  the  domains  and  finally 
orthogonalisation  of  the  mesh.  Note 
that  the  mesh  size  must  be  very  fine 
near  the  solid  boundaries  (due  to  thin 
laminar  and  transitional  shear  layers) 
in  order  to  capture  viscous  effects. 


For  turbulent  flows  it  is  convenient  to 
use  the  Reynolds -averaged  form  of  N-S 
equations  employing  also  the  Boussinesq 
approximation,  see  Anderson  et  al 
(19  84)  .  Thus  the  components  of  the 
shear  stress  tensor  are  expressed  as: 

(8) 


3  .  TURBULENCE  MODELS 


3 . 1  Baldwin-Lomax  Model 


Baldwin-Lomax' s  (1978)  model  is  one  of 
the  most  widely  used  models  for 
engineering  calculations  and  was 
devised  to  avoid  the  necessity  of 
finding  the  edge  of  the  boundary  layer. 
It  is  a  two -layer  model  and  the  eddy 
viscosity  is  given  by  the  following 
expression : 


(9) 


|j.  j.  =  min  [  1  Cl  I  )  , 

(p-a-C_-F„ax-ymax‘r)  ] 


where : 

1  =  K-y  (13) 

and  "r(y)"  is  a  modified  Klebanoff 
intermittency  function,  i.e: 


r(y)  = 


1  +  5.5  (C.,,.-y/y™ax) 


Note  that  "y,„ax"  is  the  value  of  y  where 
the  function  F (y) ,  i.e: 

F(y)  =  yt  Cl  I  -Diy)  (15) 

reaches  its  maximum  value  "F^ax"-  Note 
that  "K"  is  the  Von  Karman  constant 
(K=0.41)  and  "D"  is  the  Van  Driest 
damping  function  which  ensures  the 
correct  asymptotic  behaviour  of  the 
Reynolds  stress  near  the  wall,  i.e.: 

D{y)  =  1  -  exp  (-y^M*)  (16) 

Finally  "a",  "A*",  "C,;p"  and  "CKieb"  are 

constants  chosen  to  fit  experimental 
data  (i.e.  a=0.016,  A  =26 ,  Ccp=1.6  and 

C;<;eb=0.3)  . 

3  ■  2  One-Half  Equation  Model 

The  second  turbulence  model  is  based  on 
a  modified  form  of  the  Cebeci-Smith 
turbulence  model,  using  also  the 
transport  ordinary  differential 
equation  for  the  mixing  length  proposed 
by  Malik  and  Pletcher  (1978) ,  in  order 
to  take  into  account  the  influence  of 
the  large  eddy  structure  upon  the 
mixing  length  values  in  the  outer  part 
of  the  flow  field.  More  precisely: 

[i,  =  p-j2-[  Q  I  (17) 

For  flow  along  solid  surfaces  good 
results  are  observed  by  evaluating  "1" 
according  to: 

1  =  yy  (1-exp  (-yVA*)  )  (18) 


The  switching  from  equation  (18)  to 
(19)  is  performed  when  "1"  from  eq. (18) 
first  exceeds  the  corresponding  value 
from  eq.  (19)  .  Finally  and  are 
constants  which  take  the  value  0.12  and 
1.25  respectively. 

3 . 3  One-Equation  Model 

The  third  model  consists  of  an  one- 
equation  turbulence  model,  where  an 
extra  differential  equation  for  the 
turbulent  kinetic  energy  "q^"  is  solved 
in  addition  to  the  system  of  equations 
(1).  This  transport  partial 
differential  equation  is  developed  for 
"q2"  from  the  Navier-Stokes  equations. 
For  compressible  two-dimensional  shear 
flows  the  equation  by  Hassid  and  Poreh 
(1975)  takes  the  form: 

d(p-q^)  ^  d(p-u-q^)  ^ 
dt  dx 

where  the  turbulent  kinetic  energy 
production  term  "P"  is  given  by: 


and  the  dissipation  term  "e"  is  given 


e  =  (Cyp  y 


The  turbulent  viscosity  "pt"  is  given 
by  the  following  relationship: 


=  Cj-p- [1-exp  (Cg-i^e  )] 


where : 


Re^  = 


in  the  inner  region  closest  to  the 
solid  boundaries. 

In  the  outer  part  of  the  flow  the 
mixing  length  is  calculated  according 
to : 

1  =  CyL  (19) 

where  "L"  is  determined  by  the  solution 
to  an  ordinary  differential  equation. 
The  final  form  of  this  transport 
equation  (Malik  and  Pletcher , 1978 )  can 
be  written  as : 


and  C3,  C4,  C5,  Cg  are  numerical 

constants  with  values  0.299,  0.336, 

0.548,  0.029  respectively. 

Finally  the  dissipation  length  scale 
"Lj"  is  estimated  using  the  three  layer 
formulation  developed  by  Birch  (19  87)  . 
According  to  this  formulation: 

K-y -Diy) 

T.  =  0.11y,^r(y)  (26) 


where  ''y„,x 


is  the  distance  from  the 
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wall  to  the  maximum  of  the  function 
given  by; 

■P’u  (y)  =  y^‘  1  1  <27) 


0.14-H20exp(100Aj^) 
0.33-H3exp(100A,ft  ) 

^  S 


(32) 


where : 

and  "Lj  "  is  a  specified  constant  =  5  2  Re 

freestream  length  scale.  ^Tmin  '  ® 


(33) 


4.  TRANSITION  MODELLING 


Several  workers  have  attempted  to 

correlate  the  combined  influence  of 
pressure  gradient  and  freestream 
turbulence  level  on  transition,  which 
is  of  great  interest  to  turbomachine 
and  airfoil  designers,  see  also 
Katramatos  and  Kaldellis  (1991). 
However  even  today  advanced 
computational  methods  are  based  on 
"point  transition"  or  predict 
unrealistic  (excessive)  transition 
lengths  and  they  do  not  take  into 
account  the  influence  of  freestream 
turbulence  level. 


and  g(Tu)  is  an  empirical  function 
taking  into  account  the  experimental 
information  concerning  the  influence  of 
the  freestream  turbulence  level  on  the 

length  of  transition.  More  precisely 
according  to  various  experiments  "Lt" 
is  observed  to_  increase  with  turbulence 
level  up  to  Tu=1.4%  and  then  _tend  to 
decrease  for  higher  values  of  T^. 

Finally  the  intermittency  factor  "y"  is 
expressed  as: 

y  =  0.0  (x<x^) 

Y  =  l-exp  (-0 . 412$^)  (x^^x^x^+Lj.)  (34) 

Y  =  1.0  {x>Xg  +  L^) 


The  proposed  model  is  based  on 
information  given  by  Abu-Ghannam  and 
Shaw  (1980),  by  Narasimha  (1985),  by 
Walker  (1987)  and  by  Walker  and 
Gostelow  (1989).  According  to  the 
proposed  model  transition  is  started 
when  the  local  boundary  layer  momentum 
thickness  Reynolds  number  "Re/'  exceeds 
some  critical  value  "Re  ",  given  by: 

Re*  =  a-^expH(Xf,)  -  (28) 


where ; 

H{X(,)  =  h+d^-Xf,  +  d^-Xl  (X^^O) 

HiXf,)  =  b+d^-Xf,+d^-Xl  (.X(i>0) 


(29) 


with  a=163,  b=6.91,  di=12.75, 
d3  =  2.48,  d,  =  -12.27,  and 

_  p.02  du^ 

^  ~ir 


d2=63.64, 

(30) 


where  ".f "  : 


and  "Xg"  is  the  streamwise  distance  to 
the  start  of  transition.  The  "1" 

parameter  describes  the  distance 

between  7=0.25  and  7=0.75 

intermittency.  The  numerical  value  of 
"1"  is  predicted  from  the  following 
equation  by  Chen  and  Thyson  (1971) : 

Rej  =  22Re/-"  (36) 


5.  CALCULATION  RESULTS 

Using  the  above  described  algorithm  an 
important  number  of  transitional  shear 
flows  has  been  investigated  and 
selected  results  are  presented  here. 

Gostelow  and  Blunden  Transitional  Flow 


the  Pohlhausen  parameter.  The  average 
turbulence  intensity  "Ty"  is  the  mean 
value  between  the  initial  "in"  and  the 
corresponding  turbulence  value  at  the 
start  "s"  of  transition,  i.e: 

T,  =  0.5  (31) 

The  length  of  transition  is  predicted 
using  the  Walker's  (1987)  minimum 
transition  length  model  in  combination 
with  the  arbitrary  pressure  gradient 
transition  model  by  Walker  and  Gostelow 
(1989).  Therefore  the  length  of 
transition  is  given  as: 


For  the  purposes  of  evaluating  the 
three  turbulence  models  a  number  of 
calculations  has  been  performed, 
concerning  the  experimental 
transitional  flows  presented  by 
Gostelow  and  Blunden  (1988)  and 
Gostelow  and  Walker  (1990)  for  various 
turbulence  levels  and  a  wide  range  of 
pressure  gradients. 

According  to  Gostelow  and  Blunden 
(1988)  the  investigations  were 
conducted  in  their  octagonal  section 
open  circuit  tunnel  with  working 
section  of  608mmx608mm.  The  boundary 
layer  measurements  were  made  on  the  top 
surface  of  a  flat  aluminum  plate  of 
1500x608x25mm  mounted  in  the  working 
section  and  the  maximum  velocity  used 
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is  Uo=40m/sec.  For  the  series  of 
measurements  involving  variable 
pressure  gradients  a  fairing  having  a 
variable-angle  straight  flap  was 
mounted  above  the  flat  plate.  Although 
it  is  quite  difficult  to  impose  the 
desired  pressure  gradient  using  a 
simple  linear  fairing,  the  velocity 
distributions  showed  that  the 
deviations  are  not  serious.  The 
turbulence  levels  required  for  the 
experiments  were  generated  by  using 
square  array  bi -planar  grids,  mounted 
at  a  fixed  distance  upstream  of  the 
plate  leading  edge. 

The  test  case  analyzed  here  concerns  a 
shear  layer  developed  under  a  very 
strong  adverse  pressure  gradient  (Xj=- 
0.0575)  at  a  remarkable  turbulence 
intensity  (Tu-2.1%).  The  experimental 
freestream  velocity  distribution  is 
given  in  figure  [1]  along  with  the 
corresponding  velocity  distribution 
imposed  in  the  numerical  solution.  Due 
to  the  thin  shear  layers  investigated 
the  refinement  of  the  mesh  near  the 
solid  surfaces  is  mandatory,  if  the 
details  of  the  shear  flow  are  to  be 
properly  resolved.  For  this  purpose  a 
simple  algebraic  numerical  grid  is 
adopted  which  clusters  the  grid  points 
near  the  wall,  while  emphasis  is  given 
to  ensure  that  some  points  always  lay 
in  the  viscous  sublayer. 

The  calculated  velocity  profiles  for 
two  selected  station  (x=190mm,  7=0.055 
and  x=220mm,  7=0.699)  are  given  in 
figures  [2]  and  [3] .  The  stations 
presented  are  located  near  the 
beginning  and  the  end  of  the  transition 
area  and  the  calculation  results  of  all 
three  models  are  favourably  compared 
with  the  experimental  data.  After  a 
closer  examination  of  the  results  one 
can  say  that  the  second  model  (using 
the  ODE  for  the  mixing  length) 
represents  better  the  physics  than  the 
other  two  models.  Although  it  is 
somewhat  unexpected  the  one-equation 
model  does  not  give  really  better 
results  than  the  Baldwin-Lomax  model, 
despite  the  remarkable  additional 
computational  effort  needed. 

Taking  into  account  the  entire 
calculation  results  it  is  obvious  that 
the  simple  turbulence  models  used  here 
along  with  the  corresponding  transition 
model  give  reasonable  results  for  all 
test  cases  examined.  However  the  one- 
half  equation  model  gives  superior 
predictions  for  the  most  test  cases  and 
with  less  computational  effort  than  the 
one-equation  model.  The  reason  for  this 
may  be  that  in  most  cases,  an 
improvement  in  the  specification  of  the 
mixing  length  will  have  more  effect 
than  a  change  in  the  turbulence  kinetic 


energy. 

Using  in  the  following  the  one-half 
equation  model  as  the  standard  model  in 
the  complete  numerical  algorithm  the 
evolution  of  the  flow  field  throughout 
the  transition  area  is  well  predicted, 
see  also  figures  [4a]  and  [4b]  . 
According  to  these  velocity  profiles 
one  can  study  the  flow  transformation 
from  laminar  to  turbulent,  while  the 
computational  data  describe 
realistically  the  whole  process. 

Transitional  Flow  on  a  Transonic  High 
Turning  Turbine  Blade 

The  second  test  case  examined  here  is 
a  transonic  turbine  cascade  with  a 
remarkable  flow  turning  of  111°  and  a 
very  high  exit  Mach  number  of  0.92  at 
design  point.  This  cascade  was 
extensively  tested  by  Mee  et  al .  (1990) 
who  provided  us  detailed  measurements 
of  the  flow  quantities.  It  is  well 
known  that  the  flow  in  a  turbine  is 
predominately  accelerating,  therefore 
the  study  of  the  transition  area  is 
quite  important,  either  in  cases  where 
the  delay  of  natural  transition  is 
desirable  to  maximise  the  length  of 
laminar  flow  or  in  cases  where  fast 
transition  is  preferable  in  order  to 
prevent  flow  separation. 

At  design  conditions  the  inlet  angle  is 
42.8°  while  the  exit  Reynolds  number  is 
almost  1,000,000.  The  blade  chord  of 
the  turbine  is  300mm  and  the  blade  span 
is  also  300mm.  At  the  leading  edge  of 
the  blade  the  turbulence  level  was 
measured  to  be  4.3%,  a  typical  value 
for  turbomachinery  applications.  The 
geometry  of  the  blade  is  schematically 
given  in  figure  [5]  and  the  numerical 
grid  used  contains  189x212  points. 
Since  our  effort  is  concentrated  in  the 
transition  area,  more  than  the  half  of 
the  grid  points  are  placed  there. 
Several  numerical  test  cases  are 
carried  out  for  design  and  off-design 
conditions  and  no  more  than  4500 
iterations  are  necessary  to  obtain 
convergence  in  any  case  investigated. 

Due  to  space  limitation  calculation 
results  are  given  only  at  design  point 
in  comparison  with  the  experimental 
measurements  by  Mee  et  al .  (1990). 
According  to  the  calculation  results 
transition  is  detected  at  S/So=0.387, 
while  the  length  of  transition  is 
Lt/So=0.379.  The  corresponding 
experimental  results  suggest  that 
transition  takes  place  from  S/So=0.4  to 
0.8,  slightly  later  than  indicated  in 
calculations.  In  figures  [6a],  [6b], 
[6c]  and  [6d]  the  calculated  velocity 
profiles  are  favourably  compared  with 
the  experimental  ones  for  the  transi- 
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tional  area  of  the  blade  suction  side, 
points  A,  B,  C  and  D  of  figure  [5] . 

Finally,  the  suction  surface  shape 
factor  distribution  is  presented  in 
fig.  [7]  ,  and  the  numerical  prediction 
describes  quite  well  the  experimental 
points.  The  evolution  of  the  shape 
factor  across  the  blade  is  in 
accordance  with  the  beginning  and  the 
end  of  transition,  since  the  maximum 
value  of  Hi2  is  located  between  36.3^ 

(numerical  results)  and  41.4% 
(experimental  results)  of  the  total 
surface  length  "S^"  of  the  suction  side 
of  the  blade. 

Profile  Loss  Prediction  for  NACA 
Compressor  Cascades 

The  next  test  case  is  the  NACA  65- (12) 
10  compressor  cascade  which  has  been 
analyzed  for  various  solidity  values 
and  for  a  wide  range  of  incidence 
angles.  The  same  test  was  analyzed  by 
Kaldellis  (1992)  using  a  fast  viscous- 
inviscid  (V-I)  interaction  method.  That 
method  based  on  a  system  of  integral 
shear  layer  equations  gives  in  most 
cases  remarkable  results  with  minimum 
computational  effort.  One  of  the  most 
serious  drawbacks  of  that  method  is  the 
way  of  handling  the  transition.  The 
integral  method  used  is  based  on  a 
point  transition  model,  therefore  the 
transition  process  is  almost  neglected. 

Using  as  a  numerical  example  the  case 
of  figure  [8]  with  solidity  value  of 
ff=0.50  and  a  high  off-design  positive 
incidence  angle  (i  =  2°,  13^  =  60°)  ,  the 
behaviour  of  both  suction  and  pressure 
side  shear  layers  can  be  analyzed.  For 
the  suction  side  blade  shear  layer 
(figure  [9a] )  the  transition  area  is 
located  between  S=0. 0044m  and 
S=0. 0161m,  while  the  transition  point 
of  the  V-I  method  is  placed  at 
S=0. 0067m.  Note  that  due  to  the  better 
description  of  the  transition  shear 
layer  the  corresponding  turbulent  shear 
layer  has  a  smooth  evolution  of  its 
momentum  shape  factor  especially  near 
the  trailing  edge.  On  the  other  hand 
the  pressure  side  shear  layer  is 
laminar  for  about  3/4  of  the  blade 
chord.  According  to  the  present  method 
the  transition  is  situated  between 
S=0.033m  and  S=0. 0502m,  while  the 
changes  of  the  momentum  shape  factor 
are  quite  small,  see  also  figure  [9b] . 

The  results  of  the  proposed  analysis, 
focused  mainly  in  the  transition  area, 
are  summarized  in  figures  [10]  and 
[11] ,  where  the  predicted  profile  loss 
coefficient  is  given  in  comparison  with 
experiments  by  Herring  et  al  (1957)  and 
other  calculations  for  the  complete 
incidence  operation  range  of  the  blade 


for  two  extreme  solidity  values.  The 
overall  agreement  between  the 
calculated  and  the  experimental  results 
is  ameliorated  especially  for  negative 
incidence  angles,  where  the  impact  of 
the  transition  phenomena  is  very 
important.  For  positive  incidence 
angles  the  results  are  also  good, 
although  no  flow  separation  is  detected 
in  contrary  with  the  V-I  method,  which 
predicts  trailing  edge  flow  separation 
for  (j=0.5  and  i=+2°.  Of  course  the 

results  obtained  using  the  semi- 
empirical  correlations  by  Lieblein 
(1960)  give  only  a  qualitative  picture 
of  the  loss  distribution,  since  the 
application  of  the  De  Haller  criterion 
leads  always  to  prediction  of  early 
separation. 

Comparing  the  results  of  figures  [10] 
and  [11]  one  can  say  that  the  proposed 
numerical  method  gives  quite  better 
results  in  cases  where  the  transition 
plays  an  important  role.  Even  if  time 
and  computational  restraints  are  a 
prerequisition,  one  can  use  either  the 
proposed  or  the  V-I  method  (giving 
acceptable  results) ,  since  the 
developed  N-S  algorithm  needs  only  one 
order  of  magnitude  more  computational 
power  than  the  corresponding  V-I 
method . 


6.  CONCLUSIONS 

In  this  paper  the  first  version  of  a 
robust  and  fast  enough  compressible  N-S 
code  developed  by  the  authors  is 
presented  and  subsequently  used  to 
analyze  a  variety  of  transitional  shear 
flows.  The  flow  cases  investigated 
include  shear  layers  developed  under 
favourable  and  adverse  pressure 
gradients  and  various  turbulence 
levels.  Additionally  some  application 
results  concerning  compressor  and 
turbine  transitional  blade  shear  layers 
are  favourably  compared  with  the 
corresponding  experimental  data. 

Three  turbulence/transition  models  have 
been  incorporated  and  tested  into  the 
complete  algorithm  giving  acceptable 
results  for  all  transitional  flow  cases 
examined.  However,  the  one -half 
equation  model  seems  to  give  better 
results  at  least  for  the  tests 
analyzed.  For  all  cases  investigated 
the  transition  area  is  well  described 
and  the  start  and  the  length  of  the 
transition  is  predicted  with  remarkable 
accuracy.  As  a  direct  outcoming  of  this 
improvement  the  corresponding  profile 
loss  is  better  predicted,  especially  in 
cases  where  transition  plays  an 
important  role  in  the  complete  flow 
pattern.  Of  course  additional  effort 
has  to  be  spent  to  incorporate  an  0- 
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grid  in  the  present  algorithm  and  to 
use  a  two-equation  turbulence  model, 
without  to  significantly  increase  the 
computational  requirements  of  the 
method . 

Consequently,  taking  into  account  the 
quality  of  the  results  obtained  and  the 
numerical  behaviour  of  the  algorithm, 
we  believe  that  the  above  described 
method  constitutes  an  attractive  and 
reliable  engineering  tool  for  low 
Reynolds  compressible  and 
incompressible  blade  design  purposes, 
able  to  investigate  compressor  and 
turbine  transitional  flows  at  various 
turbulence  levels  at  design  and  off- 
design  operational  points. 
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Figure  4a:  Velocity  profiles  evolution  throughout  the  transition  area. 


Figure  10:  Low  solidity  case, 
profile  loss  coefficient . 
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1  SUMMARY 

Direct  Numerical  Simulation  (DNS)  of  2D  and  3D 
lid-driven  cavity  flows  have  been  performed.  The  re¬ 
sults  have  been  analyzed  using  Proper  Orthogonal 
Decomposition  (POD).  POD  has  been  applied  to  a 
2D  driven  cavity  at  Reynolds  number  22,000  and 
to  a  3D  at  Re  =  10,000.  The  POD-basis-functions 
have  been  computed  using  the  so-called  ‘snapshot’ 
method  of  Sirovich.  The  2D  basisfunctions  are 
used  for  a  Galerkin  projection  of  the  Navier-Stokes 
equations.  This  results  in  a  relatively  low  (20  to 
80)  dimensional  djmamical  system,  that  shows  (al¬ 
most)  the  same  dynamical  behaviour,  in  short  and 
long  term,  as  the  DNS.  Moreover,  if  the  Reynolds 
number  is  set  to  11,000,  the  80-dimensional  dy¬ 
namical  system  has  (almost)  the  same  periodic  so¬ 
lution  as  the  2D  Navier-Stokes  equations  have  at 
Re  =  11,000. 


2  INTRODUCTION 

Coherent  structures  are  present  in  virtually  every 
flow  visualization  study.  But,  what  is  precisely 
meant  by  ‘coherent  structures’,  and  how  can  one  de¬ 
compose  an  arbitrary  turbulent  or  transitional  flow 
into  a  coherent  and  an  incoherent  part?  An  unbi¬ 
ased  answer  to  these  questions  is  given  by  Lumley 
[1].  He  defined  coherent  structures  using  the  con¬ 
cept  of  Proper  Orthogonal  Decomposition  (POD  for 
short).  Loosely  speaking  POD  is  a  technique  to  ex¬ 
tract  a  set  of  basisfunctions  from  the  two-point  cor¬ 
relation  tensor,  that  is  superior  to  any  other  set, 
e.g.  to  Fourier-modes,  in  the  sense  that  any  other 
decomposition  of  the  flow  in  an  equal  number  of 
modes  captures  less  energy.  To  make  this  paper 
self-contained,  we  have  outlined  the  basic  ideas  of 
POD  in  Section  4  (for  a  more  detailed  discussion 
the  reader  is  referred  to  [2],  e.g.). 

The  computation  of  POD  basisfunctions  requires 
large  amounts  of  flow  data  (either  measured  or  nu¬ 
merically  simulated).  A  direct  numerical  compu¬ 
tation  of  the  basisfunctions  from  our  numerically 
obtained  data  sets  would  more  than  exhausts  the 
largest  available  computing  resources.  POD  is  fea¬ 
sible,  however,  when  using  the  so-called  snapshot 
method  of  Sirovich  [3].  The  snapshot  method  is  a 


relatively  cheap  way  to  approximate  the  eigenfunc¬ 
tions  of  the  two-point  correlation  tensor  (see  Section 
5  for  details). 

The  snapshots  have  been  taken  from  direct  numer¬ 
ical  simulation  (DNS)  of  driven  cavity  flows,  both 
in  two  and  three  spatial  dimensions.  Direct  numer¬ 
ical  simulations  are  numerical  solutions  of  the  un¬ 
steady  (here;  incompressible)  Navier-Stokes  equa¬ 
tions  that  compute  the  evolution  of  all  dynamically 
significant  scales  of  motion  (without  using  any  tur¬ 
bulence  model).  The  way  in  which  these  numerical 
solutions  have  been  computed  is  described  in  the 
next  section.  Results  in  2D  and  3D  are  presented  in 
the  Sections  7.1  and  7.2  respectively. 

Having  an  unbiased  way  to  educe  coherent  struc¬ 
tures  in  a  transitional  or  turbulent  flow,  the  next 
question  that  can  be  posed,  reads:  how  do  these 
structures  move,  interact,  survive,  ... 

To  unravel  the  dynamics  of  coherent  structures,  low¬ 
dimensional  dynamical  flow  models  have  been  pro¬ 
posed  and  studied.  These  low-dimensional  descrip¬ 
tions  can  be  derived  by  a  Galerkin  projection  of  the 
Navier-Stokes  equations  on  a  space  spanned  by  a 
relatively  few  number  of  global  modes.  They,  i.e. 
low-dimensional  flow  models,  form  an  active  field  of 
research,  see  for  instance  [4],  [5],  [6],  [7]  and  [8]. 

POD-basisfunctions  seem  to  be  well-suited  as  ba¬ 
sis  for  the  Galerkin  projection,  since  they  do  con¬ 
verge  optimally  fast  (in  L^-norm).  All  references 
mentioned  in  the  paragraph  above,  except  Noack 
and  Eckelmann  [8]  (who  use  ‘mathematical’ modes), 
have  applied  POD.  Aubry  et  al.  [4]  were  among 
the  pioneers.  They  used  POD  to  derive  a  low¬ 
dimensional  dynamical  system  for  the  motion  of 
coherent  structures  in  the  wall  region  of  a  turbu¬ 
lent  boundary  layer.  Deane  et  al.  [5]  applied  the 
method  to  grooved  channels  and  circular  cylinders; 
Glauser  et  al.  [6]  to  an  axisymmetric  jet  mixing 
layer;  Rempfer  [7]  to  a  flate-plate  boundary  layer. 

We  have  used  the  POD  of  the  flow  in  a  2D  driven 
cavity  at  Re  =22,000  to  derive  a  low-dimensional  dy¬ 
namical  system  for  this  case,  with  the  aim  to  evalu¬ 
ate  how  well  the  dynamics  of  the  this  system  mimics 
the  dynamics  of  the  Navier-Stokes  equations.  The 
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outcomes  of  the  DNS  and  the  integration  of  the  low- 
dimensional  dynamical  system  are  compared  in  Sec¬ 
tion  7.4. 

The  3D  flows  in  [4],  [5],  [6]  and  [7]  were  assumed  to 
be  periodic  in  one  direction.  As  a  consequence  of 
this  assumption,  it  is  sufficient  to  compute  a  two- 
dimensional  POD:  the  basisfunctions  in  the  period¬ 
ical  direction  are  simply  Foiirier-modes,  and  need 
not  be  computed  explicitly.  Here,  no-slip  conditions 

have  been  applied  at  all  walls  of  the  cavity  and,  in 
3D,  a  full  3D  POD  has  been  computed  (Section  7.5). 

3  DNS  OF  DRIVEN  CAVITY  FLOWS 

The  incompressible  Navier-Stokes  equations 

V  •  (7  =  0 

^  +  =  -vp  +  Ta(/  (1) 

are  solved  numerically  using  the  Marker-and-Cell 
method  [9].  The  pressure  gradient  and  the  in¬ 
compressibility  constraint  are  treated  implicitly;  the 
convective  and  viscous  terms  are  treated  explicitly. 
The  spatial  discretisations  are  second-order  accu¬ 
rate.  The  discrete  Poisson  equation  for  the  pressure 
is  solved  using  the  conjugate  gradient  method  with 
modified  incomplete  Choleski  preconditioning.  The 
ICCG  code  is  fully  vectorized  by  explicitly  reorder¬ 
ing  the  unknowns  along  diagonals  of  the  grid,  and 
is  optimized  using  Eisenstat’s  implementation  (cf. 
[10]  and  references  therein). 

In  two  dimensions,  the  flow  in  a  lid-driven  cavity 
converges  to  a  steady  state  for  Reynolds  numbers 
up  to  10,000  [llj.  For  larger  Reynolds  numbers,  2D 
driven  cavity  flows  undergo  a  transition  to  unsteadi¬ 
ness.  Our  2D  direct  simulations  (see  [12]  for  more 
details)  on  333^-grids  exhibit  that  the  flow  converges 
to  a  periodically  oscillating  state  at  Re  =  11,000, 
that  a  second  bifurcation  has  taken  place  at  Re  = 
16,000  and  that  the  dynamics  has  become  chaotic 
(that  is:  some  of  the  Lyapunov  exponents  are  posi¬ 
tive)  at  Re  =  22,000.  Data  from  the  latter  run  has 
been  used  to  evaluate  the  POD  technique. 

It  may  be  emphasized  that  the  physical  relevance  of 
the  2D  simulations  is  limited.  Reliable  physical  ex¬ 
periments  [13]  reveal  that  the  flow  in  a  3D  cube,  lid- 
driven  cavity  is  already  unsteady  at  Re  —  3,  200  and 
that  the  power  spectrum  has  a  —5/3  slope  at  Re  = 
10,000.  Thus,  the  first  instability  in  the  3D  flow  is 
certainly  not  two-dimensional:  the  experimentally 
observed  instability  is  associated  with  3D  Taylor- 
Gortler-like  vortices.  In  conclusion,  fluid  flows  in 
the  direction  perpendicular  to  the  lid-motion  are 
significant  and  have  to  be  computed  to  simulate  the 
physics. 

We  have  performed  3D  DNS  with  no-slip  conditions 
at  all  walls  of  the  cavity  at  both  Re  =  3,  200  and 


Figure  1:  Snapshot  of  the  vorticity  in  a  2D  driven 
cavity  at  Re  =  22,000.  Here,  and  in  all  figures  of 
the  2D  driven  cavity  to  follow,  the  upper-lid  of  the 
cavity  is  driven  from  the  left  to  the  right. 

Re  =  10,  000.  The  3D  incompressible  Navier-Stokes 
equations  are  solved  numerically  on  a  stretched, 
staggered  100^  grid.  The  CPU-time  per  gridpoint 
and  time-step  is  0.6/is  on  one  processor  of  NLR’s 
NEC  SX-3. 

As  an  illustration  of  the  structures  in  the  flow.  Fig¬ 
ure  2  shows  an  instantaneous  vorticity  field  in  the 
3D  cavity.  More  results  can  be  found  in  Section  7.2. 


Figure  2:  Snapshot  of  the  vorticity  in  a  3D  driven 
cavity  at  Re  =  10,000.  The  orientation  of  the  cav¬ 
ity  is  such  that  the  upper-plane  is  driven  from  the 
left/back  to  the  right/front. 


The  data  of  this  3D  simulation  has  been  used  for 
the  3D  POD. 
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4  PROPER  ORTHOGONAL  DECOMPO¬ 
SITION 

The  basic  idea,  introduced  by  Lumley  [1],  consists  of 
finding  a  basis  of  say  TV ‘structures’  u'  {i=l,2,..,N), 
that  is  optimal  compared  to  all  other  sets  of  TV  func¬ 
tions  in  the  sense  that  any  other  decomposition  (e.g. 
in  TV  Fourier-modes)  captures  less  kinetic  energy,  i.e. 
the  basisfunctions  cr'  are  determined  successively 
such  that  the  projection 


(cr',cr*) 


(2) 


is  maximal  for  i=l,2,..,N.  Here,  u  denotes  the 
fluctuating  part  of  the  velocity  field  U,  (•)  = 
liniT-Kx)  /q  -df,  and  {f,g)  -  J^fgdU;  12  is  the  flow 
domain. 


The  maximalization  problem  (2)  can,  by  calculus  of 
variations  [14],  be  written  as 


/  R{x,x 
JG 


')a'  [x')  dx'  =  A,(T’(a;), 


(3) 


where  R  is  the  auto-correlation  tensor: 


R[x,x')  =  {u{x)u(x')). 


The  eigenvalue  problem  (3)  is  a  Fredholm  integral 
equation  of  the  second  type,  with  a  positive  defi¬ 
nite  Hermitian  kernel  [15].  The  properties  of  this 
integral  equation  are  given  by  the  Hilbert-Schmidt 
theory  which  states  that  there  exists  a  denumerable 
set  of  orthonormal  basisfunctions  cr*,  and  that  the 
corresponding  eigenvalues  A,  are  real  and  positive. 
Moreover,  the  flow  field  can  be  reconstructed  from 
the  basisfunctions, 

OO 

u  =  (4) 

i  =  l 

where  the  time-dependent  coefficients  a,  are  uncor¬ 
related,  i.e. 

This  implies  that  an  eigenvalue  is  equal  to  the  aver¬ 
age  amount  of  turbulent  kinetic  energy  in  the  ‘direc¬ 
tion’  of  the  corresponding  basisfunction.  The  total 
turbulent  kinetic  energy  is,  in  average,  given  by  the 
sum  of  the  eigenvalues. 

The  POD  basisfunctions  are  divergence-free  and 
satisfy  the  boundary  conditions.  These  properties 
ease  the  Galerkin  projection  of  the  Navier-Stokes 
equations  (see  Section  6). 

It  may  be  remarked  that  the  POD  technique  can 
also  be  applied  to  the  entire  velocity  field,  instead 
of  to  the  fluctuating  part.  In  that  case  the  zeroth 
basisfunction  is  (approximately)  equal  to  the  mean 
velocity. 


5  APPROXIMATION  OF  THE  BASIS- 
FUNCTIONS 

Today’s  computing  resources  are  (by  far)  insufficient 
to  compute  POD  basisfunctions  directly  from  (3). 
For  this  reason,  we  have  used  the  so-called  snap¬ 
shot  method  of  Sirovich  [3].  This  method  reduces 
the  computational  complexity  to  that  of  an  eigen¬ 
value  problem  of  dimension  M,  where  TIP  >  TV  is 
the  number  of  snapshots  that  is  used  to  approx¬ 
imate  the  auto-correlation  tensor  R.  A  snapshot 
w('')(a;)  =  u{x,ndt)  is  a  realization  of  the  fluctuat¬ 
ing  flow  field. 

The  snapshot  method  is  formally  based  on  the  er- 
godic  hypothesis,  which  justifies  to  rewrite  the  auto¬ 
correlation  tensor  R  as  an  infinite  series. 


R(x,x')=  lim  —  u^"'^(x)n^’^\x'), 

^  '  M-+00  M  ^  ^  ^  ' 


provided  that  the  time-spacing  dt  in  between  suc¬ 
cessive  snapshots  is  large  enough  for  the  snapshots 
to  be  uncorrelated.  This  series  is  truncated  after 
M  terms.  The  truncated  series  is  substituted  into 
the  integral  equation  (3)  and  thus  an  integral  equa¬ 
tion  with  a  degenerate  kernel  is  obtained.  Since  the 
snapshots  are  linearly  independent  the  solutions  of 
this  integral  equation  are  of  the  form 


M 

n  =  l 


where  the  vector  q'  of  the  M  unknown  coefficients 
q\  forms  the  solution  of  the  eigenvalue  problem 


Qq'  =  Ag*  with  Qij  - 


A  priori,  we  do  not  know  how  large  M  should  be 
taken  for  a  fair  approximation  of  the  basisfunctions. 
In  fact,  we  have  no  alternative  but  to  try  different 
values  of  M  and  thus  to  estimate  the  speed  of  con¬ 
vergence;  see  Section  7.3.  It  may  be  remarked  that 
we  have  to  restrict  ourselves  to  two  spatial  dimen¬ 
sions  here,  since  it  is  yet  practically  impossible  -  due 
to  a  shortage  of  computing  power  -  to  perform  a  3D 
DNS  that  provides  sufficient  uncorrelated  snapshots 
to  study  the  convergence  of  the  basisfunctions  as 
function  of  the  number  of  snapshots. 


6  A  LOW-DIMENSIONAL  SYSTEM 

We  decompose  the  velocity  field  U  into  the  mean  ve¬ 
locity  U  and  the  fluctuating  velocity  u:  U  —  U  +  u. 
The  Galerkin  projection  of  the  Navier-Stokes  equa¬ 
tions  (1)  on  the  basisfunction  u*  reads 

/)?/  —  — 
-{a\V-iUu))-{a\V-{uU)) 

-  (o-*,  V  •  (mm))  -  7|;(V<^‘,  V«)- 
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Here  we  have  made  use  of  two  properties  of  the  ba- 
sisfunctions,  viz.  their  divergence  is  zero  and  they 
satisfy  the  boundary  conditions.  Substitution  of  the 
truncation,  after  N  terms,  of  the  expansion  (4)  into 
the  above  expression  gives 
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It  may  be  noted  that  we  have  closed  the  system 
(5),  by  simply  neglecting  all  contributions  related  to 
basisfunctions  with  an  index  larger  than  N.  Later, 
in  Section  7.4,  we  will  discuss  other  ways  of  treating 
the  unresolved  modes. 

The  evolution  of  the  coefficients  a,(t)  in  the  ex¬ 
pansion  (4)  is  governed  by  the  ordinary  differential 
equations  (5).  The  underlying  idea  is  that  due  to 
the  optimal  fast  convergence  (in  L^-norm)  of  the 
basisfunctions,  the  dimension  of  the  dynamical  sys¬ 
tem  (5)  can  be  kept  relatively  low.  And  that  from 
this  system  the  motion  of  the  large  structures  can 
be  simulated  both  cheaply  and  accurately.  To  what 
extend  this  holds,  will  be  investigated  in  Section  7.4. 

7  RESULTS 

This  section  describes  results  of  the  direct  numeri¬ 
cal  simulations  of  2  and  3D  flows  in  driven  cavities 
and  their  analysis  using  proper  orthogonal  decom¬ 
position. 

7.1  2D  DNS 

Figure  3  shows  the  mean  flow  in  the  driven  cavity 
at  Re  =  22,  000.  It  takes  roughly  5  seconds  for  the 
core  to  turn  around.  We  call  this  period  a  large- 
eddy  turnover-time. 

At  Re  =  22,  000  the  motion  of  vortical  structures 
has  become  chaotic  and  isn’t  so  confined  in  space  as 
at  lower  Reynolds’  number,  e.g.  as  at  Re  =  11,000 
where  the  motion  of  vortical  structures  is  periodic 
and  confined  to  smalt  regions  near  the  corners  of 
the  cavity.  At  Re  —  22,000  one  can  observe  vorti¬ 
cal  structures  moving  seemingly  chaotically  around 
in  the  cavity  along  trajectories  that  stay  relatively 
close  to  the  walls  of  the  cavity.  Figure  1  shows  a 
snapshot. 

The  2D  DNS  of  the  driven  cavity  flow  at  Re  = 
22, 000  consists  of  two  separate  simulations  that 


Figure  3:  The  vorticity  of  the  mean  flow,  as  obtained 
from  a  2D  DNS  of  a  lid-driven  cavity  flow  at  Re  = 
22,000. 

start  from  different  initial  conditions.  Both  start 
from  earlier  computed  velocity  fields  that  are  sta¬ 
tistically  in  equilibrium.  The  first  run  covers  500 
seconds;  the  second  one  last  six  times  longer.  So,  in 
total,  700  large-eddy  turnover-times  have  been  com¬ 
puted.  The  kinetic  energy  as  obtained  from  both 
runs  is  shown  in  Figure  4.  The  first  500  seconds 
correspond  to  the  first  run;  the  rest  (from  500  to 
3500  seconds)  belongs  to  the  second  run. 


Figure  4:  Time-series  of  the  total  kinetic  energy  in 
a  2D  driven  cavity  (Re=22,000). 

The  fluctuating  kinetic  energy  of  both  runs  is  shown 
in  Figure  5. 

One  can  observe  two  sharp  peaks  in  the  fluctuating 
kinetic  energy  and  two  deep  valleys  in  the  kinetic 
energy  at  ±  2300  seconds  and  at  ±  3400  seconds. 
These  extremely  rare  events  correspond  to  an  eddy 
penetrating  the  core  region  of  the  cavity.  Figure  6 
catches  such  an  intruder  in  the  act.  Afterwards  it 


fluctuating  kinetic  energy 
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Figure  5:  Time-series  of  the  total  fluctuating  kinetic 
energy  in  a  2D  driven  cavity  (Re=22,000). 

dissipates.  The  fluctuating  kinetic  energy  is  rela¬ 
tive  large  when  the  core  is  altered,  since  the  flow 
pattern  is  fairly  different  from  the  mean  flow  then. 
It  is  to  be  emphasized  that  Figure  6  shows  a  rarity; 
this  has  happened  only  twice  during  700  large-eddy 
turnover-times. 


the  flow,  Figure  2  shows  an  instantaneous  vorticity 
field  in  the  3D  cavity  at  Re  =  10, 000. 

The  Navier-Stokes  equations  are  integrated  suffi¬ 
ciently  long  in  time  to  compute  both  mean  and  rms 
velocities.  The  experimental  data  in  [13]  consists 
of  mean  and  rms  velocities  at  lines  in  the  symmetry 
plane.  The  computed  mean  velocities  at  the  symme¬ 
try  plane  agree  well  with  those  that  have  been  mea¬ 
sured,  and  also  the  rms  velocity  profiles  are  similar; 
see  Figure  7  for  a  comparison. 


Figure  6:  A  rarity:  an  eddy  has  penetrated  the  core 
region  of  the  lid-driven  cavity.  This  figure  shows  the 
vorticity;  Re=22,000. 


7.2  3D  DNS 

Prasad  and  Koseff  [13]  have  conducted  a  series  of 
physical  experiments  in  three-dimensional  lid-driven 
cavities.  In  particular,  they  have  measured  turbu¬ 
lent  flows  in  lid-driven  cnbe  cavities  at  i?,e  =  3,  200 
and  Re  =  10,000.  We  have  performed  3D  DNS  of 
these  turbulent  flows  using  no-slip  conditions  at  all 
walls  of  the  cavity.  The  results  of  the  3D  DNS  repro¬ 
duce  the  experimentally  observed  Taylor-Gortler- 
like  vortices.  As  an  illustration  of  the  structures  in 


Figure  7;  Comparison  of  the  rms  velocity  v'v'  at 
the  symmetry  plane.  This  figure  shows  10  *  sj [v'v') 
versus  x  at  Re—  10,000  along  the  vertical  line  in 
the  symmetry  plane  through  the  geometric  center  of 
the  cavity.  The  symbols  denote  measured  values;  the 
continuous  line  represents  the  computed  rms  velocity 

10  ♦  \J(v^). 

Moreover,  the  power  spectrum  computed  from  the 
DNS  data  at  Re  =  10,000  has  a  part  with  a  —5/3 
slope. 

7.3  2D  POD 

The  2D  POD  is  approximated  using  snapshots  of 
the  2D  DNS  of  a  driven  cavity  flow  at  Re  =  22, 000. 
Results  of  this  DNS  have  been  shown  in  Section  7.2. 

The  snapshot  method  of  Sirovich  (see  Section  5)  re¬ 
quires  that  the  snapshots  are  uncorrelated.  In  2D 
we  can  satisfy  this  requirement  by  taking  5  seconds, 
i.e.  one  large-eddy  turnover  time,  in  between  suc¬ 
cessive  snapshots  (see  Figure  8). 

The  2D  DNS  covers  3500  seconds.  Thus,  700  uncor¬ 
related  snapshots  are  available  and  up  to  700  bas- 
isfunctions  can  be  computed.  Figure  9  shows  the 
convergence  of  the  eigenvalues  as  a  function  of  the 
number  of  snapshots.  We  can  see  that  the  eigenval¬ 
ues  have  not  fully  converged  yet.  Partly,  this  may 
be  explained  by  eddies  that  enter  the  core  region 
at  extreme  long  time-intervals  (see  Figure  6).  This 
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Figure  8:  Correlation  of  the  snapshots. 


Figure  9:  Convergence  of  the  eigenvalues  as  func¬ 
tion  of  the  number  of  snapshots. 

phenomenon  is  certainly  not  represented  accurately 
in  the  basisfunctions.  For  that  it  occurs  too  infre¬ 
quently:  of  the  700  snapshots  only  a  few  will  contain 
information  about  this  rare  phenomenon.  It  may 
be  observed  that  the  eigenvalues  with  the  higher  in¬ 
dices  seem  to  have  converged  somewhat  better  than 
the  first  two.  This  supports  the  idea  that  long-wave 
phenomena  have  not  fully  converged  yet. 

The  basisfunctions  that  have  been  computed  by  the 
snapshot  method  have  not  fully  converged,  and  thus 
may  not  be  as  optimal  as  the  exact  POD  basisfunc¬ 
tions  are.  They  do,  however,  converge  rapidly,  and 
that  is  the  crux  of  the  matter.  The  first  few  of  them 
contain  most  of  the  fluctuating  kinetic  energy.  To 
illustrate  this,  some  eigenvalues  are  listed  in  Table 
1.  Note  that  the  average  amount  of  turbulent  ki¬ 
netic  energy  in  the  ‘direction’  of  a  basisfunction  is 
equal  to  the  corresponding  eigenvalue.  The  first  ba¬ 
sisfunction  contains  18%  of  the  fluctuating  kinetic 
energy.  The  first  20,  40  and  80  basisfunctions  con¬ 
tain  (in  time-average)  78%,  89%  and  95%  of  the 
total  fluctuating  kinetic  energy,  respectively. 


index 

Ai 

%  energy 

1 

2.31  10“'* 

18 

2 

1.44  10“'^ 

30 

3 

8.56  10-® 

36 

4 

7.29  10“^ 

42 

5 

6.1710-^ 

47 

6 

5.35  10“® 

51 

7 

4.46  10-'^ 

55 

8 

3.82  10'® 

58 

9 

3,07  r® 

60 

10 

2.95  10-^ 

62 

20 

1.28  lO-'"^ 

78 

40 

4.13  10-® 

89 

80 

1.15  10-® 

95 

Table  1:  Some  characteristic  eigenvalues  of  the 
POD  of  the  2D  driven  cavity  at  Re=22,000.  The 
right  colunm.  shows  the  relative  energy  of  the  pro¬ 
jection  of  the  fluctuating  velocity  field  on  the  first  i 
basisfunctions  (in  time  average). 

POD  basisfunctions  are  optimal  in  the  sense  that 
every  other  set  of  N  basisfunctions  contains  less  en¬ 
ergy  (in  time  average)  than  the  first  N  POD  bas¬ 
isfunction  do.  To  illustrate  this  we  have  compared 
POD  with  Fourier.  For  that  purpose  a  333  +  333 
Fourier-transform  of  the  fluctuating  flow  field  has 
been  computed.  The  333  *  333  Fourier-coeffi dents 
are  ordered  by  magnitude;  the  largest  first.  The  en¬ 
ergy  contained  by  the  first  N  Fourier-modes  is  sig¬ 
nificantly  smaller  than  the  energy  contained  by  the 
first  N  POD-modes  (see  Figure  10).  As  expected, 
the  POD  basisfunctions  converge  much  faster  than 
the  Fourier  modes. 


Figure  10:  Comparison  of  POD  and  Fourier-modes. 

The  first  four  basisfunctions  are  shown  in  Figure  11. 
It  is  well-known  that  Fourier-modes  can  be  grouped 
in  pairs,  e.g.  sin(.iT)  and  cos(a:)  form  a  pair;  they 
differ  by  a  shift  over  one  quarter  of  their  period, 
and  form  a  basis  for  a  complete  description  of  the 
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Figure  11:  The  first  4  basisfunction  from  upper  left  to  lower  right.  This  figure  shows  the  vorticity  of  the 
POD-basisfunctions  in  a  2D  driven  cavity  (Re=22,000). 


evolution  of  a  ‘cosine-wave’.  Figure  11  suggests  that 
POD-modes  can  be  grouped  in  pairs,  too.  The  first 
two  form  a  pair.  The  second  one  is  approximately 
a  quarter  out  of  phase  compared  to  the  first  one. 
With  the  first  two  basisfunctions  only,  a  motion  of 
an  eddy  in  the  lower  right  corner  of  the  cavity  can  be 
represented.  Moreover,  the  third  and  fourth  form  a 
pair.  With  them  an  eddy  moving  in  the  lower  part 
of  the  cavity  can  be  represented. 


7.4  DYNAMICAL  SYSTEM  VS.  DNS 

In  this  section  we  use  at  most  80  of  the  700  basis- 
functions  to  construct  the  low-dimensional  dynam¬ 
ical  system  (5).  The  coefficients  in  this  system  are 
integrals.  These  integrals  have  been  computed  us¬ 
ing  the  same  kind  of  spatial  discretisations  as  those 
that  have  been  used  for  the  direct  simulation.  For 
the  time  integration  we  have  applied  a  fourth-order 
Runge-Kutta  method,  for  the  short-time  integra¬ 
tions,  and  a  fifth-order  DOPRI  method  with  vari¬ 
able  step-size  (see  e.g.  [16])  for  the  longer  integra¬ 
tion.  It  may  be  noted  that  in  our  case  DOPRI  is 
substantially  faster  than  Runge-Kutta. 

The  convergence  of  the  solution  of  the  20,  40  and  80 
dimensional  dynamical  systems  (5)  to  the  solution 
of  the  Navier-Stokes  equations  is  shown  in  Figure 
12.  Here,  all  integrations  (i.e.  of  the  Navier-Stokes 


equations  and  of  the  20,  40  and  80  dimensional  sys¬ 
tem)  have  been  started  from  identical  initial  condi¬ 
tions.  The  initial  field  is  an  arbitrary  velocity  field 
from  the  DNS  time-series  that  has  been  projected 
on  the  first  20  basisfunctions.  For  the  40  and  80  di¬ 
mensional  dynamical  system  the  coefficients  of  last 
20  and  last  60  basisfunctions  have  initially  been  set 
to  zero.  In  Figure  13  the  coeflicient  of  the  first  bas¬ 
isfunction  is  shown  during  one  large-eddy  turnover¬ 
time. 

The  Figures  12  and  13  demonstrate  the  potential 
of  the  low-dimensional  dynamical  system  (5)  to  ap¬ 
proximate  the  Navier-Stokes  equations  for  relatively 
short  times. 

For  larger  times  the  solutions  of  the  dynamical  sys¬ 
tem  and  the  Navier-Stokes  equation  will  always  di¬ 
verge  due  the  fact  that  both  systems  are  chaotic, 
i.e.  very  sensitive  to  small  disturbances.  The  long¬ 
time  integrations  of  the  20,  40  and  80  dimensional 
dynamical  system  (5)  at  Re  =  22, 000  showed  that 
we  need  a  model  that  takes  into  account  the  energy 
transport  to  the  unresolved  modes,  or  we  need  to 
increase  the  number  of  resolved  modes.  We  took 
the  former  option. 

The  model  that  we  have  used  for  the  long-time  inte¬ 
grations  is  similar  to  the  model  that  has  been  pro¬ 
posed  by  Rempfer  in  [7].  It  consists  of  adding  ar- 
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Figure  12:  Difference  between  the  numerical  solu¬ 
tion  of  the  20,  40  and  80  dimensional  dynamical 
system  and  the  solution  of  the  Navier-Stokes  equa¬ 
tions.  This  figure  shows  the  time-integral  of  the  ab¬ 
solute  difference  of  the  projections  ai  of  the  numer¬ 
ical  solution  of  the  Navier-Stokes  equations  and  of 
the  dynamical  systems  on  the  first  basisfunction 
versus  the  time. 

tificial  dissipation.  The  artificial  dissipation  is  zero 
for  the  first  basisfunction  and  increases  linearly  with 
the  number  of  the  basisfunctions.  The  artificial  dis¬ 
sipation  Ck  for  the  ff'’’  basisfunction  is  given  by 

e;:  -  1.5  •  (6) 

where  the  coefficient  1.5  •  10”^  has  been  determined 
by  trial  and  error. 

The  energy  spectra  as  obtained  from  the  integra¬ 
tions  over  350  large-eddy  turnover-times  of  both  the 
80-dimensional  dynamical  system  (with  model)  and 
the  Navier-Stokes  equations  are  compared  in  Fig¬ 
ure  14.  The  agreement  is  fairly  good,  only  the  16*^ 
basisfunction  and  the  tail  have  too  much  energy  in 
comparison  to  the  DNS.  Likely,  the  agreement  can 
be  improved  by  applying  more  sophisticated  mod¬ 
els. 

A  low-dimensional  dynamical  system  governing  a 
driven  cavity  flow,  opens  the  door  to  apply  tools 
from  dynamical  systems  theory  to  study  bifurca¬ 
tions,  transition  scenario’s,  etc.,  provided  that  this 
system  approximates  the  flow  for  a  wide  range  of 
Reynolds  numbers.  To  investigate  whether  this 
condition  holds  or  not,  we  have  integrated  the 
low-dimensional  dynamical  system  (5)  with  Re  = 
11,  000.  The  POD  into  basisfunctions  has  been  com¬ 
puted  at  Re  =  22,000.  The  time-series  obtained 
from  the  DNS  at  Re=22,000  exhibits  chaotic  be¬ 
haviour.  We  have  employed  the  method  proposed  in 
[17]  and  [18]  to  analyze  the  time-series:  the  (corre¬ 
lation)  dimension  of  the  attractor  is  approximately 
2.8,  and  the  Kolmogorov  entropy  is  approximately 
3.  Thus,  at  Re  =  22,  000  the  flow  is  chaotic. 


Figure  13:  The  projection  a\  of  the  solution  on  the 
first  basisfunction  during  one  lai'ge-eddy  turnover¬ 
time. 


Figure  14;  Comparison  of  spectra  of  DNS  and 
the  80-dimensional  dynamical  system  (with  closure 
model  (6)).  The  energy  spectra  have  been  obtained 
from  integrations  over  350  large-eddy  turnover- 
times. 


DNS’s  have  revealed  that  the  driven  cavity  flow  con¬ 
verges  to  a  periodical  state  at  Re  =  11, 000,  see  [19] 
or  [12].  All  integrations,  of  the  20,  40  and  80  dimen¬ 
sional  model,  with  and  without  closure  model  (6), 
yield  a  periodical  solution  when  the  Reynolds  num¬ 
ber  is  set  to  11,000.  The  periodic  solution  of  the  80- 
dimensional  dynamical  system  gives  the  best  match 
with  the  DNS;  its  period  is  1.7  seconds  and  its  am¬ 
plitude  differs  less  than  10%  from  the  DNS  re.sult. 
In  conclusion,  also  in  this  case,  the  solution  of  the 
80-dimensional  dynamical  system  (5)  matches  the 
DNS  -  that  has  been  performed  on  a  333^  grid,  i.e. 
has  approximately  10®  degrees  of  freedom  -  strik¬ 
ingly  well.  Figure  15  shows  the  origination,  motion 
and  merging  of  eddies  near  three  corners  of  the  cav¬ 
ity  during  one  full  period,  as  obtained  from  the  80- 
dimensional  dynamical  system. 
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Figure  15:  One  full  period  of  streaklines  of  the  periodic  solution  of  the  80-dimensional  dynamical  system  at 

Re= 11,000. 


index 

A, 

%  energy 

0 

1.52  10"^ 

91.7 

1 

1.6310--* 

92.7 

2 

1.3710-4 

93.5 

3 

8.52  10-® 

94.0 

9 

4.44  10-^ 

96.0 

Table  2:  Eigenvalues  of  3D  POD;  Re= 10,000.  Here, 
the  right  column  shows  the  relative  energy  of  the 
entire  velocity  field,  and  not  of  the  fluctuating  part 
( as  in  Table  1 ). 


7.5  3D  POD 

For  the  3D  POD  40  uncorrelated  snapshots  of  the 
DNS  of  the  flow  in  a  cube  lid-driven  cavity  (Re  = 
10, 000)  have  been  used.  The  eigenvalues  of  the  bas- 
isfunctions  are  listed  in  Table  2.  In  this  case  we  have 
not  subtracted  the  mean  field:  we  have  computed 
the  POD-expansion  of  the  entire  velocity  field  and 
not  of  the  fluctuating  part,  like  in  2D.  Here,  the 
zeroth  basisfunction  is  (approximately)  the  mean 
field.  Iso-surfaces  of  the  energy  of  this  basisfunction 
are  shown  in  Figure  16.  The  next  two  basisfnnctions 
are  also  shown  in  Figure  16.  It  may  be  noted  that 
these  two  basisfunctions  form  a  pair  (like  in  2D). 
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Figure  16:  Iso-surfaces  of  the  energy  of  the  first  three  basisfunctions  of  the  3D  POD.  The  first  roiv  shows 
two  iso-surfaces  of  the  zeroth  basis  function.  The  next  row  shows  the  first  basis  function;  the  lower  row  shows 
two  iso-surfaces  of  the  second  basis  function. 
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Abstract 

Direct  Simulations  involve  huge  amounts  of  time  de¬ 
pendent  data  and  are  expensive  to  run  fully  even  on 
supercomputers.  A  thousand  hours  of  CRAY  to  obtain 
valid  results  is  in  the  order  of  things.  Such  costs  can 
be  significantly  reduced  by  MIMD  machines  .  To  be 
able  to  analyse  the  computed  results  many  and  various 
visualization  techniques  are  also  essential. 

This  paper  presents  work  that  was  done  at  ONERA 
to  parallelise  a  Navier-Stokes  solver  PEGASE  and  de¬ 
velopment  of  an  interactive  visualization  tool  at  CIRA 
applied  to  numerical  turbulent  flow  fields  generated  by 
the  solver.  This  work  was  partly  achieved  within  the 
framework  of  the  European  RACE/PAGEIN  project 
which  was  aimed  at  demonstrating  the  feasibility  of  Di¬ 
rect  Numerical  Simulation  techniques  for  future  indus¬ 
trial  developments,  implying  modern  supercomputer 
technology,  high  performance  computing  networking 
and  massive  data  transfers  between  vector  and/or  par¬ 
allel  supercomputers. 

The  first  part  of  this  paper  presents  the  essential 
characteristics  of  version  1.0  of  PEGASE  implemented 
on  a  vector  machine,  the  second  part  describes  modifi¬ 
cations  in  algorithms  and  coding  in  order  to  implement 
it  efficiently  on  the  IPSC860  and  on  a  PARAGON.  Nu¬ 
merical  results  and  comparisons  in  costs  between  the 
three  machines  are  given.  The  third  part  describes  the 
graphics  post-processing  developed  at  CIRA. 

1  MAIN  FEATURES  OF  PE¬ 
GASE  1.0  ON  CRAY 

A  Navier-Stokes  solver  PEGASE  has  been  developed 
at  ONERA  Aerodynamics  Department  for  Direct  sim¬ 
ulation  of  turbulent  incompressible  flows.  The  numer¬ 
ical  method  is  performed  in  such  a  way  to  ensure  good 
numerical  properties  (stability  ,  consistency),  to  get  a 
good  accuracy  of  the  solution  and  to  reduce  the  num¬ 
ber  of  operations  and  the  computation  cost.  It  has  first 
been  implemented  on  a  vector  machine  such  as  the  Cray 
YMP.  A  full  description  is  to  be  found  in  [1],  and  [2]. 
The  basic  equations  of  fluid  motion  are  the  unsteady 
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incompressible  three-dimensional  Navier-Stokes  equa¬ 
tions,  in  velocity-pressure  formulation.  To  these  equa¬ 
tions,  initial  and  boundary  conditions  (Dirichlet,  Neu¬ 
mann,  or  periodic)  are  associated. 

The  equations  are  discretized  on  a  non-staggered 
grid:  velocity  components  and  pressure  are  located  at 
the  same  node,  which  greatly  alleviates  the  coding  bur¬ 
den  and  enhances  the  applicability  of  the  method. 

The  convective  term  is  discretized  in  time  by  an  ex¬ 
plicit  second  order  accurate  Adams-Bashforth  scheme 
and  the  diffusion  term  by  an  explicit  first  order  Euler 
scheme. 

Space  derivatives  are  approximated  by  fourth  order 
accurate  finite  difference  schemes,  centered  at  the  in¬ 
ner  nodes  and  non-centered  at  boundary  nodes.  An 
implicit  residual  smoothing  technique  is  used  to  reduce 
stability  constraints  on  the  time  step  when  small  grid 
spacing  is  employed.  It  does  not  change  the  accuracy 
of  the  scheme. 

When  the  equations  are  discretized,  they  are  com¬ 
bined  to  give  a  Poisson-like  equation  for  the  pressure 
which  is  solved  iteratively,  with  a  multi-gradient  solver. 

The  operator  to  be  solved  is  the  gradient  operator, 
followed  by  the  smoothing  operator  (factorized  in  the 
three  directions  of  space  and  stored  once  and  for  all  in 
LU  form,  as  each  factor  contains  only  three  diagonals), 
followed  by  the  divergence  operator.  Once  pressure 
is  thus  implicitly  obtained,  velocity  is  semi-explicitely 
computed. 

The  main  cost  of  the  code  resides  in  the  pressure 
computation. 

2  PARALLELIZING  PEGASE 
FOR  AN  MIMD  MACHINE 

The  strategy  chosen  for  parallelization  of  three- 
dimensional  calculations  is  that  of  non-overlapping 
pencils  over  a  two-dimensional  array  of  processors. 
This  configuration  seemed  the  most  efficient  for  the  im¬ 
plementation  of  the  iterative  method  used  to  compute 
pressure.  Though  this  technique  implies  more  modi¬ 
fications  of  the  original  CRAY  code  than  the  choice 
of  overlapping  pencils,  it  allows  a  greater  number  of 
points  in  the  physical  domain  and  less  computations 
for  the  same  amount  of  communications. 

In  order  to  limit  the  amount  of  communications,  the 
original  smoothing  operator  L~^  has  been  modified. 
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where  L  is  : 

(1)  i  =  (l.-7,A) 

•  (i)  Instead  of  being  applied  to  all  the  physical 
domain,  which  implies  communication  between 
neighbouring  subdomains,  it  has  been  restricted  to 
inner  points  of  each  subdomain  with  a  boundary 
condition  (1.  +  r;A  ).  Thus  only  one  communica¬ 
tion  is  needed. 

This  simplification  has  been  shown  not  to  modify 
stability  and  precision  of  the  global  algorithm,  [3]. 

•  (ii)  Moreover,  in  order  to  use  the  vectorization 
possibilities  of  each  processor  at  its  most  ,  the 
inversion  of  the  smoothing  operator  is  not  done 
by  Lower-Upper  decomposition,  but  by  a  steepest 
descent  iterative  technique.  One  or  two  iterations 
of  the  steepest  descent  is  quite  sufficient  and  ef¬ 
ficient  in  this  case,  as  the  matrices  involved  are 
strongly  diagonally  dominant,  and  that  accuracy 
of  the  smoothing  operator  is  not  of  first  impor¬ 
tance  . 

Computation  of  spatial  derivatives  (fourth  order  fi¬ 
nite  differences)  has  been  rewritten. 

•  Contributions  of  border  points  to  computations 
of  derivatives  of  points  situated  in  other  proces¬ 
sors  are  first  computed,  and  asynchronously  sent. 
Derivatives  at  inner  points  are  computed,  then 
border  points  derivatives  are  computed,  the  nec¬ 
essary  contributions  having  also  been  read  asyn¬ 
chronously.  (By  asynchronous,  one  means  that  the 
send  and  receive  calls  return  immediately,  allowing 
the  program  to  do  further  work  while  the  message 
is  processed.) 

2.1  Results 

In  the  following  are  given  cost  results  for  the  three  ma¬ 
chines  on  which  PEGASE  was  implemented. 

•  On  Cray  YMP,  with  one  processor,  PEGASE  runs 
at  approximatlvely  200  Mflops,  and  costs  10"®s 
per  point  and  per  time  step  (including  10  Iterations 
in  the  pressure  solver); 

•  On  iPSC860,  for  a  64  bit  precision  (double  pre¬ 
cision  on  the  iPSC860),  the  modified  code  is  six 
times  less  expensive  when  using  the  128  processors, 
thus  a  performance  of  1,200  Mflops  is  reached. 
Cost  does  not  increase  much  with  the  number  of 
processors  as  communications  are  mostly  local. 

•  On  Paragon,  performances  are  improved  over  the 
iPSC860  by  a  ratio  of  25%  as  message  passing  and 
processors  are  optimized. 


3  GRAPHICS 

POST-PROCESSING 

Visualization  plays  an  important  role  in  CFD  simula¬ 
tions.  There  are  several  classical  techniques  for  visual¬ 
ising  scalar  data  variables  inside  volume  grids,  like  cut¬ 
ting  planes  and  isosurfaces  [18].  These  instantaneous 
representations  can  be  directly  applied  to  a  sequence  of 
time-dependent  flow  solutions  in  order  to  display  the 
inherent  time-related  behaviour  of  a  scalar  field. 

Two  bcisic  representations  apply  instead  to  vector 
fields:  vector  plots  and  particle  tracing. 

A  vector  plot  consists  in  drawing  a  vector  glyph  in 
certain  points  of  a  flow  field  whose  arrow  points  to¬ 
wards  the  local  direction  of  the  vector  field,  usually  the 
velocity.  White  the  ambiguity  arising  from  application 
to  3D  surfaces  in  a  volume  can  be  solved  using  lighted 
solid  vector  glyphs,  vector  plots  are  totally  inadequate 
for  full  volume  plots  or  for  applying  to  time-dependent 
flow  data,  given  the  quantity  of  local  information  that 
has  to  be  conveyed  to  the  analyst. 

Three  characteristic  curves,  streamlines,  pathlines 
and  streaklines,  can  help  to  depict  an  intuitive  picture 
of  the  fluid  motion,  each  of  them  putting  in  evidence 
particular  aspects. 

A  streamline  in  a  flow  field  is  a  curve  whose  tangent 
is  everywhere  parallel  to  the  direction  of  flow  at  a  given 
instant  of  time.  The  use  of  streamlines  in  steady  cases 
is  very  helpful  in  analysing  computational  flow  simu¬ 
lations.  It  represents  the  trajectory  through  a  given 
velocity  field  V(P) 


and  can  be  computed  by  numerically  integrating. 
Streamlines  are  often  the  only  means  of  understand¬ 
ing  complex  3D  flow  patterns  such  as  may  result  from 
vortical  flows.  Starting  from  streamline  data,  a  ribbon 
can  be  visualized  as  a  strip  centered  over  the  stream¬ 
line  whose  rotational  orientation  is  based  on  the  local 
vortlcity. 

A  pathline  is  the  path  or  trajectory  traced  out  by  a 
moving  fluid  particle.  It  is  made  visible  by  identifying 
a  fluid  particle,  e.g.  by  use  of  smoke  or  dye,  at  a  given 
instant  of  time  and  then  following  it  through  its  sub¬ 
sequent  motion.  It  would  not  normally  be  helpful  to 
plot  the  pathline,  but  one  may  plot  the  particle’s  po¬ 
sition  at  any  time.  Nevertheless  since  pathlines  allow 
to  follow  the  particles  in  their  motion  when  the  time 
goes  by,  they  represent  the  temporal  history  of  generic 
particle. 

3.1  Streaklines 

Instead  of  identifying  a  single  particle,  one  may  iden¬ 
tify  a  number  of  particles  which  pass  through  one  fixed 
location  in  space.  The  line  joining  the  various  fluid  par¬ 
ticles  is  defined  as  a  streakline.  Streaklines  at  a  generic 
instant  define  the  position  occupied  by  the  particles 
which  previously  passed  through  a  particular  point  of 
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the  flow  field.  In  numerical  simulation  the  temporal 
frequency  of  particle  passage  through  a  fixed  point  of 
space  controls  the  accuracy  of  streakline;  if  the  fre¬ 
quency  of  passage  increases  the  computational  efforts 
are  bigger. 

If  we  inject  with  continuity  in  a  point  of  the  flow 
field  an  aggregate  of  coloured  particles  with  the  same 
physical  characteristics  of  the  fluid,  a  photo  taken  at 
the  fixed  instant  of  time  will  show  on  the  photographic 
slide  a  line  representing  in  that  time  the  streakline  pro¬ 
duced  in  that  point. 

Experimental  visualization  techniques  have  been  ef¬ 
fectively  used  to  present  a  qualitative  view  of  the  fluid 
motion.  In  unsteady  flows,  streamlines,  pathlines  and 
streaklines  are  all  different  and  the  interpretation  of 
patterns  obtained  by  flow  visualization  calls  for  care, 
because  it  may  not  be  easy  to  infer  instantaneous  flow 
patterns  from  the  observations.  In  unsteady  flows  the 
aggregates  of  streaklines  vary  at  the  different  instant 
of  time,  in  steady  flows  they  are  the  same  at  all  time 
(in  this  case  streamlines,  pathlines  and  streaklines  are 
identical). 

3.2  Direct  Volume  Rendering 

Direct  volume  rendering  is  a  visualization  method  that 
aims  at  providing  information  about  the  whole  volume 
in  a  single  image.  For  such  representation  a  3D  sampled 
scalar  volume  is  supposed,  like  the  one  usually  available 
in  CFD  simulation  grids.  Volume  samples  are  mapped 
to  color  and  opacity  and  directly  rendered  by  accumu¬ 
lation  to  the  screen  pixels.  Two  basic  techniques  apply 
in  order  to  reduce  3D  grid  data  to  images:  ray-casting 
and  projection. 

Though  projection  methods  can  also  be  used  for 
image-space  techniques,  it  is  recently  referred  to  by  re¬ 
lating  it  to  the  capability  of  reaching  rendering  times 
ever  closer  to  interactivity.  It  consists  of  projecting  vol¬ 
ume  cells  to  the  screen  by  reduction  to  a  collection  of 
polygons  (usually  triangles).  These  can  then  be  ren¬ 
dered  using  fast  graphics  hardware  available  on  mid 
and  high-end  3D  graphics  workstations.  The  results  of 
such  projections  are  usually  referred  to  as  splats.  In 
rectilinear  grids  one  can  take  advantage  from  cell  co¬ 
herence  and  an  implicit  ordering  for  splatting,  leading 
to  relatively  simple  and  fast  rendering. 

Once  a  cell  is  splatted,  color  and  opacity  have  to 
be  associated  to  the  samples  in  order  to  render  it. 
Projection-based  methods  rely  on  graphics  hardware 
for  blending.  SGI  workstations  have  a  blend  func¬ 
tion  that  permits  the  incoming  color  components  to 
be  scaled  by  the  incoming  alpha  (opacity)  value,  and 
the  framebuffer  contents  to  be  scaled  by  one  minus  the 
incoming  alpha  value.  Thus  incoming  alpha  is  cor¬ 
rectly  thought  of  as  a  material  opacity,  ranging  from 
1  (completely  opaque)  to  0  (completely  transparent). 
Polygons  representing  cell  faces  can  be  drawn  using 
Gouraud  shading  (linear  interpolations  of  color  com¬ 
ponents  and  alpha),  that  most  of  the  graphics  hard¬ 
ware  offers.  When  using  alpha  blending,  the  drawing 


of  polygons  have  to  be  performed  from  back  to  front 
with  respect  to  the  current  view  axis  in  order  to  cor¬ 
rectly  compose  opacity. 

3.3  Visualization  of  PEGASE  Turbu¬ 
lent  Flow  Data 

Turbulence  is  the  irregular  regime  for  fluid  motion 
which  randomly  varies  with  space  and  time.  It  is  a 
three-dimensional,  rotational,  irregular,  diffusive  and 
dissipative  phenomenon.  The  above  described  data 
representations  can  be  effectively  combined  in  order  to 
visualise  turbulent  phenomena.  Displaying  them  in  an¬ 
imation  is  then  the  most  natural  to  exploit  the  inherent 
time-dependence  of  turbulence  data. 

When  a  turbulent  flow  field  is  being  investigated  by 
means  of  cutting  planes  or  isosurfaces,  analysts  use 
such  representations  as  probes.  Their  surface  nature  is 
helpful  when  the  phenomenon  is  well  identified  by  one 
or  few  data  values  (e.g.  shock  waves),  otherwise  mean¬ 
ingful  feature-oriented  information  can  remain  hidden, 
possibly  lying  between  discrete  surface  values.  Never¬ 
theless  isosurfaces  of  well-selected  data  variables  may 
give  a  rough  shape  of  coherent  structures. 

Streaklines  are  the  most  helpful  means  to  understand 
and  to  show  main  characteristics  in  numerical  unsteady 
turbulent  flows,  with  particular  emphasis  on  the  impor¬ 
tant  dynamic  aspects  of  turbulence,  since  the  discrete 
nature  of  moving  particles  is  able  to  capture  the  essence 
of  fluid  motion.  The  approach  for  rendering  streaklines 
have  to  be  carefully  decided,  in  order  to  avoid  thou¬ 
sands  of  particles  concurrently  in  the  3D  scene  leading 
to  an  unreadable  image.  Lighted  spheres  may  be  used 
to  remove  spatial  ambiguities;  mapping  their  color  to 
the  time  the  particles  were  released  has  been  found 
useful  to  depict  diffusion,  as  well  as  making  them  ever 
more  translucent  as  time  goes  on. 

By  conveying  global  insight  in  volume  data,  direct 
volume  rendering  may  be  used  as  a  feature-oriented 
data  representation.  Wherever  a  phenomenon  has  its 
interesting  regions,  a  proper  combination  of  the  scalar 
variable  to  be  directly  rendered,  the  opacity  transfer 
function  (usually  an  exponential  or  a  gaussian)  and 
possibly  multiple  thresholding  values  can  be  arranged 
in  order  both  to  emphasize  hidden  characteristics  and 
to  remove  meaningless  graphics.  Furthermore  a  higher 
degree  of  realism  has  been  reached  by  modifying  vertex 
color  by  applying  additional  gradient  lighting,  result¬ 
ing  in  more  solid-looking  structures.  Scalars  to  which 
volume  rendering  has  been  helpfully  applied  were  the 
streamwise  velocity  component,  energy,  vorticity,  en- 
strophy  and  helicity. 

Post-processing  of  results  from  the  PEGASE  code 
has  been  carried  out  in  a  visualization  environment, 
named  NOVA,  developed  at  CIRA  within  the  CEC- 
RACE  II  PAGEIN  (Pilot  Applications  on  a  Gigabit 
European  Integrated  Network)  project.  The  unsteady 
particle  tracer  has  been  developed  by  DRA  (UK)  and 
CIRA,  by  extending  the  Eurovis  multiblock  particle 
tracer  developed  within  the  Garteur  AD  AG  16  on 
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visualization  for  CFD.  For  cutting  planes  and  isosur¬ 
faces,  PEGASE  data  has  been  visualized  with  FLOVIS, 
an  interactive  3D  graphic  post-processor  developed  at 
CIRA  running  on  high-performances  graphics  worksta¬ 
tions.  Both  NOVA  and  FLOVIS  allow  time-dependent 
data  to  be  dynamically  displayed  in  animation,  during 
which  the  user  has  still  the  possibility  to  interact  with 
3D  objects. 

Data  produced  with  PEGASE  by  direct  simulation  of 

a  vortex  breakdown  were  used  for  the  proposed  images 

(fig.  1,2).  In  this  case  candidate  particle  sources  are  a 

series  of  points  located  on  a  line  of  the  boundary  grid 
surface  representing  the  incoming  flow.  As  new  parti¬ 
cles  are  injected  from  each  starting  point  they  tend  to 
depict  a  streak  surface  swirling  according  to  the  vortex 
that  originates  by  the  rotating  flow  initial  condition; 
such  surface  suddendly  loose  its  roughly  regular  shape 
as  the  vortex  breaks  down. 

4  CONCLUSIONS 

The  PAGEIN  prototype  is  of  great  interest  for  mas¬ 
sive  data  generating  and  analyzing  codes.  The  possibil¬ 
ity  of  interactive  visualization  and  computation  allows 
better  control  of  the  process.  Implementation  of  sev¬ 
eral  time-dependent  flow  visualization  techniques  has 
shown  that  the  streakline  tracer  is  the  most  natural 
tool  for  the  analysis  of  turbulent  flow  fields,  and  that 
particle-based  representations  can  be  effectively  com¬ 
bined  with  direct  volume  rendering  of  well-suited  flow- 
related  scalars,  the  latter  helping  to  concurrently  de¬ 
pict  important  flow  characteristics  through  its  global 
insight  capability. 

However  safegards  such  as  on-line  time  dependent 
measurement  of  error  [5]  should  be  devised  so  that  the 
beauty  of  the  visualizations  does  not  affect  the  accuracy 
of  the  results. 
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General  Discussion 


Professor  Cantwell,  Stanford  University,  USA 

In  this  session,  we  will  hear  remarks  from  the  Technical  Evaluator.  These  will  be  followed  by  a 
general  discussion  of  the  meeting.  I  want  to  remind  all  speakers  to  be  aware  that  the  session  is 
being  translated.  In  this  circumstance,  as  the  translators  do  not  have  a  text  to  work  from,  it  is 
especially  important  to  try  to  speak  as  clearly,  slowly  and  carefully  as  possible.  In  addition,  when 
you  get  up  to  ask  a  question  or  to  speak,  I  would  appreciate  it  if  you  would  identify  yourself  and 
your  affiliation. 

May  I  now  introduce  the  Technical  Evaluator,  John  Lumley,  Willis  H.  Carrier  Professor  of 
Aerospace  and  Mechanical  Engineering  at  Cornell  University.  Professor  Lumley  is  one  of  the  best 
known  workers  in  turbulence,  not  just  in  the  United  States,  but  around  the  world.  He  began  his 
academic  career  at  Penn  State  where  he  spent  18  years;  he  has  now  been  17  years  at  Cornell 
University  and  is  the  recipient  of  many  awards  and  recognitions.  He  is  a  member  of  the  National 
Academy  of  Engineering,  the  American  Academy  of  Arts  and  Sciences;  he  is  a  winner  of  the 
Timoshenko  medal,  a  winner  of  the  Fluid  Dynamics  Prize  of  the  American  Physical  Society,  which 
is  probably  the  most  prestigious  prize  given  in  the  U.S.  for  fluid  dynamics;  he  is  also  winner  of  the 
AIAA  Fluid  and  Plasma  Dynamics  Award;  the  author  of  a  number  of  books,  one  of  which  probably 
almost  everyone  here  would  have  encountered  at  one  time  or  another.  It  was  the  book  that  I  first 
used  as  a  student  to  learn  about  turbulence  entitled,  “A  First  Course  in  Turbulence”,  by  Tennekes 
and  Lumley.  Without  any  further  remarks,  I  will  ask  Professor  Lumley  to  take  the  floor. 

Professor  Lumley,  Cornell  University,  USA 

See  Table  of  Contents  for  Technical  Evaluation  Report 

Professor  Cantwell,  Stanford  University,  USA 

Thank  you  Professor  Lumley  for  your  remarks.  These  were  good  strong  opinions  which  I  am  sure 
have  stimulated  plenty  of  people  in  the  audience.  Now  I  would  like  to  throw  the  discussion  open  to 
the  audience  and  call  for  any  comments.  The  comments  may  be  on  Professor  Lumley’s  report  or 
may  be  with  respect  to  a  given  paper;  they  may  be  general  comments,  philosophical,  or  specific. 
This  is  an  open  discussion  and  anything  is  fair  game.  Like  all  open  discussions  of  this  type,  they 
tend  to  start  slowly,  nobody  wants  to  speak  first.  Now  we  have  got  three  here.  State  your  name  and 
affiliation  and  speak  as  clearly  as  possible  for  the  translators. 

Tharos  Nehaus,  University  of  Solenniki 

I  thought  I  would  raise  my  hand  and  speak  first  because  I  am  an  outsider  to  this  Conference.  I  am 
doing  experimental  work  and  I  would  like  to  say  something  that  is  not  to  be  interpreted  as  a 
criticism,  but  I  heard  many  authors  mention  negative  viscosities  and  eddy  viscosities.  I  am  just 
thinking  that  after  25  years  of  coherent  structural  work,  supposedly  to  understand  physics,  why  are 
we  talking  about  negative  viscosities.  It  may  be  a  technicality,  and  I  am  leaving  it  up  to  you  to 
respond. 

Professor  Cantwell,  Stanford  University,  USA 

I  think  there  are  a  number  of  people  here  who  could  have  used  a  list  of  definitions.  There  is  a  lot  of 
jargon  in  this  field.  I  think  that  is  probably  not  surprising  given  the  relatively  new  nature  of  the 
field  and  the  fact  that  things  are  changing  rapidly.  Every  investigator  has  their  own  set  of 
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terminology  that  they  like  best.  Sometimes,  these  terms  become  common  to  various  groups  but 
sometimes  not.  It  can  be  difficult,  I  agree. 

Professor  Moin,  Stanford  University,  USA 

Unfortunately,  I  missed  the  talk  by  Comte,  but  John  commented  on  the  applications  of  the  structure 
function  model.  I  would  like  to  pick  that  up  as  one  of  the  models  that  has  been  put  forward  (in 
addition  to  the  dynamic  model  that  we  have  seen  here)  and  have  a  discussion  on  the  importance  or 
the  utility  of  the  stracture  function  model.  In  my  opinion,  and  this  is  backed  by  spectral  analysis  of 

the  Structure  function  model,  this  model  is  essentially  a  glorified  Smagorinsky  model  In  kt,  it 

scales  to  the  Smagorinsky  model  with  the  right  coefficient,  which  is  0.267.  You  get  the  same  thing 
with  the  standard  value  of  the  Smagorinsky  coefficient.  I  do  not  see  that  the  structure  function 
model  added  anything  beyond  Smagorinsky.  Also,  it  has  the  same  type  of  problems  close  to  the 
wall.  Dr.  Comte  himself  established  at  the  CTR  that  the  structure  function  model  has  the  improper 
limiting  behavior  very  close  to  the  wall.  I  would  like  to  know  if  anyone  else  has  had  any  experience 
with  the  structure  function  model  and  whether  they  agree  with  my  comments  about  it. 

Professor  Cantwell,  Stanford  University,  USA 

Let’s  take  that  up  as  a  point.  Does  anyone  have  a  response  to  that? 

Dr.  Comte,  Institut  de  Mecanique  de  Grenoble,  France 

About  the  consistency  between  the  structure-function  model,  I  mean  the  original  Metais-Lesieur 
model,  and  the  Smagorinsky  model,  it  is  written  in  paper  #14  that  the  structure-function  model  is 
fairly  close  to  the  Smagorinsky  model.  In  fact,  to  the  first  order,  it  can  be  recast  as  a  mixture 
between  the  strain  and  the  vortex  versions  of  the  Smagorinsky  model.  When  you  do  that,  you  end 
up  with  a  value  of  the  constant  of  the  structure-function  model  equal  to  twice  the  square  of  the 
Smagorinsky  model  times  the  square  root  of  2/3.  In  practice,  the  structure-function  model  is  a  bit 
less  dissipative  than  the  Smagorinsky  model.  I  showed  some  comparisons  in  the  case  of  temporal 
wakes  and  mixing  layers. 

As  far  as  the  behaviour  close  to  the  wall  is  concerned,  I  think  that  the  recent  developments  — 
which  made  this  model  maybe  not  dynamic,  but  either  filtered  or  selective  —  certainly  do  not  cure 
the  problem  but  at  least  bring  some  sort  of  improvement. 

Professor  Cantwell,  Stanford  University,  USA 

Could  I  ask  just  a  clarification  question  about  the  structure  function  model?  Does  that  model 
assume  that  the  subgrid  scale  stress  and  local  strain  tensors  are  aligned? 

Dr.  Comte,  Institut  de  Mecanique  de  Grenoble,  France 

Basically  yes,  because  there  is  an  eddy-viscosity.  But  in  the  case  of  the  selective  structure-function 
model,  you  have  a  filter  which  is  non-linear:  it  is  based  upon  the  angle  between  the  instantaneous 
local  vorticity  vector  and  some  sort  of  local  average  of  it  over  a  certain  neighbourhood.  This  gives 
to  this  model  the  property  of  not  putting  any  eddy-viscosity  in  the  laminar  regions,  which  is 
basically  what  we  aimed  at. 

To  come  back  to  the  fundamental  difference  between  the  original  structure-function  model  and  the 
Smagorinsky  model,  the  most  important  I  can  find  is  that  the  structure-function  model  only  features 
velocity  increments,  whereas  the  Smagorinsky  model  involves  derivatives  to  discretize.  It  is  well 
known  that  finite-difference  evaluation  of  derivatives  behave  somewhat  differently  from  exact 
derivatives,  especially  at  high  wave-numbers. 

Dr.  Kleiser,  DLR,  Gottingen,  Germany 

Just  a  few  comments  on  the  question  about  experiences  with  the  structure  function  model.  In  work 
not  presented  at  this  meeting,  we  have  done  some  apriori  tests  of  various  models,  including  the 
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Structure  function  model  and  the  classical  Smagorinsky  model.  We  did  not  find  any  superiority  of 
the  structure  function  model  with  respect  to  the  near  wall  behavior  which  we  investigated,  in 
particular,  concerning  the  back-scatter  of  energy  from  the  non-resolved  scales  to  the  resolved  ones. 
Maybe  my  colleague  wants  to  comment  some  more  on  these  details. 

Mr.  Haertel,  DLR,  Gottingen,  Germany 

We  did  some  comparisons  but  other  people  have  done  the  same  and  basically  our  experiences  are 
similar  to  those  that  have  been  made  at  CTR  with  the  structure  function  model.  We  repeated  that 
work  but  also  looked  at  some  further  quantities,  more  than  were  considered  that  time  in  the  CTR 
report.  In  principle,  there  were  no  qualitative  differences  between  the  various  models.  At  least,  we 
haven’t  found  any. 

Professor  Orlandi,  University  of  Rome,  Italy 

I  would  like  to  know  if  somebody  thinks  that  this  structure  function  model  can  be  improved  by 
using  the  notion  of  self-extended  similarity.  This  notion  recently  has  received  some  interest  since  in 
experiments  and  in  numerical  simulations  by  the  research  group  of  physicists  led  by  Prof.  Benzi,  it 
has  been  observed  that  there  is  a  very  good  scaling  both  in  the  inertial  and  in  the  dissipative  range 
of  the  structure  function  of  arbitrary  order  when  plotted  versus  the  third  order  structure  function.  I 
would  like  to  know  whether  somebody  thinks  that  this  similarity  can  help  to  account  for  the  back- 
scatter  in  subgrid  models  based  on  the  stmctural  function.  The  third  order  structure  function,  in 
fact,  is  related  to  the  energy  transfer. 

Dr.  Comte,  Institut  de  Mecanique  de  Grenoble,  France 

I  don’t  know  about  the  work  by  Robert  Benzi,  but  the  person  in  Grenoble  you  mentioned  is 
probably  Yves  Gagne,  who  did  essentially  one-point  measurements  using  Taylor’s  hypothesis  to 
measure  structure  functions.  I  had  quite  a  few  discussions  with  Yves  Gagne  and  Bernard  Castaing, 
who  proposed  intermittency  corrections  and  scaling  models.  They  told  me  that  as  far  as  second- 
order  moments  are  concerned  (for  example,  the  second-order  structure-function  we  use  in  our 
models),  we  could  heavily  rely  upon  the  Kolmogorov  1941  theory  to  derive  the  constants  of  our 
models,  and  that  there  was  no  need  for  intermittency  corrections. 

Professor  Jimenez,  University  of  Madrid,  Spain 

More  than  a  comment,  I  want  to  raise  a  point  that  has  not  been  discussed  here.  This  is  a  meeting  in 
which  there  is  a  large  number  of  people  who  are  not  specialists  in  this  specific  area  because  of  the 
presence  of  the  AGARD  Panel.  A  question  that  we  should  address  here  is  whether  anything  has 
happened  in  this  meeting  which  allowed  us  to  put  an  error  bar  in  the  results  of  DNS  or  LES.  Can 
we  go  to  an  industrial  user  or  to  somebody  trying  to  predict  what  is  going  to  happen  with  an 
experiment,  and  say  that  we  are  doing  this  within  10%?  I  don’t  know  whether  John  Lumley  or 
anybody  else  wants  to  address  that. 

Professor  Cantwell,  Stanford  University,  USA 

Actually,  I  think  Professor  Poll  had  a  question  after  Professor  Kleiser’s  invited  talk  which  might 
bear  on  what  you  are  describing.  Professor  Kleiser  described  several  different  types  of  transition 
that  were  being  studied.  Professor  Poll  pointed  out  that  if  he  goes  into  his  wind  tunnel  he  measures 
transition  with  a  hot  wire  and  he  sees  intermittency,  he  sees  switching  back  and  forth.  It  seems  to 
me  that  what  you  are  raising  is  a  similar  issue;  to  what  degree  do  simulations,  particularly  LES  as 
well  as  DNS  reproduce  the  real  world  and  to  what  degree  do  we  know  what  disturbances  are 
required  to  fully  define  a  flow  in  a  DNS  or  an  LES  computation.  You  have  precise  control  over  all 
boundary  and  initial  conditions.  In  a  real  experiment  you  don’t.  Worse  than  that,  you  don’t  really 
know  precisely  what  conditions  are  going  to  be  important.  We  keep  finding  that  small  effects  play  a 
significant  roll  more  and  more.  Perhaps  Professor  Poll  could  comment  on  that  issue  and  expand  on 
his  point  from  one  of  the  earlier  sessions. 
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Professor  Poll,  University  of  Manchester,  UK 

The  point  was  that  it  is  very  nice  to  see  a  complete  calculation,  but  the  question  that  I  raised  was 
one  that  related  to  what  we  actually  see  in  experiments.  It  is  not  yet  clear  to  me  that  the  complete 
calculations  we  have  actually  represent  behaviour  in  the  real  world.  The  question  really  is  how 
much  would  you  have  to  put  in  at  the  input  phase  in  order  to  reproduce  phenomena  which  are 
generally  observed  by  first  year  students  in  their  first  morning  in  the  lab.  The  other  point  that  I 
would  like  to  make  is  that,  although  I  didn’t  see  all  the  papers  by  any  means,  many  of  the  models 
were  being  compared  with  graphs  taken  from  books  like  Schlichting  which  is  50  years  old.  I  think 
it  would  be  rather  more  realistic  if  the  theoreticians  made  a  special  effort  to  use  the  best 

experimental  data  that  is  available,  not  simply  Blasius  law  for  a  pipe,  for  example,  which  under  low 
Reynolds  number  conditions  may  not  be  accurate  at  all.  What  may  appear  to  be  good  agreement 
may  in  fact  be  misleading.  So,  if  you  do  a  very  good  calculation,  please  compare  it  with  the  very 
best  data  that  you  can  find,  not  simply  something  out  of  an  old  undergraduate  textbook. 

Professor  Moin,  Stanford  University,  USA 

If  I  may  go  back  to  Professor  Jimenez’  comment,  I  think  he  has  a  very  good  point.  One  of  the 
advantages  that  you  have  in  a  large  eddy  simulation,  in  contrast  to  the  Reynolds  averaged 
approach,  is  that  the  models  should  be  designed,  and  they  are  usually  designed,  so  that  if  you  refine 
the  resolution  you  approach  the  proper  limit,  that  is  the  Navier-Stokes  equations.  If  you  want  to 
give  an  answer  to  someone  in  industry,  regarding  the  uncertainty  of  your  calculation,  as  with  all 
good  CFD,  you  should  always  do  a  grid  refinement  study.  It  is  only  with  a  grid  refinement  study 
that  you  can  know  about  the  uncertainty  or  the  accuracy  of  your  calculation.  With  LES  we  know 
that  if  you  refine  the  mesh  you  get  more  accurate  results  and  if  the  quantity  that  you  are  interested 
in,  say  such  as  skin  friction  or  pressure  coefficient,  don’t  change  when  you  do  the  grid  refinement, 
then  you  can  trust  your  result. 

Dr.  Kleiser,  PER,  Gottingen,  Germany 

I  think  actually  we  can  be  quite  confident  about  accuracy  and  about  reliability  of  our  DNS  results. 
Of  course,  if  you  are  asking  what  these  results  have  to  do  with  the  real  world,  the  question  is  what 
is  the  real  world?  Let  us  take  the  example  of  the  classical  vibrating-ribbon  transition  experiment  in 
a  Blasius  boundary  layer.  I  think  this  is  a  reasonably  well-defined  physical  problem.  I  believe  that 
DNS  today  is  at  a  stage  where  this  process  can  be  computed  to  any  desired  level  of  accuracy.  With 
respect  to  comparing  the  data,  see,  for  example,  the  talk  by  Bestek  from  the  Stuttgart  group.  They 
compared  their  data  including  maybe  the  first  10  or  12  harmonics  of  their  time  signals  with  the 
very  detailed  measurements  of  Katchanov  and  really  obtained  a  very  convincing  agreement.  It  is 
now  time  to  stop  unnecessary  doubts  about  the  validity  of  computations.  Of  course,  computations 
need  to  be  done  with  the  appropriate  care  and  with  the  appropriate  amount  of  comparisons  with  the 
real  world  or  with  some  sensible  model  problems.  In  the  LES,  on  the  other  hand,  we  still  have  the 
modelling  problem  even  if  we  have  fine  grids.  This  is  quite  a  different  issue  which  is  also  present 
in  the  Reynolds  averaged  Navier-Stokes  computation.  But  in  DNS,  I  believe,  as  Professor  Lumley 
has  mentioned,  the  state  of  the  art  is  quite  mature. 

Professor  Meier,  DLR,  Gottingen,  Germany 

I  would  like  to  comment  on  the  role  of  numerics  and  experiment  in  this  context.  I  am  not  against 
any  numerical  results  also  presented  here  in  the  Conference,  especially  against  Kleiser’ s  results 
because  we  are  from  the  same  institute,  but  I  think  we  have  to  consider  that  the  numerics  is 
nowadays  still  restricted  to  some  simple  cases  of  application.  For  instance,  the  whole  range  of  high 
Reynolds  number  is  not  covered  really  by  numerical  methods  in  such  a  way  that  you  can  simply 
trust  the  result  which  is  obtained  by  an  application  of  a  well-known  method  on  a  not  very  well 
established  case.  One  result  of  this  Conference  is  that  the  numerical  work  presented  here  gives  a 
really  good  three-dimensional  view  and  the  physical  background  of  shear  layer  instability, 
stagnation  line  instabilities,  Tollmien-Schlichting  type,  cross-flow  instability  and  all  the  special 
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supersonic  modes  of  instability  in  simple  geometry  at  low  Reynolds  numbers.  This  is  the  main 
advantage  of  numerical  methods  having  a  higher  definition  and  higher  accuracy  than  an  experiment 
to  clarify  the  physical  behavior  in  the  beginning  non-linear  range  of  flow  instabilities.  At  higher 
Reynolds  number  and  complex  geometries  the  experiment  gives  the  better  global  result.  In  any 
case,  the  experiment  will  be  needed  for  validation  of  all  cases.  One  cannot  decide  right  now  who 
has  won  the  race,  the  experiment  or  the  numerics.  I  think  that  both  sides  have  advantages,  but  my 
prediction  is  that  in  the  more  realistic  cases  which  have  been  announced  in  some  previous 
comments,  the  experiment  will  come  up  in  the  future. 

Professor  Cantwell,  Stanford  University,  USA 

I  guess  I  also  have  a  comment  on  this  discussion.  In  the  case  of  the  wakes  which  Prof.  Lumley 
referred  to  during  his  remarks,  we  saw  an  example  of  a  flow  which,  even  at  moderate  Reynolds 
number,  may  not  be  entirely  computable.  We  don’t  know  what  the  very  long  time  asymptotic 
behavior  of  a  plane  wake  will  be  unless  we  can  compute  for  immensely  long  times  which  may  in 
fact  turn  out  to  be  impractical.  So,  the  uniqueness  issue  connected  with  the  asymptotic  behavior  of 
the  wake  is  one  which  I  think  will  not  be  solved  for  quite  a  while.  Papers  25  and  26  which  Lumley 
referred  to  were  papers  which  looked  at  plane  wakes,  and  I  might  remark  that  most  real  wakes  are 
three-dimensional  in  the  far  field.  In  fact  this  issue  is  more  severe  in  the  case  of  a  three-dimensional 
wake.  The  reason  for  this  is  that  in  the  plane  wake,  if  you  go  far  enough  downstream,  you  can  at 
least  make  an  Oseen  approximation  to  the  flow  and  make  an  argument  for  the  existence  of  self¬ 
similarity.  You  can  do  this  because  the  Reynolds  number  of  a  plane  wake  is  a  constant  and  at  high 
Reynolds  number  the  properties  of  the  wake  are  independent  of  viscosity.  In  the  case  of  a  three- 
dimensional  wake  you  still  have  to  go  far  downstream  to  make  the  similarity  argument,  but  the 
three-dimensional  wake  has  the  property  that  the  Reynolds  number  goes  down  with  distance.  So  by 
the  time  you  get  to  the  far  wake  where  the  Oseen  approximation  may  begin  to  be  valid,  you  have 
got  a  low  Reynolds  number  flow,  one  which  is  relaminarizing,  in  which  the  argument  that  the  wake 
is  independent  of  viscosity  doesn’t  work.  So,  in  three-dimensional  wakes,  it  may  be  even  more 
difficult  to  compute  the  asymptotic  behavior  than  in  two-dimensional  wakes.  In  fact,  in  a  three- 
dimensional  wake  at  moderate  Reynolds  numbers  there  may  simply  be  no  region  of  self- similarity. 
There  is  a  whole  series  of  issues  here  that  we  don’t  have  any  understanding  about.  That  is  a 
separate  issue  from  the  one  that  we  have  been  discussing.  There  are  certain  problems  which 
challenge  our  ability  to  compute  at  all. 

Professor  Reshotko,  Case  Western  Reserve,  USA 

Since  no  one  has  brought  this  matter  up  since  John  Lumley’ s  talk,  I  would  like  to  add  my  support 
for  his  comments  about  the  need  for  looking  at  an  analytic  foundation  for  a  lot  of  the  numerical 
work  that  is  being  done.  In  order  to  understand  the  physics,  one  has  to  have  some  hypothesis  to 
investigate  by  one  experiment  or  another.  Analysis  lays  out  the  hypotheses  which  can  then  be 
tested  by  good  numerical  experiments.  I  also  think  that  computations,  especially  by  DNS  and  LES 
methods  have  a  lot  of  information  available  that  is  mostly  not  used.  A  DNS  or  LES  calculation  may 
have  a  hundred  thousand  or  even  a  million  nodes  in  a  computational  domain  with  many  pieces  of 
information  available  at  each  node.  I  think  of  the  experimentalist  who  could  never  dream  of  having 
a  hundred  thousand  probes  and  so  many  pieces  of  information  at  each  probe  station  and  what  that 
experimenter  might  do  if  he  had  that  amount  of  capability.  So,  I  therefore  urge  the  people  who  do 
computations  to  think  a  little  more  as  if  they  were  experimentalists  and  try  to  extract  from  their 
data  the  quantitative  physical  information  that  we  are  all  seeking,  and  not  simply  present  pictures 
or  pleasant  movies  with  music. 

Professor  Moin,  Stanford  University,  USA 

I  would  like  to  follow  up  on  that  primarily  for  the  other  members  of  the  AGARD  Panel  and  others 
who  are  not  really  familiar  with  DNS/LES  work  that  has  been  going  on.  From  Eli’s  comments  and 
part  of  John’s  remarks,  one  might  get  the  impression  that  people  who  have  been  doing  DNS  and 
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LES  have  been  just  running  these  codes.  The  record  of  contributions  to  turbulence  physics  and 
theory  by  the  people  who  have  been  doing  DNS  is  very  rich.  This  has  been  going  on  for  15  years.  I 
would  say  that  in  the  past  10  years,  the  understanding  that  has  been  gained  from  analysis  of  direct 
numerical  simulation  flow  fields  has  been  far  more  than  that  gained  from  experiments.  So,  good 
people  who  have  been  doing  good  DNS,  were  doing  it  not  for  the  sake  of  doing  DNS,  but  to  extract 
physics  from  it.  The  records  of  what  they  have  learned  have  been  archived  in  the  Journal  of  Fluid 
Mechanics,  the  Physics  of  Fluids  and  other  first  rate  journals. 

Professor  Cantwell,  Stanford  University,  USA 

I  would  also  comment,  I  guess  we  don’t  have  any  diagnostic  developers  here,  but  there  are  people 
developing  flow  diagnostics  who  do  actually  conceive  of  having  a  million  flow  points  and  a  million 
measurements  in  a  flow  using  holographic  and  particle  imaging  techniques. 

Professor  Lumley,  Cornell  University,  USA 

I  just  want  to  make  clear  after  Parviz’s  remarks,  I  was  trying  not  to  embarrass  anybody  —  of 
course,  many  people  have  been  doing,  from  the  beginning,  all  the  things  that  I  suggested.  It  is  just 
that  there  are  a  few  that  haven’t  been  doing  them.  (Comment  by  Moin.)  But  you  don’t  have  to 
defend  yourself.  I’ll  defend  you. 

Professor  Cantwell,  Stanford  University,  USA 

I  have  another  comment  on  the  experimental  side  and  that  is  that  there  is  no  question  that 
simulations  have  led  experiments  for  the  last  10  years  in  finding  new  physics  because  of  the  fact 
that  our  experimental  tools  are  so  limited.  There  are,  on  the  horizon,  three-dimensional  techniques 
which,  when  perfected,  will  be  able  to  make  measurements  in  experimental  flows  with  a  great  deal 
of  density.  Presumably,  they  will  be  very  fast.  So,  it  is  not  clear  that  computer  simulations  will 
remain  in  the  lead.  I  guess  what  people  call  DES,  Direct  Experimental  Simulation,  is  beginning  to 
be  thought  of  as  a  seriously  possible  thing  to  do.  Who  knows,  may  be  10  years  from  now  we  may 
be  looking  at  experiments,  trying  to  use  simulations  to  see  if  we  can  match  them. 

Professor  Slooff,  NLR,  Netherlands 

I  have  a  comment  and  a  question  from  an  applied  computational  fluid  dynamicist’s  point  of  view 
and  it  touches  on  one  of  the  points  made  by  Professor  Lumley.  That  is,  he  said  that,  like  with  some 
other  research,  there  is  a  lot  of  work  being  done  on  it  but  very  little  with  it.  I  am  not  quite  sure 
whether  that  is  the  situation  we  have  here,  but  from  my  perspective  the  promise  of  both  DNS  and 
LES  was,  amongst  others,  that  they  would  give  us  better  information  on  detailed  flow  structures 
that  would  lead  to  better  turbulence  models  for  Reynolds  averaged  Navier-Stokes  simulations.  LES 
also  had  the  promise  that  it  would  by-pass  the  necessity  of  having  various  different  turbulence 
models  for  different  kinds  of  flows;  with  a  good  basic  subgrid  scale  model  we  would  be  able  to 
circumvent  that  problem. 

Now  I  have  witnessed  only  about  half  of  the  papers  here,  but  in  those  I  have  not  really  seen  much 
evidence  of  progress  with  respect  to  the  first  point.  The  associated  question  is:  have  DNS  and  LES 
simulations  already  led  to  better  turbulence  models  for  Reynolds  averaged  Navier-Stokes 
simulations  or  do  we  still  think  that  that  promise  is  still  there? 

I  have  also  noticed  that  there  are  already  quite  a  number  of  subgrid  scale  turbulence  models.  Not 
quite  as  many  yet  as  for  Reynolds  averaged  Navier-Stokes,  and  my  impression  certainly  is  that  the 
differences  between  the  various  models  are  smaller  than  those  between  full  turbulence  models  for 
the  Reynolds-averaged  Navier-Stokes  equations.  Nevertheless,  it  has  created  some  doubt,  at  least  in 
my  mind,  whether  the  original  promise,  as  we  saw  it  5  or  10  years  ago,  will  eventually  be  fulfilled. 
I  would  like  the  experts  to  comment  on  both  these  points. 
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Professor  Moin,  Stanford  University,  USA 

As  far  as  the  contribution  of  DNS  to  turbulence  modelling,  I  think  it  is  important  to  put  things  in 
perspective.  DNS  generates  data  like  experiments  do.  It  does  provide  you  with  better  data  and  more 
data  than  experiments.  It  gives  you,  for  example,  pressure  fluctuations  that  are  not  accessible  in  the 
laboratory.  The  data  that  DNS  provides  can  be  archived.  Then  you  can  use  that  data  to  validate  the 
models.  But  the  tough  part,  that  is  coming  up  with  better  models,  requires  thinking  and  creativity 
and  that  is  not  what  we  get  from  DNS.  All  DNS  can  do  is  give  you  data.  The  modelling  part  has 
been  in  the  hands  of  a  handful  of  people  who  have  made  creative  contributions  to  the  modelling 
arena.  As  we  get  better  and  better  computers,  we  just  do  bigger  DNS,  higher  Reynolds  numbers  and 
more  cases,  but  in  the  final  analysis,  better  models  have  to  come  from  creative  people.  That  has 
nothing  to  do  with  DNS.  Regarding  your  remarks  about  LES’  promise  and  its  status,  it  should  first 
be  noted  that  there  are  not  many  LES  models.  I  think  the  field  of  LES  did  not  progress  for  a  decade. 
I  would  say  for  the  entire  ’80s  it  gave  way  to  DNS.  Eormer  LESers  got  excited  about  DNS  and 
used  it  to  study  the  physics  of  turbulent  flows.  LES  is  now  coming  back  again  and  there  are  two  or 
three  models  around  right  now.  We  do  not  have  a  plethora  of  models  out  there.  These  models  are 
being  very  quickly  pushed  to  their  limits.  People  are  conducting  experiments  with  them,  doing 
different  flows  and  configurations.  And,  I  think  the  results  of  all  of  these  numerical  experiments 
will  come  to  light  in  the  next  year  or  two  and  we  will  be  able  to  see  where  we  stand  with  LES. 
There  is  a  healthy  and  vigorous  activity  right  now  in  evaluating  LES  and  some  of  the  new  ideas  in 
LES.  But  remember,  up  to  1990  there  really  weren’t  that  many  new  ideas  in  LES  except  the 
Smagorinsky  model  and  some  models  that  were  derived  from  the  statistical  theories  of  turbulence 
which  were  only  for  homogeneous  flows.  It  is  now  that  we  have  some  new  ideas  to  handle 
inhomogeneous  flows. 

Professor  Cantwell,  Stanford  University,  USA 

Even  now,  to  a  large  degree,  the  dynamic  localization  models  are  still  Smagorinsky  in  nature. 
Professor  Moin,  Stanford  University,  USA 

That  is  right.  There  are  other  variants  of  it  that  don’t  rely  on  the  Smagorinsky.  There  is  the  mixed 
model,  for  example,  which  has  been  applied  to  complex  flows.  The  K-equation  is  being  looked  at 
which  brings  in  the  history  effect  as  John  pointed  out.  We  should  keep  evaluating  more  cases, 
especially  the  cases  where  Reynolds  averaged  models  have  had  problems:  massively  separated 
flows,  flows  with  curvature,  adverse  pressure  gradient  —  these  tests  are  being  carried  out. 

Professor  Poll,  University  of  Manchester,  UK 

I  know  of  no  guarantee,  no  theorem,  that  tells  us  that  turbulence  modelling  is  something  which  can 
be  developed  to  the  point  where  it  reproduces  what  we  actually  see.  The  Navier-Stokes  equations 
are  equations  of  motion,  but  a  hundred  years  ago  when  Reynolds  did  his  celebrated  averaging,  he 
realized  that,  by  doing  averaging,  he  was  rejecting  information  with  no  guarantee  that  any  amount 
of  modelling  could  ever  bring  it  back.  So  whilst  it  is  perfectly  satisfactory  to  talk  about  direct 
numerical  solutions  to  produce  data,  it  is  not  at  all  satisfactory  to  expect  these  data  to  improve 
turbulence  modelling,  because,  ultimately,  turbulence  modelling  may  well  be  a  blind  alley.  It 
doesn’t  matter  to  what  level  of  complexity  we  go,  there  is  no  guarantee  that,  at  the  end,  you  will  get 
better  solutions. 

Professor  Cantwell,  Stanford  University,  USA 

Maybe  I  could  make  a  few  comments  about  this  issue.  This  has  some  history  in  connection  with 
this  symposium.  When  we  were  first  beginning  to  think  about  having  a  symposium  in  this  area,  we 
were  aware  of  an  effort  which  was  basically  a  world-wide  effort  on  collaborative  testing  of 
turbulence  models  which  was  being  led  by  Professor  Bradshaw  at  Stanford,  Professor  Lumley  at 
Cornell  and  Professor  Launder  at  Manchester.  One  of  the  ways  we  were  able  to  argue  to  AGARD 
that  they  should  run  such  a  meeting  was  that  we  also  realized  that  part  of  that  effort  involved 
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disseminating  simulation  data  to  people  who  were  going  to  try  to  use  that  data  to  develop  improved 
mean-flow  Reynolds-averaged  models.  When  we  set  out  the  call  for  papers  for  this  meeting,  the 
call  was  written  in  such  a  way  that  we  would  get  such  papers,  that  is  papers  in  which  a  mean-flow 
turbulence  model  was  developed  using  simulation  data.  I  have  to  say  that  we  really  didn’t  get  any 
papers  like  that  and  I  am  curious  to  know  what  was  the  outcome  of  that  collaborative  testing  effort. 

Professor  Lumley,  Cornell  University,  USA 

The  collaborative  testing:  if  you  talk  to  Peter  Bradshaw,  you  will  find  it  has  not  been  terribly 

satisfactory.  It  did  not  promote  the  development  of  new  models.  It  did  not  promote  the  participation 

of  many  of  the  groups  that  we  had  hoped  to  have.  What  we  have  now  is  an  encyclopedia  of  runs  of 
standard  models  against  a  number  of  demanding  test  cases,  which  is  useful.  What  we  had  hoped, 
which  is  the  development  of  better  models  will  have  to  wait  for  creative  people. 

Dr.  Kleiser,  DLR,  Gottingen,  Germany 

I  would  like  to  come  back  to  one  of  the  remarks  that  Professor  Lumley  has  made,  namely,  the  use 
of  low-dimensional  models  for  transition  and  turbulence  studies.  In  fact,  such  work  for  transition 
has  been  done  already.  There  is  such  work  at  the  University  of  Stuttgart,  and  maybe  in  the 
meantime  also  at  some  other  groups.  Rempfer  has  been  working  for  about  3  or  4  years  on  that 
problem  and  he  has  actually  derived  finite  dimensional  models  which  are  able  to  reproduce 
transition  phenomena  in  a  flat  plate  boundary  layer  in  a  similar  way  as  the  paper  we  just  heard.  So, 
such  activities  are  actually  underway.  A  more  general  comment  is  that  I  do  not  see  this  meeting 
here  as  fully  representative  of  all  of  the  work  that  is  going  on  in  the  area.  A  lot  of  activities  that 
have  been  commented  as  missing  are  actually  existing.  On  the  use  of  these  low  dimensional 
models,  this  may  perhaps  be  seen  a  bit  critically.  Before  you  can  work  with  them  you  first  have  to 
generate  all  these  eigenfunctions.  To  do  that  you  have  to  first  obtain  the  data,  so  in  effect  it  is  a 
means  of  post-processing  the  data.  I  do  not  know  if  it  is  reasonably  possible  to  arrive  at  a  state 
where  we  can  interpolate  between  a  few  such  simulations  and  make  predictions  of  flow  states  that 
are  in  between  and  that  have  not  been  produced  by  DNS  themselves.  Also  from  what  I  have  heard 
from  the  Stuttgart  group,  it  may  happen  that  the  computation  of  these  eigenfunctions  is  more 
expensive  than  the  actual  DNS.  It  is  probably  not,  in  general,  a  cheap  and  quick  tool  which  saves  us 
doing  the  actual  computations. 

Professor  Saric,  Arizona  State  University,  USA 

I  should  like  to  make  a  couple  of  comments,  one  of  which  will  support  the  comments  of  Reshotko 
and  in  them  some  way  ask  for  a  clarification  of  a  comment  made  by  the  chair  that  said  that  for  the 
last  10  years  DNS  has  been  leading  the  experimental  work.  In  the  low  speed  case  for  sure,  there  is 
not  an  experiment  that  has  been  superseded  by  any  DNS.  I  would  say  that  there  is  always  some 
experimental  work  now  that  is  exceeding  the  capabilities  of  DNS.  The  examples  that  Kleiser  gave 
of  doing  the  vibrating  ribbon  experiment.  That  goes  back  to  Schubauer  in  the  1940’s.  But  we  are 
doing  things  now  that  DNS  cannot  do,  and  we  are  guided  really  by  analytical  modelling.  That  is 
what  is  driving  experimental  work  these  days  and  it  seems  to  be  ahead  of  the  computational  work. 
So  to  echo  Reshotko,  perhaps  the  DNS  people  should  also  be  inspired  by  the  analytical  modelling 
of  these  same  sort  of  flows.  In  the  supersonic  case,  just  by  virtue  of  the  lack  of  facilities  and 
capabilities  we  can’t  do  those  kinds  of  experiments,  but  certainly  in  the  low  speed  case,  I  think  the 
experiments  are  far  ahead  of  any  computational  technique. 

Professor  Moin,  Stanford  University,  USA 

I  cannot  comment  on  the  low  speed  case,  I  will  leave  that  to  Kleiser  perhaps  to  talk  about  the 
transition  issue.  As  far  as  the  fully  developed  turbulent  flows  are  concerned,  it  wasn’t  until  the 
numerical  simulations  stepped  in  and,  in  fact,  identified  precisely  the  kind  of  coherent  structures 
that  were  present  in  low  Reynolds  number  turbulent  boundary  layers.  Some  of  the  old  concepts  that 
had  emerged  from  turbulent  boundary  layer  structure  research  proved  to  be  wrong.  For  example. 
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examination  of  DNS  databases  has  revealed  the  nature  of  the  bursting  process,  the  structure  of 
hairpin  vortices  and  the  associated  or  lack  of  symmetries.  These  clarifications  were  made  on  the 
coherent  structure  front.  As  far  as  turbulence  modelling  is  concerned,  for  the  first  time  we  saw  the 
terms  in  the  Reynolds  stress  equations  that  cannot  be  obtained  experimentally,  terms  like  pressure- 
strain  correlations  and  the  dissipation  tensor. 

Professor  Saric,  Arizona  State  University,  USA 

My  official  position  is  that  I  know  nothing  about  turbulence,  so  I  was  just  confining  myself  to 
problems  of  transitional  boundary  layers. 

Professor  Cantwell,  Stanford  University,  USA 

OK,  so  both  our  statements  were  a  little  too  broad.  I  admit  mine  was  probably  too  broad.  I  think 
that  in  transition  you  may  have  a  good  point.  1  think  in  moderate  Reynolds  number  turbulent  flows 
the  things  Prof.  Moin  pointed  out  are  all  true.  We  have  learned  things  about  the  pressure  field,  and 
we  have  learned  things  about  the  dissipation  field.  There  have  been  valiant  attempts  to  measure 
dissipation  at  a  few  points  in  a  turbulent  flow  but  these  are  very  difficult  experiments  to  do  and 
very  limited  bits  of  information  come  out  of  them.  Simulations  have  given  us  the  ability  to  look  at 
these  quantities  in  great  detail,  far  beyond  what  experiments  have  done.  I  would  restrict  my 
comments  to  that.  In  another  area  which  is  very  high  Reynolds  number  turbulent  flows,  clearly 
experiments  have  led  because  simulation  simply  can’t  get  there. 

Dr.  Kleiser,  DLR,  Gottingen,  Germany 

I  have  been  asked  to  add  a  few  comments  on  the  question  of  experiments  versus  DNS.  I  think  to 
build  up  a  controversy  between  them  is  totally  superfluous,  it  doesn’t  help  anything.  I  would  say 
that  the  majority  of  the  problems  that  exist  in  fluid  mechanics  still  must  be  tackled  by  experimental 
methods.  The  DNS  has  a  relatively  small  segment  of  the  problems  that  we  are  studying  that  can  be 
reasonably  worked  on.  Suppose  that  we  have  a  transitional  flat  plate  boundary  layer,  and  we  make 
a  few  little  scratches,  or  grooves,  or  we  put  riblets  on.  So  immediately  we  have  to  work  for  two 
more  years  to  develop  a  new  DNS  code,  and  even  if  it  is  well  written,  it  may  be  5  or  10  times  more 
expensive  to  run  than  the  smooth  surface  code.  There  is  clearly  no  need  for  saying  one  is  ahead  of 
the  other.  There  are  just  some  special  problems  where  you  can,  I  believe,  obtain  more  data  and 
more  detailed  information  from  DNS.  On  the  other  hand,  I  think  it  has  been  briefly  mentioned 
already  that  experimental  techniques  are  making  great  progress  towards  providing  detailed 
flowfield  data,  including  maybe  in  the  future  even  three-dimensional  data.  Thus,  there  is  much 
room  for  the  development  of  both  techniques.  Certainly  for  my  lifetime  and  for  probably  many 
generations,  we  will  very  much  need  experiments. 

Dr.  Spalart,  Boeing  Commercial  Airplane  Group 

To  add  to  the  controversy  with  experiments,  I  think  the  inability  to  measure  stationary  cross  flow 
vortices  or  to  cleanly  generate  travelling  ones,  which  is  a  worldwide  inability,  should  be  an 
embarrassment  to  the  experimental  community.  Another  example  is  the  non-parallel  effects  in  the 
Blasius  boundary  layer  which  the  theoretical  and  applied  math  people  have  been  “chasing”  for  20 
years.  I  think  we  have  understood  a  lot  of  things  by  direct  simulation.  The  experimental  limitations 
did  waste  the  time  of  the  theoreticians. 

Dr.  Bestek,  University  of  Stuttgart,  Germany 

I  do  not  see  any  controversy  between  experiments  and  DNS  as  far  as  transition  research  is 
concerned.  In  my  group  we  are  using  DNS  mostly  but  we  also  have  a  laminar  water  channel  where 
we  are  doing  controlled  transition  experiments.  There  we  found  that  to  do  a  controlled  experiment 
is  at  least  as  difficult  as  to  develop  a  spatial  DNS  code  and  apply  this  for  spatial  simulations.  Prof. 
Saric  put  together  some  important  points  on  transition  experiments  a  couple  of  years  ago  at  the 
Langley  transition  workshop.  You  first  have  to  define  the  base  flow.  For  example,  if  you  try  to 


GD-10 


generate  a  simple  Blasius  boundary  layer  experimentally,  you  will  never  reach  it.  You  always  will 
do  an  experiment  in  a  flow  with  a  pressure  gradient  that  you  have  to  determine  carefully.  For  a 
numerical  model,  it  is  easy  to  generate  a  proper  Blasius  flow.  However,  the  situation  is  quite 
different  for  a  more  complicated  geometry,  as,  for  example,  transition  induced  by  a  hump.  So  both 
methods  have  advantages  and  disadvantages,  both  can  be  applied  in  situations  where  the  other 
cannot  be  used  without  great  difficulties.  I  do  not  see  any  controversy  between  experiment  and 
DNS. 

Professor  Saric,  Arizona  State  University,  USA 

Please  let  me  clarify  my  situation.  I  was  only  responding  to  the  chairman’s  comments  that 
somehow  DNS  has  been  leading  the  experimental  work  in  the  past  10  years.  In  the  transitional 
case,  I  don’t  think  that  was  true.  I,  probably  more  than  anybody  else,  appreciate  the  computational 
work,  I  married  Helen  for  that  reason.  We  do  indeed  work  closely.  I  think  that  the  secret  is  that 
experimental  and  computational  work  goes  together.  But  the  point  of  fact  is  that  low  speed 
transitional  work  has  been  driven  by  analytical  modelling  and  not  by  the  DNS  work.  That  is  the 
main  point  that  I  wanted  to  make.  If  the  DNS  work  is  also  driven  by  analytical  modelling,  I  think  it 
could  be  a  much  richer  type  of  environment. 

Dr.  Woodward,  DRA,  UK 

I  find  I  got  rather  bored  with  this  discussion,  so  can  I  take  it  in  a  different  direction?  As  a  practical 
aerodynamicist,  the  two  papers  that  I  found  most  interesting  were  the  paper  which  attempted  to 
calculate  the  flow  through  the  suction  holes  and  Helen  Reed’s  paper  on  receptivity.  It  seems  to  me 
that  if  we  actually  understood  the  receptivity  issue  that  she  outlined,  then  we  would  be  able  to 
design  pressure  distributions  on  airfoils  which  minimized  the  way  in  which  the  disturbance  got  into 
the  boundary  layer  —  we  would  have  a  minimum  disturbance  boundary  layer.  Then  the 
understanding  that  came  from  calculating  the  suction  flow  through  the  hole  seemed  to  me  would 
lead  us  in  the  direction  which  would  enable  us  to  design  practical  suction  systems  for  a  possible 
laminar  flow  airplane.  I  wondered  whether,  having  outlined  what  I  found  interesting,  anyone  else 
would  like  to  comment  on  this  and  its  application  to  a  practical  aircraft  situation? 

Professor  Meier,  DLR,  Gottingen,  Germany 

I  would  like  to  come  back  on  the  remark  of  Professor  Slooff  who  is  complaining  about  the  lack  of 
presentation  of  good  models  here  in  this  meeting.  We  have  considered  the  role  of  experiments  and 
numerics,  but  I  think  that  there  is  another  side  which  has  to  be  covered  more  elaborately  in  the 
future.  This  is  the  pure  physical  theory  of  the  systems,  up  to  the  mathematical  background.  We  are 
talking  here  in  a  mathematical  meaning  on  highly  non-linear  systems,  especially  in  the  case  of  fully 
developed  turbulence.  In  connection  with  the  model  question,  we  have  to  be  aware  of  the  fact  that  it 
is  an  unsolved  problem  if  you  can  model  these  highly  undefined  non-linear  systems  with  a  lot  of 
degrees  of  freedom  by  simple  models  with  a  low  number  of  parameters.  What  has  been  shown  here 
are  cases  of  instability  where  the  systems  are  not  branched  up  too  much.  In  these  cases,  you  can 
numerically  calculate  and  you  can  expect  simple  models,  for  instance,  of  transitional  systems.  But 
the  more  you  go  to  the  turbulent  case  where  the  systems  become  more  chaotic,  the  modelling  will 
be  really  difficult  and  questionable,  and  I  wonder  if  we  don’t  find  here  a  wall  which  is  too  high  to 
climb  over  in  the  near  future. 

Mr.  Haertel,  DLR,  Gottingen,  Germany 

I  don’t  want  to  comment  on  that,  but  I  would  like  to  bring  the  focus  back  to  LES.  One  of  the 
speakers  before  talked  about  the  promise,  which  has  been  given  years  ago,  that  LES  one  day  might 
be  a  very  cheap  and  efficient  tool  to  accurately  compute  a  lot  of  turbulent  flows.  I  think  that  this 
promise  in  some  sense  has  been  kept,  at  least  in  the  area  of  geophysical  flows,  where  in  fact  LES 
frequently  is  the  only  thing  you  have  available.  DNS  for  atmospheric  boundary  layers,  e.g.,  is 
simply  impossible.  Now,  people  try  to  compute  more  engineering  type  of  flows,  but  there  one 
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encounters  flow  regions  where  really  all  the  turbulent  motions  are  genuinely  inhomogeneous,  the 
near-wall  region,  for  example,  or  highly  strained  turbulence,  etc.  The  physics  there  is  completely 
different  from  what  you  typically  encounter  in  free-shear  flows  with  rather  small  rates  of  strain.  I 
think  it  is  not  very  surprising  that  the  simple  SGS  models  which  were  developed  in  the  geophysical 
community  now  are  found  to  have  their  drawbacks  in  these  other  types  of  flows.  The  models  so  far 
are  still  based  on  something  like  an  eddy-viscosity  assumption,  but  the  physics  definitely  are  not 
eddy-viscosity  physics,  but  something  completely  different.  The  data  which  are  necessary  to 
improve  the  models  or  to  tune  them,  can  only  come  from  direct  simulations  because  for 
experiments  they  aren’t  accessible  at  all  and  it’s  just  now  that  such  data  became  available  to  a  much 
larger  number  of  researchers.  Maybe  you  have  to  come  up  with  a  much  more  sophisticated  model 
for  parts  of  the  flow,  including  a  couple  of  transport  equations,  for  example,  or  you  directly  have  to 
go  to  DNS  for  such  flow  regimes  where  current  SGS  models,  for  physical  reasons  are  not  really 
applicable.  Just  as  Professor  Moin  pointed  out,  one  of  the  future  paths  might  be  to  have  an  LES  for 
the  free  flows  and  something  like  a  DNS  in  the  near-wall  regime. 

Professor  Cantwell,  Stanford  University,  USA 

I  think  that  when  we  talk  about  the  challenges  of  turbulence  modelling  we  sometimes  lose  sight  of 
the  complexity  of  the  flows  that  we  can  do  something  about.  In  fact,  even  with  relatively  crude 
turbulence  models  we  have  reached  the  point  today  where  we  can  begin  to  approach  problems  that 
would  have  been  undreamed  of  10  years  ago.  So,  we  forget  our  successes  and  concentrate  on  our 
failures.  1  think  perhaps  in  turbulence  modelling  it  is  probably  something  that  we  do  to  a  great 
degree.  The  future  is  actually  going  to  be  very  bright,  particularly  when  we  begin  to  contemplate 
the  kinds  of  tools,  both  experimental  and  computational  tools,  that  we  are  going  to  have  5  or  10 
years  from  now.  Perhaps,  when  we  gather  again  for  a  future  symposium  on  turbulence,  we  will  be 
even  more  amazed  at  the  degree  of  our  capabilities. 

It  is  about  time  to  bring  this  meeting  to  a  close.  I  want  to  thank  all  the  members  of  the  Program 
Committee  who  worked  hard  to  bring  this  meeting  together,  but  especially  to  the  local  organizers.  I 
think  that  everyone  who  has  stayed  in  this  hotel  this  past  week  has  been  very  impressed  with  the 
hospitality,  kindness  and  attention  of  all  the  people  that  work  at  the  hotel.  This  has  been  a 
wonderful  venue  for  this  meeting.  I  want  to  thank  Professor  Panaras  and  Professor 
Georgantopoulos  for  their  hard  work  in  finding  the  venue  and  setting  it  up  and  arranging  things. 
Colonel  Metochianakis  and  Captain  Kormas  who  were  the  ones  who  did  much  of  the  real  work  in 
the  local  organization  and  made  the  whole  meeting  go  smoothly.  We  all  give  them  great  thanks  and 
I  would  like  to  give  them  a  round  of  applause.  Now  I  would  like  to  turn  the  meeting  over  to  Mr. 
Dujarric,  Chairman  of  the  Fluid  Dynamics  Panel,  who  will  give  some  closing  remarks. 

Mr.  Dujaric,  Chairman  FDP 

Thank  you.  1  must  now  close  this  74th  Session  of  the  Fluid  Dynamics  Panel.  We  have  been  very 
fortunate  to  have  had  so  many  high  quality  presentations. 

It  is  also  possible  that  the  agreeable  venue  has  contributed  to  this  success.  It  is  not  by  chance  that 
we  have  been  able  to  have  a  well  structured  meeting  and  the  discovery  of  such  an  exceptional  site.  I 
would  like  to  say  a  special  thank  you  in  addition  to  those  also  stated  by  Brian  and  in  particular  to 
thank  the  Co-Chairmen  of  the  Program  Committee,  Brian  Cantwell  himself,  Javier  Jimenez  and 
Spiro  Lekoudis.  I  would  like  to  thank  the  technical  evaluator  for  this  meeting.  Dr.  Lumley,  for  the 
remarks  he  presented  to  us  and  for  the  evaluation  that  he  will  prepare  for  us  in  writing.  I  would  like 
to  thank  the  authors  who  have  presented  papers  at  this  symposium  and  particularly  those  authors 
who  have  responded  to  the  invitation  from  the  Program  Committee,  Mr.  Moin  and  Mr.  Kutnetsov 
as  well  as  the  two  authors  who  have,  in  a  very  short  time,  prepared  replacements  for  withdrawn 
papers,  Mr.  Fasel  and  Mr.  Kaldellis.  I  would  like  to  thank  all  the  participants  who  have  posed 
careful  questions  during  this  last  session  and  have  contributed  to  the  lively  discussion.  I  would  like 
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also  on  behalf  of  the  Panel  to  thank  Dr.  Panaras  and  Dr.  Georgantopoulos  for  their  work  in 
organizing  this  symposium.  I  would  like  to  thank  the  translators,  Mr.  de  Liffiac,  Mrs.  Atzitiris  and 
Mrs.  Photiadis  who  have  really  stood  up  to  the  high  level  discussion  of  the  speakers.  I  want  also  to 
thank  the  assistants  and  the  technicians,  M.  Brolet  and  M.  Hector  as  well  as  Mr.  Ayvali  at  the 
reception.  Thanks  again  to  our  Executive  Mr.  Jack  Molloy  and  his  secretary  Anne-Marie  Rivault. 

Before  leaving,  I  would  like  to  present  to  you  the  activities  planned  for  1995  as  well  as  for  the  end 
of  1994.  We  will  have  a  Symposium  on  Rotor  Aerodynamics  and  Acoustics  which  is  planned  from 
10-13  October  in  Berlin,  Germany,  and  next  week  a  special  course  on  the  Optimum  Methods  for 
Aerodynamic  Design.  This  course  will  take  place  at  the  von  Karman  Institute,  Brussels,  Belgium. 

There  will  also  be  a  course  from  the  6th  to  10th  June  at  the  von  Karman  Institute  and  from  the  13th 
to  the  17th  June  in  Ankara  on  the  Aerodynamics  of  Missiles.  Next  year  our  Spring  Symposium  will 
take  place  in  Turkey  and  it  will  be  on  Aerodynamics  and  Integration  of  Stores  and  Their 
Separation.  This  Symposium  will  be  classified.  In  autumn,  we  will  have  a  Symposium  in  Spain  on 
the  Progress  and  Challenges  of  CFD  Methods  and  Algorithms.  We  have  also  planned  special 
courses  on  Parallel  Calculations  in  CFD  which  will  be  presented  at  VKI  and  at  NASA  Ames  as 
well  as  Aerothermodynamics  and  the  Integration  of  the  Propulsion  for  Hypersonic  Vehicles.  This 
will  take  place  in  the  spring  at  the  VKI.  Thank  you  for  your  attention. 
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